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Abstract

We establish theoretical recovery guarantees of FIHT for multi-dimensional spectrally sparse
signal reconstruction problems, which are straightforward extensions of what we have proved for
one-dimensional signals in [1]. Assume the underlying multi-dimensional spectrally sparse signal
is of model order r and total dimension N. We show that O(r2 log?(N)) number of measurements
are sufficient for FIHT with resampling initialization to achieve reliable reconstruction provided
the signal satisfies the incoherence property.

1 Recovery Guarantees

Without loss of generality, we discuss the three-dimensional setting. Recall that a three-dimensional
array X € CN1xN2xNs g spectrally sparse if

X (Iy, 1o, I3) = Z Ayl 22wl Y (11, 1o, 13) € [N1] x [Na] x [N3]

with
yr = exp(2mifir, — Tik), 2k = exp(2mefor, — Tox), and wy, = exp(2m f3p — T31)

for frequency triples fr = (fix, for, f3x) € [0,1)® and dampling factor triples 74 = (1%, ok, T3x) €
R3 . Concatenating the columns of X, we get a signal  of length N1NoN3. Define N = NN, Ns.
We form a three-fold Hankel matrix Ha, which has Vandermonde decomposition in the form Ha =
E;DEY, where the k-th columns (1 < k < r) of E;, and Ep are given by

E{Y = {ypzpul, () € ] x [po] x [ps]}

E( k) — {y;lglzllf’wk? (l1,12,13) € [q1] % [g2] X [%]},
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where p; + ¢; = N; + 1 for 1 < i < 3 and D = diag(dy,--- ,d,) is a diagonal matrix. It can be
verified that if all di’s are non-zeros and there exists i, 1 < ¢ < 3, such that all f;;’s are distinct,
Hax is a rank r matrix. The incoherence property is defined similarly.

Definition 1. The rank r three-fold Hankel matriz Ha with the Vandermonde decomposition Ha =
ELDE}?: is said to be pg-incoherent if there exists a numerical constant pg > 0 such that
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From [3, Thm. 1], in the undamping case, if the minimum wrap-around distance between the
frequencies {fir}}_, is greater than about 2 for 1 < i < 3, this property can be satisfied. Let
Hx = UXV* be the reduced SVD of Ha and Pu(-) and Py (-) respectively be the orthogonal
projections onto the subspaces spanned by U and V. The following lemma follows directly from
Def. 1.

Lemma 1. Let Hx = UEXV* = ELDE%. Define cs = max {%%%,%%%} Assume Hx is
Lo incoherent, then

. 2 . 2
HU(Z,»H Sm}ffST wnd HV(mH Sut}ffsTv 1)
HOCsT HOCsT
[Py (H,)|% < N and ||Py(H,)|7 < N (2)

where {Ha}flvz_o1 forms an orthonormal basis of the three-fold Hankel matrices.

Proof. The proof of (2) can be found in [2]. We include the proof here to be self-contained. We
only prove the left inequalities of (1) and (2) as the right ones can be similarly established. Since
U e Creps)xr and B € CWP1p2p3)xr gpang the same subspace and U is orthogonal, there exists
an orthonormal matrix @ € C"™" such that U = Er(EfE)~'/?Q. So

Hor < HoCsT
pipeps ~ N

o] = et i < et P i) <

and

2
IELHallp . por  _ pocsr
omin(E;EL) ~ pipep3s = N

* * — * 2
1Pu(Ho) |3 = |[UU*Ho||% = || EL(EfEL) ™ EfHol[, <

where we have used the fact that H, has at most one nonzero element in every row and every
column and it only has w, nonzero entries of magnitude 1/,/w, and the magnitudes of the entries
of Ey, is bounded above by one for both the damped and undamped case. ]

1.1 Initialization via One Step Hard Thresholding

Our first initial guess is Lo = p~ 7, (HPq(x)), which is obtained by truncating the three-fold Hankel
matrix constructed from m observed entries of . The following lemma which is of independent
interest bounds the deviation of Ly from Ha.



Lemma 2. Assume Hx is ug-incoherent. Then there exists a universal constant C > 0 such that

csrlog(N
Lo~ Hal < € [1T 08 g

with probability at least 1 — N 2.
The following theoretical recovery guarantee can be established for FIHT based on this lemma.

Theorem 1 (Guarantee I). Assume Hax is pg-incoherent. Let 0 < ¢ < % be a numerical constant
and v = 10gg < 1. Then with probability at least 1 — 3N 2, the iterates generated by FIHT with
the initial guess Lo = p~ ' T.(HPq(x)) satisfy

@, — || < v'|| Lo — Hal|lp,

provided
m > C' max {55%003, (1+ 50)5511%1)/%;/2} krNY210g?2(N)

Omax (H:B)

for some universal constant C' > 0, where k = o ()

denotes the condition number of Ha.
Remark 1. Since Hx = ELDEITB, we have

UmaX(EL) ) maxy ’dk| ) Umax(ER)
T omin(Er) ming |dy|  omin(ER)

It follows from [3, Thm. 1] that omax(EL) (resp. omax(ERr)) and omin(EL) (resp. omin(ER)) are
both proportional to \/p1p2p3 (resp. /q1¢2g3) when the frequencies of x are well separated. Thus
the condition number of Ha is essentially proportional to the dynamical range maxy, |dg|/ miny |dg|.

Since the number of measurements required in Thm. 1 is proportional to ¢, it makes sense to
set p; to be about the same as ¢; for 1 <47 < 3.

1.2 Initialization via Resampling and Trimming

To eliminate the dependence on v/ N, we investigate another initialization procedure via resampling
and trimming. The following lemma provides an estimation of the approximation accuracy of the
initial guess returned by the Alg. 3.

Lemma 3. Assume Hx is jig-incoherent. Then with probability at least 1 — (2L+1)N =2, the output

of Alg. 3 satisfies
= ) L Umin(HCC)
L;— <(=) =2
11 = Hallr < (6) 256K2

provided m > Cpocskr?log(N) for some universal constant C > 0.

We can obtain the following recovery guarantee for FIHT with Lg being the output of Alg. 3.

Theorem 2 (Guarantee I1). Assume Hx is pg-incoherent. Let 0 < g9 < 1—10 and L = {6 log (%go(mﬂ .

Define v = 10g9 < 1. Then with probability at least 1 — (2L + 3) N2, the iterates generated by
FIHT with Ly = Ly, (the output of Alg. 3) satisfies

|l — x|l < v'|[ Lo — Ha|F,



provided

v N log(N
m > Cuocsk®r? log(N) log (16’Og()>
€0

for some universal constant C' > 0.

2 Proofs

We first introduce several new variables and notation. Recall that H is an which maps a vector to a
three-fold Hankel matrix and H* is the adjoint of H. Moreover, D? = H*H = diag(wo, - ,wn_1)
is a diagonal operator which multiply the a-th entry of a vector by the number of nonzero elements
in H,. Define G = HD~!. Then the adjoint of G is given by G* = D~I1H*. It can be easily verified
that G and G* have the following properties:

¢ G°G=1, 9] =1and [|g7] <1;
o Gz = Zivz_ol 2o Hy, ¥z € CN;
e G'Z ={(Z, Ha>}¢]1V:_01 \VZ € CP1p2p3)x(a14203)

Notice that the iteration of FIHT can be written in a compact form
zi1 = H T, Ps iz +p ' Polz — ). (3)
So if we define y = Dx and y; = Dx;, the following iteration can be established for y;
Y1 =G T Ps,G(y+p "Paly —w)) (4)

since P and D! commute with each other. For ease of exposition, we will prove the lemmas and
theorems in terms of y; and y but note that the results in terms of x; and x follow immediately
since Hx = Gy and

e — || = [Py — y)|| < llye —yll- (5)

The following supplementary results from the literature but using our notation will be used
repeatedly in the proofs of the main results.

Lemma 4 ( [4, Proposition 3.3]). Under the sampling with replacement model, the mazimum
number of repetitions of any entry in  is less than 8log(N) with probability at least 1 — N2
provided N > 9.

Lemma 5 ( [2, Lemma 3]). Let U € CP12p3)X" gqpd V' € Cl019293)%" pe two orthogonal matrices
which satisfy

2 HCsT 2 HECsT
1Pu(HL I3 < 555 and Py (HL)IF < 22

Then
32ucsrlog(N)

|PsGG*Ps — p 1 PsGPaG* Ps| < p-

holds with probability at least 1 — N~2 provided that
m > 32ucsrlog(N).



Lemma 6 ( [6, Lemma 4.1)). Let L; = U;%;V;* be another rank r matriz and S; be the tangent
space of the rank r matriz manifold at L;. Then

IL; — GylF
Umin(gy) ’

Lemma 7 ( [5, Theorem 1.6]). Consider a finite sequence {Zy} of independent, random matrices
with dimensions di X dy. Assume that each random matriz satisfies

2||L; — Gyl r

IZ = Ps)(Li = Gy)|r < Omin(GY)

[Ps, = Ps|| <

E(Zy) =0 and | Zk]| <R almost surely.

P{‘ 2t}§(d1+d2)exp<_t2/2>.

o2+ Rt/3
2.1 Local Convergence

Define

> E(2:Z;)

k

> E(Z}z)

k

9

Then for all t > 0,

22
k

We begin with a deterministic convergence result which characterizes the “basin of attraction” for
FIHT. If the initial guess is located in this attraction region, FIHT will converge linearly to the
underlying true solution.

Theorem 3. Assume 0 < gg < %0 and the following conditions

|Pall < 8log(N), (7)

|PsGG*Ps — p 'PsGPaG*Ps|| < eo, (8)
_ 1/2

| Lo — Gyl F < p/2eg ()

omin(Gy) — 16log(N)(1 + o)
are satisfied. Then the iterate y; in (4) satisfies |y — y|| < v'||Lo — Gy||r with v = 10gy < 1.

The proof of Thm. 3 makes use of the restricted isometry property of Pq(:) on S; when L; is in
a small neighborhood of Gy.

Lemma 8. Suppose (7), (8) hold and

_ 1/2
|L: — Gyl F < p/%eg . (10)
Omin(GY) 16log(N)(1 + o)
Then we have
PG Ps,|| < 8log(N)(1 + &)p*/? (11)
and
|Ps,GG*Ps, — p~Ps,GPaG*Ps, || < 4eo. (12)



Proof. Since |[PsGPal = [[(PsGPa)*|| = [|PaG*Ps|, for any Z € CP1r2ps)x(q19243)

1PaG*Ps(2)|* = (PaG Ps(Z), PaG Ps(2))
< 8log(N)(G*Ps(Z), PaG*Ps(Z))
= 8log(N)(Z,PsGPaG*Ps(Z))
< 8log(N)(1 + 0)p|| Z||%

where the first inequality follows from (7) and the second inequality follows from (8). So it follows
that |[PsGPaoll = [|PaG*Ps| < /8log(N)(1 + eo)p and

IPaG*Ps,|| < [PaG™(Ps, — Ps)ll + |PaG" Ps|
2| L — Gyllr
omin(GY)

P2
8log(N)(1 +¢o
< 8log(N)(1 +0)p'/?,

< 8log(N) + PG Psl|

< 8log(N)

) + \/8 log(N)(1 4+ €g)p

where the second inequality follows from (7) and Lem. 6, the third inequality follows from (10).
Finally,

|Ps,GG*Ps, — p~ ' Ps,GPaG*Ps,||
< |PsGG*Ps — p~ ' PsGPaG*Ps| + ||(Ps — Ps,)GG* Ps,|| + |PsGG*(Ps — Ps,) ||

+|lp~H(Ps — Ps,)GPaG* Ps,|| + lIp ' PsGPaG* (Ps — Ps,)|
4|L; — Gy|| P 2||L; - Gyl

scot PaG*Ps, || + [[PsGP
° Gmin(gy) P Umin(gy) (H Q Sl” H S QH)
< 4507
which completes the proof of (12). -

Proof of Theorem 3. First note that L;11 = 7,(W}), where

W, = Ps,H(z; +p "Polx — x;))
= Ps, Gy +p ' Paly — ).

So we have

[Li+1 = Gyllr < Wi — Liyallp + Wi — Gyllr < 2(|[Wi — Gyllr
=2|Ps,G(yi +p "Paly — ) — Gyl r
< 2|Ps,Gy — Gyllr + 2|(Ps,G — p~ ' Ps,GPa) (i — vl ¢
=2|(Z — Ps,)(Li — GY)||r + 2[(Ps,6G* — p~ ' Ps,GPaG*)(Li — Gy) | r
<2|(Z - Ps,) (L — GY)llr + 2/|(Ps,GG*Ps, — p~ " Ps,GPaG*Ps,)(Li — Gy) | r
+2||Ps,GG*(Z — Ps,)(Li — Gy)|| 7 + 20~ | Ps,GPaG* (T — Ps,)(Li — Gy) ||,
=1+ Is + I3+ Iy,



where the second inequality comes from the fact that L;; is the best rank r approximation to Wy,
the second equality follows from (Z — Ps,)L; =0, y; = G*L; and G*G = T.
Let us first assume (10) holds. Then the application of Lem. 6 gives

4| Ly — Gyl r
Umin(gy)
< 2¢0||L; — GyllF,

1L — Gyllr

+ 2p | PGP
P~ [|[Pag" Ps, || o (GY)

L+13+1, < ( ) |\L: — Gyl r

where the last inequality follows from (8), (11) and the fact ||Ps,GPqll = ||PaG*Ps,||. Moreover,
(12) implies

Iy < 8|/ L; — Gyl F-

Therefore putting the bounds for 17, I, I3, and I together gives

[ Li41 = Gyllr < vllLi = Gyl r,

where v = 10gp < 1. Since (10) holds for [ = 0 by the assumption of Thm. 3 and || L; — Gy|| is a
contractive sequence, (10) holds for all [ > 0. Thus

ly —yll = 16" (L = Gy)|| < |1Li — Gyllp < V' | Lo — Gyl

where we have utilized the facts y; = G*L;, G*G = 7 and ||G*|| < 1. O

2.2 Proofs of Lemma 2 and Theorem 1

Proof of Lemma 2. Recall that Ly = T, (p ' HPq(x)) = T-(p~1GPq(y)) and Hx = Gy. Let us first
bound Hp_IQPQ(y) — Qy”. Since p = %7, we have

p_lgPQ(y) - gy = Z <myakHak - mgy) = Z Zak'
k=1

k=1

Because each ay, is drawn uniformly from {0,--- , N — 1}, it is trivial that E (Z,, ) = 0. Moreover,
we have

B (20, 25,) = 5 ( ol PHo B, ) = 5 (09)(00)
N-1

1
Z |ya|2HaH; - W(gy)(g'y)*
a=0

N
T m?
N 1 .
= WC’ - W(gy)(gy) )
where C' is a diagonal matrix which corresponds to the diagonal part of (Gy)(Gy)*. Therefore

E (i Zy, Z;‘k>
k=1

N N )
<o)l < 19yl




where ||Gyl|,_, ., denotes the maximum row ¢ norm of Gy. Similarly we can get

m
E (Z z; Zak>
k=1

N 9
< * .

The definition of H, implies || H,| < \/% So
N-1
N 1 ON
1Za,ll < — Yar | 1 Ha, |l + — Z) [yal [ Hull < — [[D7"y]| -
a=

By matrix Bernstein inequality in Lem. 7, one can show that there exists a universal constant C' > 0
such that

m
D Za,
k=1

with probability at least 1 — N~2. Consequently on the same event we have

N log(N N log(N
<o < ff) max {[Gylly-y 0 11(G9)"lyso0} + ff) HD‘lyHoo>

ILo — Gyl < || Lo — p'GPa()|| + [|p'GPa(y) — Gy|| < 2||p'GPa(y) — Gy||

sc( m‘jffmmax{ugyum,|<gy>*\m}+“;i(m|w—lyuw>. (13)

Thus it only remains to bound max {||Gy|ly_,., [(GY)*|l_ } and HD*IyHOo in terms of ||Gy||.
From Gy = Hx = UXV* = ELDE};, we get

1GY[13 00 = max [l€f (Gy)||* = max||le; USV*|| < max || e;U|?||Z]

HoCsT
N

= max [0 gy < K27 gy 3, (14)

where the last inequality follows from Lem. 1. Similarly we also have

* HoCsT
1(GY)* 115 o0 < N 1Gyll3. (15)

The infinity norm of D'y can be bounded as follows

D71yl = 19yl = max e} (Gy)e;| < max||e; Er|| || D] | EFe]|

HOCsT
<r D) <+ |EL| 19wl | R < LT gy, (16)

where the last inequality follows from the pg-incoherence of Gy.
Finally inserting (14), (15) and (16) into (13) gives

csrlog(N
IZo - Gyl < 0y 18D gy

provided m > pgcsrlog(NV). O



Proof of Theorem 1. Following from (5), we only need to verify when the three conditions in Thm. 3
are satisfied. Lemma 4 implies (7) holds with probability at least 1 — N~2. Lemmas 1 and 5
guarantees (8) is true with probability at least 1 — N=2 if m > Cey 2ppesr log(N) for a sufficiently
large numerical constant C' > 0. Similarly (9) can be satisfied with probability at least 1 —
N=2ifm > C(1+ Eo)aalué/zci/erNl/Q log®?(N) following Lem. 2 and the fact || Lo — Gy||p <
V2r||Lo — Gy||, where & denotes the condition number of Gy. Taking an upper bound on the
number of measurements completes the proof of Thm. 1. O

2.3 Proofs of Lemma 3 and Theorem 2

The proof of Lem. 3 relies on the following estimation of HP‘_@Q (]/Tlpﬁm — Z) g* (PU — Pﬁz) ,
which is a generalization of the asymmetric restricted isometry property [6] from matrix completion

to low rank Hankel matrix completion.

Lemma 9. Assume there exists a numerical constant u such that

JUCsT JCsT
1Py Hally < 250, |[Pg HL |} < 25 (7)
and HUCsT HesT
[Py Ha|E < R [Py Hall% < R (18)
forall0 <a < N-—1. Let §l+1 = {,f”f | k =1, ,m} be a set of indices sampled with replacement.

If P§z+1 is independent of U, V', U; and 'V}, then

HPglg (I —z’)“lpﬁlH) G* <PU _ Pﬁl) H < \/160ucs%10g(N)

with probability at least 1 — N2 provided

. 125
m > g HesT log(N).

Proof. Since for any Z € C(P1p2p3)*(a19243)

PsGPq,,.¢" (Pu—Pg,) (2) = f: (z.(Pu - Pg,) (Ha,)) Ps,(Hay),
k

=1

we can rewrite Pg gpﬁlﬂg* (PU _ 73@) as

P5,GPs,.,0" (Pu—Pg,) = Ps(Hu) @ (Pu —Pg, ) (Hay).
k=1
Define the random operator

Rak = Pgl (Hak.) ® (PU - Pﬁl) (Hak-) - %Pﬁgg* (PU - Pﬁl) ’



Then it is easy to see that E (R,,) = 0. By assumption, for any 0 <a < N —1,

IPg, (L) I3 < [Py, (L) 13+ |Pg, (H) 3 < Qlﬁﬂ‘_
So
R < g ] |2~ 6+ o (o= <

Next let us bound ||E(Rq, R, )|| as follows

[B(Ra, R3,) H—H (H Py —Pg,) ( ak>]2FP@(Hak>®P@<Hak)>—];Pglgg* (P ~Pg,) 6975
< HE (H Pu - Pg,) (Ha,) ]17{@ (H,,) ®Ps (H. )) H + %
< Mg (P, (Hay) @ Py, (Ha)) | + 102
-5 [pageal+
< 8‘]‘55 .

This implies

n . 8ucsrﬁ1
<D |IB(Ra, RS, N
k=1

E (Z RakRZk)
k=1

E (i RkRk>
k=1

So the application of the matrix Bernstein inequality in Lem. 7 gives

We can similarly obtain

12pcsrm
N2

m 9
—t/2
I R >t < 2(p1p2p3)(q19293) - €xp = .
{ ; ' } : 12%;7717‘ sujffsrt/ 3

Ift < 254]’\7,”‘, then

= —t2/2 ) —12/2
P ZR >t 0 < 2(p1p2p3)(919293) - XD | goremr | S VP | Soamr | -
=1 “NT =N
Setting t = w gives

m

2 R

{ } <N

10




> 125

The condition ¢ < 254—Nm implies m > 55 pcsrlog(N). The proof is complete because

% ink = P56 (7' Pa,,, ~ 1) G (Pu-Pg,).

The following lemma from [6] will also be used in the proof of Lem. 3.

Lemma 10. Let il = ﬁlfllf/l* and Gy = UX V™ be two rank r matrices which satisfy

o], < 20

2 ~ ~ AN AN A

Assume HU””H2 < BT and HVU“)H < BT, Then the matriz Ly = Trim, (L) = U, V*

returned by Alg. 4 satisfies

~ ~ ]2 100u0cs
[2i-g], <se[Fe g, ana max {00 [0} < SR
where Kk denotes the condition number of Gy.
Proof of Lemma 3. Let us first assume that
= Umin(gy)
L - H < TmintSY) 19
H LY S o562 (19)
Then the application of Lem. 10 implies that
~ ~ 12 1 <
R I A L )

by noting that “U(Z":)H2 < BT and HV(J‘“)H2 < BT following from Lem. 1. Moreover, direct
calculation gives

where T, is the set of row indices for non-zero entries in H, with cardinality |I's| = wg. Similarly,

Recall that y = Dx and Gy = Ha. Define y; = Dx;. Then y; = G*L, and

100ppcsr
5, 8IN

(21)

2 ~ 2
= HUZ Hl =
F F

100ppcsr

22
“lr = 8IN (22)

Vi

Ps M (& +D P, (x—2) =Ps,G (G +D P, (y—01))-

11



Consequently,

|Ziss = Gyl < 2||Psg (8 +5"Ps,,, (w—9)) 9y,

<2|Psoy -Gyl +2|(PsG -5 'P5Ps,,) @i -
=2|(z-7g) 99|, +2|(Psg9" 5 'Ps9P,,,.0") (Li- 9y,
<2|(1-Pg) (Li-9gy)|  +2|(Ps g9 Ps — 57" P5 0P, ,9°Ps ) (L - w)|,
+2||Psg (T-5'Ps,,,) 9" (T-Ps) (Li-y)|,
=I5+ I + I7.

The first item I5 can be bounded as

~ 2
?|[2 o]

11~
I < F<7HL— H,
5 <5 | gyF

Umin(gy)

which follows from Lem. 6, the left inequality of (20) and the assumption (19). The application of
Lem. 5 together with (21) and (22) implies

3200 log(N) ||~ 3200 log(N) ||~
I < 2\/ Hocsr log(N) HLz _ng - 16”\/ pocs7 1og(N) HLZ _ng
81m F 81m F

with probability at least 1 — N2. To bound I, first note that
(27 (5i=08) = (7 Ps) 0w~ (1~ 035) (G (1~ 7%
= (VU =07 ) (£~ 9v) (1- Vi)

-V
= (Pu=Pg) (T-Pg) (2= 0v).
Therefore

=2 (TP, )67 (75 ) (Po ) (T -y (B - a)],
<2[Psg (7570, )07 (T-75) (P 7o) | [ -9,

“ 16n \/ 1600010, log(N
81lm

-,

with probability at least 1— N2, where the last inequality follows from Lem. 9 and the left inequality
of (20). Putting the bounds for I5, I and I7 together gives

~ 1 pocsrlog(N) \ ||+ 50+
Lo — < [ =+ 326ny LS O8EY HL _ H < 7HL _ H
|Li+1 — Gyllr < (2 + 326K = 1 — Gy 2 Gy -

with probability at least 1 — 2N ~2 provided m > Cugcsk?rlog(N) for a sufficiently large universal
constant C. Clearly on the same event, (19) also holds for the (I + 1)-th iteration.

12



Since Lo = 7T, (D' HPq, (x)), (19) is valid for I = 0 with probability at least 1 — N? provides
m > Cugcsk®r? log(N)

for some numerical constant C' > 0. Taking the upper bound on the number of measurements
completes the proof of Lem. 3 by noting Hx = Gy. O

Proof of Theorem 2. The third condition (9) in Thm. 3 can be satisfied with probability at least

1— (2L + 1)N~2 if we take L = {6 log (%go(f\f)ﬂ So the theorem can be proved by combining

this result together with Lems. 4 and 5. O
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