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Abstract

The generating function F(P) = Y cpnz~ ¢ for a rational polytope P carries all
essential information of P. In this paper we show that for any positive integer n, the
generating function F'(P,n) of nP = {nx : x € P} can be written as

F(P,n) = Z P, (n)z"™,

acA

where A is the set of all vertices of P and each P,(n) is a certain periodic function of
n. The Ehrhart reciprocity law follows automatically from the above formula. We also
present a formula for the coefficients of Ehrhart polynomials in terms of elementary
symmetric functions.

1 Introduction

Counting the lattice points in the integral dilates of a subset of Euclidean space RY is a
well known and extensively studied problem. Specifically, let A = Z~ be the standard N-
dimensional lattice in RY. For a (metrically) bounded set P C R" and an integer n > 1,
consider the number of lattice points in the dilated set nP = {nx | x € P}:

L(P,n) = the cardinality of nP N A.

It is clear that for each n the mapping P +— L(P,n) is a finitely additive measure on the
class of bounded sets: for any bounded sets P and @),

L(PUQ@,n)=L(P,n)+ L(Q,n) — L(PNQ,n).

Ehrhart [6] first systematically studied the function n +— L(P,n) in the case where P
is a convex lattice polytope, i.e., the convex hull of a finite family of points of A. Ehrhart
proved that in this case L(P,n) is a polynomial of n of degree dim(P). This result extends
to any convex rational polytope P, i.e., to the convex hull of a finite family of points in R
with rational coordinates. Let dp be the minimal positive integer such that all vertices of
dpP lie in A. Then L(P,n) is a quasi-polynomial of n of degree dim(P) and period dp, see
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for instance [8], Chapter 4. Here by a quasi-polynomial of degree m and period d, we mean
a function n — > ¢;(n)n’ where each ¢;(n) is a periodic function of n with period d.

Brion [1] introduced a different approach to counting lattice points in a polytope. To
describe his approach, consider the integral group ring Z[A] of A. The additive generator of
Z[A] represented by a vector a € A will be denoted by z®. By definition, 2+# = 2%z for
any «, 3 € A. Note that the ring Z[A] has no zero-divisors; we denote its field of quotients
by Z(A).

For a bounded set P C R", set

F(P)= ) xz*€Z[A].
acPNA
Brion [1] proved that if P is a convex lattice polytope, then the function n — F(P,n) =
F(nP) is exponential in n. More precisely, for any integer n > 1,
F(Pn)= > P,z"™ (1)
a€A

where A is the set of vertices of P and P, € Z(A) for all @« € A. The original proof of
Formula (1) given in [1] uses the theory of toric varieties and a localization theorem in the
equivariant K-theory. For an elementary proof, see [2].

In this paper we extend Formula (1) to rational polytopes. We need the following nota-
tion. For an integer d > 1, denote by d~'A the set {x € RY |dz € A}. It is clear that d A

is a lattice in RY so that we can consider the group ring Z[d~'A] and its field of quotients
Z(d'A).

Theorem 1.1 Let P be a convex rational polytope in RN . Let A be the set of vertices of P
and d = dp be the minimal positive integer such that A C d=*A. Then there exist periodic
functions {P, : N — Z(d"'A)}aea with period d such that for any integer n > 1,

F(P,n) = > Pa.(n)z" (2)
acA

It is easy to verify that the functions { P, }aea in this theorem are necessarily unique. In
the case d = 1, we recover Brion’s formula (1).

We can give a more precise description of the denominators of P, in Theorem 1.1. To
this end, denote by I the kernel of the natural augmentation Z[d 'A] — Z determined by
summation of coefficients. It is clear that I is a two-sided ideal in Z[d 'A]. For an integer
m > 0, denote by I"™ the m-th power of I.

Theorem 1.2 Under the conditions of Theorem 1.1, for all o € A and n > 1,
Pa(”) H (l‘da _ xdo/) € [M(M—l)—dim(P) (3)

a,a’€A
a#a!

where M = card (A).

The plan of the paper is as follows. As a warm up, we give in Section 2 an explicit
formula for the Ehrhart polynomial of a rational simplex. Our exposition essentially follows
the original ideas of Ehrhart, cf. also [8], Chapter 4 and [2]. In Section 3 we prove Theorems
1.1 and 1.2. In Section 4 we discuss the reciprocity law for rational polyhedra. In Section 5
we have collected a number of miscellaneous remarks and comments.



2 A closed formula for rational simplices

Let P be an m-dimensional closed simplex in RY with vertices oy, s, ..., Qs whose
coordinates are rational numbers. We can put the vertices of P in R¥*! in the hyper-plane
xn11 = 1 by lifting upward one unit. This gives m + 1 linearly independent vectors

61 = (Oél, 1),52 = (042, ].)7 .. 7ﬂm+1 = (am+1> 1)

Denote by P the closed simplex in RN *+! with the vertices fi, ..., Bns1. For any integer
n > 1, the number of lattice points in nP is the same as the number of lattice pomts in
nP. Each lattice point in nP can be uniquely expanded as a linear combination by Sy + - - - +
bms1Bm+1 Where by, ..., b,1 are non-negative real numbers whose sum is equal to n. We
have b; = u; + k;d, where 0 < u; < d, and k; = [b;/d] is a non-negative integer. It is clear
that the vector

d(k1f1 + - + kmt1Bmt1)

is a lattice point. Then u = u1 81 + -+ * + U1 8my1 must be a lattice point. Denote the set
of such points by D(P). Thus,

D(P) ={u € Z""" Ju=wf + -+ tns1Bms1 with 0 < u; < d}.

Obviously, D(P) is a finite set containing the origin. It can be viewed geometrically as the
set of lattice points in the “half-open” parallelotope generated by df, ..., dB,.1-
For u € ZN*1 denote by |u| the last coordinate of u. Clearly, if u = w3 + -+ +
Um—i—lﬂm—&-l € D(P) then
lu| =uy + -+ + U1 < (Mm+1)d.

We summarize the discussion above in the following lemma.
Lemma 2.1 For any u € D(P) and any non-negative integers ki, ..., kp1 such that ky +

o+ Ky = (n—|ul)/d, the vector u+ d(kiB1 + - -+ + Kkmi1Bmy1) 18 a lattice point of nP.
Each lattice point of nP can be uniquely written in this way.

Now we give an explicit formula for the number of lattice points in the integral dilates of
a closed rational simplex and a similar formula for an open rational simplex.

Theorem 2.2 Let P be an m-dimensional closed simplex in RY whose vertices have rational
coordinates. Then for any integer n > 1, the number of lattice points of nP is

wpay - (MO ()

u€D(P) m
d | (n—|ul)

and the number of lattice points of the relative interior nP® of nP is

LR = 3 (—1+(n+|u|)/d>' 5)

ueD(P) m
a| (n+|ul)



Proof 1t follows from Lemma 2.1 that

L(P,n)=L(P,n)= > 3 1. (6)

u€D(P),|ul<n k1, km4120
Al (n=lul) kyte kg =(nul) /d
The number of non-negative integer solutions (ki, ..., k1) for the linear equation ky+- - -+

kmi1 = (n — |u])/d is equal to the binomial coefficient

<m+(nn; \u|)/d> B <m+n—dM> <m+n—dru\ _1> <n—d\ul +1> Im!

appearing on the right hand side of Formula (4). This accounts for the binomial coefficients in
Formula (4) corresponding to u € D(P) with |u| < n. If n < |u], then the binomial coefficient
appearing in (4) is equal to 0. This results from the inequalities m > m + (n — |u|)/d > 0
where the second inequality follows from the fact that |u| < (m + 1)d so that the integer
(n — |ul)/d is bounded from below by —m. Therefore (4) follows from (6).

Let us prove Formula (5). Consider the finite set

D ={ucZ" | u=u B+ + Upg1Bmsr with 0 < u; < d}.

Denote the relative interior of P by P°. Similar to Lemma 2.1, we note that for any v € D°
and any non-negative integers ki, . .., k11 such that d(ky + - - -+ kyp1) = n— |ul, the vector
w+ d(k1fy + -+ + kms1Bme1) is a lattice point of nP?. Each lattice point of nP° can be
uniquely written in this way. Thus

L(P° n) = L(nP° (7)
= L(nISO)
= > 1
weDO0,|u|<n k1, km+4120

dl(n=|ul) ki+-+kmp1=(n—lul)/d

5 <m+ (n— ruwd) | .

ueDO m
d| (n—|ul)

Here we again use the fact that in the case n < |ul, the latter binomial coefficient vanishes.
Notice that each vector u € D® can be uniquely written as d(8; + -+ + Bni1) — v with
v € D(P), and vice versa. Therefore (5) follows from (7) by changing the coordinates.
O
The right hand sides of Formulas (4) and (5) are quasi-polynomials in n of degree m with
period d. Since the number L(P,n) is additive with respect to disjoint union, we obtain
the result mentioned in the introduction: for any convex rational polytope P, the number
L(P,n) is a quasi-polynomial of n of degree dim(P) with period dp. In particular, if P is a
convex lattice polytope, then L(P,n) is a polynomial of n of degree dim(P).
To end this section, we recall Ehrhart’s reciprocity law: if P is a convex m-dimensional
rational polytope in RN then L(P° —n) = (=1)™L(P,n) for any integer n. In the case
where P is a simplex, this formula directly follows from Theorem 2.2 and the reciprocity law

for binomial coefficients,
(m—a) — (-1 <a—1)
m ) m /)
For a discussion of the general case, see Section 4.
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3 Proof of Theorems 1.1 and 1.2

We begin with two identities between m + 1 commuting variables z1, ..., 11 Wwhere m > 0.

Lemma 3.1 For anyr=20,1,....m —1,

m+1 m+1 1
SIS -
k=1 im1 Lk — T4

itk

Proof For any integer r, consider the following (m + 1) x (m + 1)-determinant

1 1 .. 1
T T2 T Tl
U (T1y oy Tpg1) = :
R ST
xy Ty o T

In particular, for » = m we obtain the classical Vandermonde determinant

V(1 oy Tina1) = U (X1, ooy Tppa1) = £ H (i — ;).
1<i<j<m+1

(The sign on the right hand side equals (—1)™(™*1/2 but, we shall not use this.) Expanding
the determinant v,.(x1, ..., Z,,4+1) with respect to the last row we obtain

m+1

'Ur(xl, ceey .Cl}erl) = Z (—1)m+1+k$2 ’U(.fEl, ey L1y Lhd1y +--y .ClIerl)
k=1

m+1

=4 Z (—1)'“372 H (x; —xj) ==+ ( H (x; — x])) Z xy

k=1 1<i<j<mA1, 1<i<j<m+1
itk j#k

It is obvious that for r = 0, 1,...,m — 1, the determinant v, (1, ..., Zp,+1) vanishes. This and
the previous formula imply the claim of the lemma.

O
Lemma 3.2 For any integer r > 0,
& m—+1 m—+1 1
k1 m+1 r+m
> aftatt =3 et ] . (9)
Ep ook 120 k=1 i1 Lk — Ty
k4. tkpyp1=r i#k

Proof The proof goes by induction on m. The case m = 0 is obvious. Assume that for m
variables Formula (9) holds and prove it for m + 1 variables. By the inductive assumption,

r
k:l km+1 _ k k‘1 k
S oabgtme o= Yok Y ahghe
k1) km4+120 k=0 Kk1yeees kEm>0
k1+AAA+km+1:T k1+...+km=r—k



T m m 1

=1 L1 — Ty
il
m m 1 r
_ r+m—1
= > (= > (Tmy1 /)
=1 i=1 L= Ti 2o
i#£l
m m—+1 1 xr—f—l
_ 1
— Z m}"—i—m 1, H (xl _ m+ )
T —x T
=1 i=1 l % l
il
m m—+1 1 m m+1 1
_ r+m r+1 m—1
= > |z 1 DU Era | |
=1 i=1 ‘rl - xl =1 i=1 :El - f]ji
il il
By Lemma 3.1,
m m+41 1 m+41 1
m—1 m—1
e = —X .
> (= I ma 11
-1 i=1 Ll — Ty -1 Ll — I
i#l i#m41

Substituting this expression in the previous formula we obtain the claim of the lemma. O

3.1 Proof of Theorem 1.1

Let us first consider the case where P is an m-dimensional rational simplex with vertices
a1, ..., Qy1- Recall the set D(P) introduced in Section 2. For a vector u € D(P) C ZVN*1 =
ZY @ Z denote by 4 it projection into Z". Lemma 2.1 implies that

F(nP) = 3 (kLo R 1 Q1)

u€ED(P),kq, k120
[ul<n,d| (n—|ul),k1++kpp1=(n—|ul)/d

_ Z xﬂ Z ($da1)k1 . (l,dam+1)km+1‘ (10)

u€D(P),|ul<n K1se) k4120
d| (n—|ul) k14 tkmp1=(n—|ul)/d

By Lemma 3.2 applied to o1 = 2%, ..., 2,41 = xd@m+1,

. m+1 J m+1 1
F(nP)= Y [2") (= lul+dm)ay H gl B (11)
u€D(P) k=1 z‘:I
d| (n—|ul) i#k

Note that the condition |u| < n does not appear on the right hand side because if this
condition is not met, then (as in the proof of Formula 4) we have (n—|u|)/d+m € {0,1,...,m—
1} and the corresponding summand vanishes by Lemma 3.1. Thus,

m+1

F(nP) = Z P,, (n)x"* (12)
k=1

where
m+1 1 .
NCOIEE () gm— S (13)
o rk — i weD(P)
i#k d| (n—|ul)



It is obvious that P,, (n) is a periodic function of n with period d. This proves the claim of
the theorem for closed rational simplices. Note that each such simplex is the disjoint union
of its open faces. The additivity of the function n +— F(nP) and an easy induction imply
that the claim of Theorem 1.1 holds also for open rational simplices.

Any convex rational polytope P can be presented as a disjoint union of open rational
simplices whose vertices belong to the set of vertices of P. Now, the claim of the theorem
follows from the additivity of F'(nP).

3.2 Proof of Theorem 1.2

We decompose P as a disjoint union of open rational simplices {A}, whose vertices belong
to the set A. By additivity F(nP) = Y, F(nAy). By Formulas (12, 13) and the obvious
inclusion-exclusion argument, each F(nAy) is a finite sum of expressions p(n)z"* where
p(n) € Z(d~A) is a rational function whose denominator is a product of dim(A;) < dim(P)
factors of type z% — % where a, o/ € A. This directly implies the claim of the theorem.

4 Reciprocity

By a rational polyhedron we shall mean a finite simplicial complex in RY which admits
a triangulation whose vertices have rational coordinates. It is clear from the discussion at
the end of Section 3.1 that Theorem 1.1 directly extends to rational polyhedra. Note the
following corollary of Theorem 1.1.

Corollary 4.1 Let P be a rational polyhedron in RN and let A be its set of vertices. Let
d = dp be the minimal positive integer such that A C d=*A. If the underlying topological
space of P is a topological manifold (possibly with boundary), then there are unique periodic
functions {P° : N — Z(d"*A) }aeca of period d such that for any integer n > 1,

F(P° n)=>" Pn)z" (14)

a€cA

where P° = P\OP is the interior of P.

This corollary follows from the generalization of Theorem 1.1 to rational polyhedra men-
tioned above and the formula F(P° n) = F(P,n) — F(OP,n).

As in the Ehrhart theory, we can use Formulas (2, 14) to extend both F(P,n) and
F(P° n) to all integers n.

Theorem 4.2 Let P be a rational polyhedron in RN whose underlying topological space is
an m-dimensional manifold (possibly with boundary). Then for any integer n,

F(P,—n) = (-1)"F(—P° n). (15)

In the case of a convex lattice polytope, this theorem was obtained by Brion [1]. His
proof is based on the theory of toric varieties and the Serre duality. Our proof of Theorem
4.2 is quite elementary. It is based on a reduction to simplices provided by the following
lemma, cf. [7].



Lemma 4.3 Let 1,1, be two finitely additive measures on the class of bounded subsets of
RN with values in an Abelian group. If 11 (A%) = (=1)3™ Ry (A) for any rational simplex
A then 1y (PY) = (=1)™o(P) for any rational polyhedron P whose underlying topological
space is an m-dimensional manifold.

Proof By additivity, we have for any closed simplex A and i =1, 2,

Vi(A) = D i(70)

T<A
where 7 runs over all closed faces of A and 7Y is the interior of 7. Using the inclusion-exclusion

arguments we obtain that
Ui(A%) = 37 (=) lyy(r)
<A
where |7| denotes the dimension of 7.
Now, consider a rational polyhedron P C RY whose underlying topological space is an

m-dimensional manifold. Fix a triangulation X of P consisting of (closed) rational simplices.
By additivity,

Di(P) = > (A% = 3 ST (=D)IAETlyy (1) = 3 g (r) ( 3 <_1)|Ar|) _

AeX AeX 7<A TeEX AeX, A>T

It is clear that for a given simplex 7 € X,

> (T =1 3 ()T =1 = (e (7))

AeX,A>T AEX, A>T

where x is the Euler characteristic and lkp(7) is the link of the simplex 7 in the polyhedron
P. If 7 C OP, then the link [kp(7) is homeomorphic to a closed ball of dimension m — |7| —1
and 1 — x(lkp(7)) = 0. If 7 does not lie on the boundary of P, then the link of 7 is
homeomorphic to an (m — |7| — 1)-dimensional sphere and

L= x(kp(r)) = 1= (1 (=11 = (1),

Hence,

P1(P) = Z (—1)m7‘7|¢1(7)-

T€X,TNPY£(

By assumption and the additivity,

Yo D) = (=)™ Y e(r”) = (1) e(P)

TEX,TNPY£() TEX,TNPY#£D

which proves the claim of the lemma.



4.1 Proof of Theorem 4.2

By the previous lemma, it suffices to prove the equality F'(P,—n) = (—=1)™"F(—P° n) for
any m-dimensional rational simplex P with vertices aj, ..., ., 1. The same arguments as in
the proof of Formulas (7) and (11) imply that

o 0 . m+1 (] +dm) m+1 1
_ _ i n—|u|+dm)ayg
F(P 7n) - F<nP ) - MEZDO x kz::l z 11:[1 J,’do‘k _xdai
d| (n—|ul) i#k

As we have already observed, each vector u € DY can be uniquely written as d(3; + -+ - +
Bmy1) — v with v € D(P), and vice versa. Then 4 = de — © where e = aj + ... + ay1 € RN,
Note that |u| = d(m + 1) — |v|. Therefore,

m—+1 ( —a) m—+1 1
0 o de—17 n+|v|—d)ag
F(P an) - Z Z Z z H rdag — xdai
veD(P) k=1 i=1
a| (n+|v]) i7k
Thus,
m—+1 m—+1 1
0 _ de—9 (=n+|v|—d)ag
F(P ) n) - Z Zz Z x H xdak _ xdai
vED(P) k=1 i=1

d| (n—lvl) i#k

Applying the conjugation, we obtain

m+1 m—+1 1

F(—PO’ —n) = Z pde=? Z x(_n+|”|_d)ak H S
veD(=F) k=1 -1 xdak — pdai
d|(n—|vl|) itk
S d m+1 (ntd| ‘) m+1 _mdak-i-dai
= xv—ae p(ntd=lv))ay T
UE;(P) ];1 1:[1 pdar — pda;
d|(n—|vl|) itk
~ m+1 d m+1 1
= <_1)m %(:P) z’ kz:l x(”—\UH- m)ayg 1_[1 m _ (—1)mF(P7 n)
ve — e
d|(n—|v|) itk

where the last equality follows from Formula (11).

5 Miscellaneous

(1). The elements P, € Z(A) appearing in Formula (1) have an interesting geometric
interpretation. Let C, C RY be the tangent cone to P at its vertex «, i.e., the convex
cone generated by half-lines R, (p — o) where p runs over all points of P. Clearly, the set
Co N A is infinite so that the formal sum F(C,) = Y e, ” is not an element of Z[A].
However, F(C,) can be viewed as a formal Laurent series representing a rational function,



i.e., an element of Z(A). Brion [1] proved that for any vertex a of P, we have P, = F(C,).
There is a natural generalization of this formula to rational convex polytopes. Namely,

P,(n) = > 2.

BECqy,B+nacA

By additivity, it suffices to check this formula for closed rational simplices where it can be
directly deduced from Formula (13).

(2). There is another generalization of the Ehrhart polynomial obtained by counting
lattice points with numerical weights. For a function ¢ : A — R, set

Ly,(Pn)= > ¢a).

aenPNA

Brion and Vergne [3] proved that if ¢ is a homogeneous polynomial in the coordinates in R
of degree k, then for any convex lattice polytope P, the number L, (P, n) is a polynomial of
n of degree dim(P) + k. Here is a generalized version of their results.

Theorem 5.1 Let ¢ : RV — R be a homogeneous polynomial function of degree k. If P is a
rational polyhedron in RN thenn — L, (P, n) is a quasi-polynomial of degree dim(P)+k and
period dp. If the underlying topological space of P is an m-dimensional manifold (possibly
with boundary), then n— L,(P",n) is a quasi-polynomial of degree m + k and for any n,

Lo(P,—n) = (=1)""*L,(P°,n) (16)

This can be deduced from Theorems 1.1, 1.2, 4.2. The main ingredient is the observation
that L, (P, n) is determined by a finite truncation of the Taylor power series of F'(P,n).

(3). The computations of Section 2 suggest a geometric interpretation of the coefficients
of the Ehrhart polynomial of a closed m-dimensional lattice simplex P. Let us write L(P,n)
as

L(P,n) = cp(P)n™ + 1 (P)n™ ' 4 - 4+ e (P)n + co(P).

It is clear that each ¢;(P) is a waluation, i.e., a finitely additive measure on the class of
lattice polytopes. These valuations are the lattice analogues of the intrinsic volumes pu;,
0 <1 < N. For a rectangular box B with side length x1,zs,..., 2N, u; has the explicit
geometric interpretation

wi(B) = si(x1,...,zN),

where s;(x1,...,2y) is the i-th elementary symmetric polynomial of xq,...,zy, and 59 = 1
by convention. With our formulas (4) and (5), the coefficients ¢;’s obtain a similar geometric
interpretations. Write each term of (4) as

n+m — |ul
m

)=<n+m—|u|><n+m—1—|u|>---<n+1—|u|>/m!.

Then coefficient of n' is the (m — ¢)-th symmetric polynomial of the variables m — |ul, ...,
1 — |ul|, divided by m!, i.e.,

1
ﬁ Smf’i(m - ‘U|, SRR 1-— ‘u’)

10



Thus,
1
¢i(P)=— > Smeilm —ul,..., 1= |u]).

M wen(p)

Recall the geometric interpretation of ¢,, and ¢,,—1 (see for instance [2] or [8]):
Cm(P) = vol (P), ¢pm-1(P) = vol (OP).

This implies card (D(P)) = m!vol (P) and

S ul = (m—1)! (Wvol(P)—vol(@P)).
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