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Abstract

The radiative transfer equations in cylindrical coordinates are important in the application
of inertial confinement fusion. In comparison with the equations in Cartesian coordinates,
an additional angular derivative term appears in the cylindrical case. This term adds great
difficulty for a numerical scheme to keep the conservation of total energy. In this paper,
based on weighting factors, the angular derivative term is properly discretized, and the
interface fluxes in the radial r-direction depend on such a discretization as well. A uni-
fied gas kinetic scheme (UGKS) with asymptotic preserving property for the gray radia-
tive transfer equations is constructed in cylindrical coordinates. The current UGKS can
naturally capture the radiation diffusion solution in the optically thick regime with the cell
size being much larger than photon’s mean free path. At the same time, the current UGKS
can present accurate solutions in the optically thin regime as well. Moreover, it is a finite
volume method with total energy conservation. Due to the scale-dependent time evolution
solution for the interface flux evaluation, the scheme can cover multiscale transport mecha-
nism seamlessly. The cylindrical hohlraum tests in inertial confinement fusion are used to
validate the current approach, and the solutions are compared with implicit Monte Carlo
result.
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1 Introduction

In this paper, we continue our study of developing asymptotic preserving schemes for vari-
ous radiative transfer systems. The current research is to propose an asymptotic preserv-
ing scheme for the gray radiative transfer equations in the cylindrical coordinate system.
The radiation transport in such a geometry is important in laser-driven inertial confinement
fusion (ICF), such as in the study of the popular hohlraum problem. Different from radia-
tive transport equations in Cartesian coordinates, an additional angular derivative appears
in the cylindrical case. This brings great difficulty to construct a numerical scheme with
total energy conservation and capture transport physics in optically thin and optically thick
regions uniformly.

The system of the gray radiative transfer equations models the radiation energy trans-
port and exchange with background material. It is a simplification of the full transport-
ing equations, but keeps the key ingredients in the transport process. For radiation, the
background material properties influence greatly on the way of energy transport. For a low
opacity (background) material, the interaction between the radiation and material is weak,
and the radiation propagates in a transparent way. The numerical method in this regime is
well defined by tracking the rays through upwind discretization of the streaming term in
the equations, such as the step method. However, for a high opacity (background) mate-
rial, there is severe interaction between radiation and material with a diminishing photon’s
mean free path. As a result, the radiation propagates as a diffusive process. To solve the
radiative transfer equation, the spatial mesh size is usually required to be comparable to
the photon’s mean free path, which is very small in the optically thick (i.e., high opacity)
regime. This kind of approach for solving kinetic equations is associated with huge compu-
tational cost. Instead, the macroscopic diffusion equation is usually solved in the optically
thick region to get the solution efficiently. But, the diffusion equation is not accurate in
the optically thin (i.e., low opacity) region, and the boundary between optically thin and
thick regions is difficult to be clearly defined. To accurately present the physical transport
process efficiently, a multiscale method has to be developed. This method should be able to
connect solutions in the optically thin and thick regions seamlessly. Intensive investigation
has been devoted on the development of such a multiscale method in the past decades, i.e.,
the search for the so-called asymptotic preserving (AP) methods [6-10, 12].

Recently, unified gas kinetic schemes (UGKS) with AP properties have been proposed
for linear radiation transport model [17], gray radiative transfer equations [19, 21], and fre-
quency-dependent radiative transfer equations [20, 22, 23]. All these schemes are designed
in a Cartesian coordinate system. The success of the UGKS is mainly from the coupled
treatment of particle transport and collision in the flux evaluation in a finite volume scheme
[25]. This time and scale evolving solution at a cell interface covers the transport physics
from the kinetic particle free transport to the macroscopic diffusion limit with the varia-
tion of the ratio of the time step ¢ € [¢", 1] over the particle collision time 7. The local
ratio At/ 7, controls different photon’s transport behavior in the optically thin region Az < ¢
and optically thick region At < 7. As a result, the solutions in different regimes can be
obtained simultaneously due to the local variation of Az/7. In UGKS, the cell size and time
step used are not limited by the particle mean free path and collision time [2, 5].

In many engineering applications, e.g., in ICF, the use of cylindrical coordinates is much
convenient to solve the physical problems. In this paper, for the first time, a unified gas kinetic
scheme will be developed for the radiative transfer equations in the cylindrical coordinate [18].
The developed scheme is asymptotic preserving for the gray radiative transfer equations in RZ
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cylindrical coordinates, where the diffusive solution will be captured accurately in the opti-
cally thick region without using a cell size being smaller than photon’s mean free path. Besides
the diffusion limit, the scheme can also capture the solution in the optically thin regime. For
the current finite volume scheme, the total energy, i.e., the sum of radiation and material ther-
mal ones in the system, will be conserved precisely. A cylindrical hohlraum example in ICF
will be studied by the current scheme.

This paper is organized as follows. Section 2 gives the model equations of gray radiation
transfer in the cylindrical RZ geometry. Section 3 presents the unified gas kinetic scheme in
such a coordinate system. Section 4 gives the asymptotic preserving analysis for the cylindri-
cal gray radiative transfer equations. In Sect. 5, numerical cylindrical hohlraum problems in
inertial confinement fusion are included to demonstrate the accuracy and robustness of the
proposed scheme. The conclusion is given in Sect. 6.

2 Gray Radiative Transfer Equations in Cylindrical RZ Geometry

The gray radiative transfer equations model the radiative transfer and energy exchange
between radiation and material. In the cylindrical RZ geometry, the scaled equations can be
written in the following form:

e€ol  wuoirl) oI 10D a< 1
cot r or §0Z r 09 € 4nac

> 2.1
€2C‘,£ Eezﬂ =0 /IdQ—acT4 .
ot ot

The cylindrical coordinate system is given in Fig. 1, where & = cos 0, u = sin¢ cos 9, and
n = sin @ sin 9. Here, the spatial variable _@s denoted by X = (z,r), Q = (&, u, n) is the angular
variable, and 7 is the time variable, I(¥, Q, 1) is the radiation intensity, T'(X, ¢) is the material
temperature, 6 (X, T) is the opacity, a is the radiation constant, c is the speed of light, ¢ > 0 is
the Knudsen number, and U(X, r) is the material energy density. For the simplicity of presenta-
tion, we have omitted the internal source and scattering terms in (2.1).

For the small parameter ¢, Eq. (2.1) is a relaxation model for the radiation intensity to the
local thermodynamic equilibrium, in which the emission source is a Planckian at the local
material temperature:

ﬁaacT‘*.

The material temperature 7(X, f) and the material energy density U(X, 7) are related by

ou
— =C, >0,
oT v

where C, (%, ) is the heat capacity.
At the small parameter limit e — 0, Larsen et al. [11] have shown that, away from bounda-
ries and initial times, the intensity / approaches to a Planckian at the local temperature, i.e.,

1O = Lac(T(O))“,
4
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Fig. 1 Coordinate system for RZ VA
geometry

b

and the corresponding local temperature 7® satisfies the following nonlinear diffusion
equation:

0 0 1 0 { rac o(T®)* 0 [ ac o(TO)*
Zuy(T® oy - 22 (= 7 2 1)
o VI a0 =5\ o ) T 2\Ge 2.2)

In this paper, we shall construct an AP scheme for (2.1) in cylindrical coordinates. A dis-
crete ordinate method will be constructed to solve the radiative transfer equation (2.1). The
scheme has asymptotic preserving (AP) property for the gray radiation transfer equations
(2.1), thus leading to a correct discretization of the diffusion limit equation (2.2) when € is
small. At the same time, the scheme is uniformly stable in e.

3 Unified Gas Kinetic Scheme for System (2.1)

All previous unified gas kinetic schemes for radiative transfer equations are constructed
in Cartesian coordinates [19-21]. In cylindrical coordinates, a proper discretization of
angular derivative in the radiative system (2.1) is very important for the implementa-
tion of total energy conservation. The method in [18] for the discretization of angular
derivative will be used in the current UGKS. In the following, we present the UGKS
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for solving the system (2.1) numerically. We first discretize the first radiative transfer
equation in the system (2.1); then solve the material energy equation in Sect. 3.4.

3.1 Angular Discretization

For the angular discretization, it is standard to use a symmetric quadrature set with N levels of
discrete & values, and at each nth level there are M, number of discrete ¢ values, see [13] for
details. Certainly, other quadrature sets are also available. Our scheme can use other quadra-
ture set which is symmetric and has weights summing to 4x. For a symmetrical RZ coordinate
system, only the case of # > 0 is considered. For the discrete ordinate discretization in this
paper, the angular flux is evaluated at every (m, n) discrete direction in the quadrature set, with
directions &, , = (&, 1> i n> N,,) a0d integration weight w,, .

With the definition ¢ = acT* and angular discretization, the radiative transfer equation
of system (2.1) in the discrete ordinate discretization becomes

€ aIm,n + :um,n a(rlm,n) aIm,n
c ot r or oz
am+%,nlm+%,n - am—%,nlm—%,n o 1 ¢ 7
4t =_<_ - m,n>’ 3.1
ro,, , e\2n G.D
am+'5,n = am—%,n = Hinn®@mpns
ar =a,, .1 =0.
3N Mn+§,n

Given the definitions in Eq. (3.1), it is easy to show that these a-s preserve a constant
solution [18]. For a constant solution with zero gradient, the solution should satisfy

1 a 1 1 1 —a 11

ﬂm,n mn m+§,n m+5,n M= 0 Mm=3 .1

r rw,,
which imposes a constraint on « in Eq. (3.1). With angular derivative differences in Eq.
(3.1),1,,and I  are connected. To determine the solution, we solve u = —4/1 — &2 for
the starting direction angular flux on each &-level to obtain /, /2., at angular position 9 = .
The resulting transport equation in the starting direction is equivalent to a transport equa-

tion in XY geometry along the starting direction of S_il jon = (&, =4/ 1 = £2,0), which is
given by
ol oy /2,) ol
e lyon 1/2n 120 o (1
o ey g = 250 ) G2

Up to now, we still need to construct one more relationship between I, , and 1.,/ , to
close the system. A weighted diamond relationship between angular fluxes at the discrete
ordinate points and the points between them [18] is used. This relationship is given by

Lo = Tmnd e Ly + (= T )t 3.3)

@ Springer



122 Communications on Applied Mathematics and Computation (2019) 1:117-139

where the values of 7, , are defined such that a linear solution in y will be preserved, i.e.,

ﬂm,n = Tm,n”m+%,n + (1 - Tm,n)ﬂm—%,n’ (34)

with

ﬂm+%,n = \/ - §r21 COS(&er%,n)’

9 =9 m
m+%,n - m—%,n - Z,,,T’ (35)

m=1 wm,n

By virtue of the relation (3.3), the first equation in (3.1) for non-staring direction
point can be rewritten as

E aIm,n + /‘m,n a("‘Im,n) aIm,n
c ot r lar "0z
% 1 “Tmn
.;:iz Im,n T am+l/2,n + am—l/2,n>1m—l/2,n 0'< 1 (36)

L1 )
2TE¢ mn

rwm’n €

This completes the angular discretization for Eq. (2.1), at the starting direction point
(3.2) and other points (3.6).

3.2 Time and Spatial Discretizations

Let z; = iAz, y = jAr and t* = kAt (i,j, k € Z) be the uniform mesh in Cartesian coordi-
nates, where these Az, Ar and At are the mesh sizes in the z-, r- and t-directions, respec-
tively; and let C;; denote the cell {(z, N Zisip <2 <ZyipsTimija <T < Ty}, where

Zisyp = (- —)Az and i = =(- —)Ar are the cell interfaces.
i (Zs r *)rdzdr

ko= . .
Let I}, = fc e denote the cell averaged value of the variable /,, , at time
t* over cell (i, j) with cell mass center (z;, 1; ;) calculated by
/. c, zrdzdr /. c, r2dzdr

i ===, v, = —-: 37
Y /c. rdzdr Y fc rdzdr 3.7)

Since the starting direction equation (3.2) is similar to the one in Cartesian coordi-
nates, the aforementioned method in Cartesian coordinates (see [19-21]) can be used
directly to discretize (3.2); hence, we omit the details of discretization here. For the non-
starting direction €2,, ,, we integrate Eq.(3.6) over the cell (i, j) from time t* to t* + At to
give a conservative finite volume numerical scheme for Eq.(3.6) in the following form:
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k+1  _ 7k
IlJmn - Ii,j,mn (Fl 1/2j,mn — Fi+l/2J,m,n)

(HIJ 1/2mn — Hi,j+l/2,m,n)

l:/

Omt1/2n ph+1 1=7,, k+1 (38)
cAt  Tun IiJams" ( Ton am+l/2,n+am—l/2,n IiJ,m—l/Z,ll

€ Vi,jwm,n /AIJ

cf 1 - ~
+ CAI{ 5_2 <£¢u - IiJ',m,n) }
Here, F'

ix1/2jmn a0d H;jqpp,,, are the time- dependent numerical fluxes in the z- and
r-directions across the cell interfaces, respectively, V;; = /[, c, rdzdr is the cell volume, and

A= Je dzdr is the area. The specific formulations for some terms on the right-hand side
of (3.8) are given by

e
C
Fi—l/Z,i,M,n =E /tA -/; gm,nrlm,n(t7 s Ko gm,n)det
1

3
k1

cS;_ ,‘,fm,n
—— / > 2; N Hynns Emn)AL,

tk+l
Ft+l/2,/mn = At/ / émn (t 7T, an’émn)det
cSlJr men z“
- / Imn(t Zz+ ’ j’lumn’émn)dt

el
HIJ 1/2,mn =€Al/ / r[m,n(t’z’ s Hins §m,n)det
tk+l : 3.9)

ChypAZ
Y v g ",-J-_%Im,n(l‘, 2 oLy o &nn)dt,

e
C
HiJ+1/2,m,n ZE /t’\ ,/E Hm,nrlm,n(l’ 7, :um,n’ gm,n)det
1

ijt+y
£k+1

C,le nAZ
riJ+ mn(t Zl’ j+ ’Mm,n’ ‘):m,n)dt’

tk+ 1

$ij = AtV

r(t, z, r)dzdrdt,
C,f

£+l
- 1
I,-‘/-,myn =m /tk /c,.J. Ly, (8,2, 5 Hyy s € p)dzdrdt,
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o and S, %», i)

where the notations E, E 1 refer to the edges of the cell C; are the

i+l J
corresponding rotation areas of the edges.
To update the system (3. 8) we have to determine all terms in (3.9) explicitly. First, it

is easy to see that the term I, ijmna 10 (3.9) can be approximated implicitly by

Tizi»mﬁ ~ z{i:rfz,n’
which should be combined with the same term on the left-hand side of Eq. (3.8).
The angular boundary function I"Jr1 in (3.8) is given by solving the starting direc-

—1/2,n
I"Jrl1 o ﬁrst then goes to the relation (3.3). The formula for (;b

in (3.9) will be determined later. In the following, we present the construction for the 1nter—

face fluxes Fy /s jmnand H;jpy o, i (3.9).

tion equation (3.2) to obtain

3.3 Construction of the Interface Fluxes in (3.9)

For the RZ cylindrical coordinate system, the interface fluxes F; ;. , in the z-direction can

be constructed in the same way as the case in the Cartesian coordinate system. In cylindri-
cal case, we only need to get the expression for the interface fluxes H, ;. /5, , in the r-direc-
tion in Eq. (3.8), which is a generalization of the method in [17, 25]. For the r-direction flux
H; 1 2mp close to the singular point r = 0, the following initial value problem at the cell
interface z = z;,r = Yici is solved,

1

E 6(rlm’n) d( ) am+%,nIm+%,n - am—%,nlm—%,n ro (LQE _ )
2n mr J2(3.10)

ot Hinn or o) €

m,n

m Il(zl’ r, t)lt t’* - m,n,()(zp r, tk)v
where the function ¢ and the initial value /,, , , will be reconstructed later. For Eq. (3.10), a
formal time-dependent evolution solution can be obtained,

1/2 (t T Jj— l/Z’an’gmn)
=e "wl/l(’ ’)rI 0<zl, —12 = M'""(t—tk), tk>

t
- Oij-1/2 "> Chmn
+/( e Vii-1/2( S) e r(,'b Fici2 — T(f —5),s )ds 3.11)
r
4 ¢ am+l,nji,j—1/2,m+l,n - am—l,nii,j—l/lm—l,n)
_/ e Vij-1/2(t=%) 2 2 2 2 ds,
e € wm’n

where v = ca/e and v,_;,; denotes the value of v at the cell interface. The function

rl, 0z, r, 1) is the reconstruction of Ly 0(Zis 15 1 ¥y which will be given later, and r¢ is
defined similarly. Substituting the formula (3.11) into Eq. (3.9) and integrating in time
from ¥ to #¥*!, we can get the numerical flux H, ij=1/2.mn i the r-direction. The numerical
flux H; ;1 /5, can be obtained in the same manner.

The cell boundary values Il =1 /2L n,Il J—1/2m=L n in (3.11) can be obtained through the

upwind approach,
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I s ifp,, >0,
j L= ij— 1,m+7,n ’
ij—1/2m+>.n = [k if < 0.

: iyjm+ 5 Ln’ Honn
Similarly, we get

I , if >0,
i i,/'—l,m—%,n /’lm,n
L 1= .
12t Y i, <0,

t,],m—i,n i

The initial function rI 2.0 i (3.11) is constructed by a piecewise linear reconstruction:

— It +6,(rD* (r=riyy), ifr<ri_,,
r]mn Zi,r,lk — ij=1%j—1,mn ij—1,mn ty— / 3.12
0 ) { rJIl’f/ o T 1) (rl)f‘/.,m,n(r r,}/), if r > Fi1/2- ( )
Here 8,005 0 = Tijo10, 05 Tyt @0 8,01 = 130,11y + 13,0 WheTe
5,1{‘J_1mn,5,1u o AT€ the reconstructed slopes at cell center (i,j—1) and (i, ]) in the

r-direction, respectively, where the second-order MUSCL-type slope limiter [24] is used to
remove spurious oscillations.
The function r¢(z;, r, £) is implicitly constructed by

r(}f_)(zi, rt = ’fi—l/2<¢ b —~1/2 +9 ¢i{;ll/2(’ - t"“))

) (r¢)"+1122 =1y, ifr<ri. (3.13)
5 (r¢)f;11 =T >,
where
k+1,L k+1
g (r¢)lJ 1/2 / 1/26 4)1,1 1/2 d)l;l
and
k+1,R k+1,R k+1
o, (rd))t,] 12— 1/26 qblz] 1/2 ¢l: .

The unknown cell boundary value ¢f.‘;1 and the slopes & ¢’<+'1§2, ,be:]ll;z, ¢f‘;’ll J will

be determined in the next subsection.

3.4 Macroscale Evolution Equations

The unified gas kinetic scheme updates both microscopic and macroscopic variables [19, 20].
The function ¢ in (3.9) and the unknowns in (3.13) can be determined by solving the follow-
ing macroscopic equations, which are obtained by taking angular moment of the first equation
in (2.1). With the definition p = / 1d€Q, and keeping in mind that ¢ = acT*, we take the angle
integration of (2.1), to obtain the following macroscopic system:
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0
£2 v (G1) = 2@,
ec, 2 = ZaU—a(p #). (3.14)

where we have denoted the angular vector integration <§I > by

<§1> - / G1d% = / & wldédo,

and the gradient operator V is in RZ-cylindrical coordinates. For a function f, the diver-
gence operator reads as

To obtain the macro-quantities p and ¢ at the next time step through Eq. (3.14), we first
define an exact relationship between the material energy density U and the radiation energy
density ¢ by

dp _ d¢p dT _ 4acT?

)= — = = .
PeD=50=arau = o G.15)
Then, the system (3.14) can be rewritten as
dp
2 v (Gr) =@,
¢ ¢ (3.16)
a_ = fo(p — ¢).
Thus, the finite volume discretization of the system (3.16) can be written as
k+1 At [ xk+l k+1
= /’ ty ((Dl+1/2J q)t:l/ZJ)
A (gt Kt o'e B s
vw (‘PJ 1/2 _qjl,;:r]/z) <¢ D= ) (3.17)

¢k+1 _ ¢k (1"’) ( 1 ¢k+1>

where the above macro-cell interface fluxes are given through micro-fluxes from (3.9) as
follows:

k+l
I 1/24 Z ZFt—lJmnwmﬂ’
A
k+1 —
(Dt+l/2,/ - Z 2 i+ jmn@mn>

n=1 m=1
N M,
g _ P (3.18)
ij-1/2 — i,i—;,m,n m,n>
n=1 m=1 -
N M,
k+1 —
q‘11]+1/2 - 2 Hl'z/""%,m,ﬂa)mv”'

3
ﬂ‘
3

l‘
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Thus, based on the macro-interface fluxes, Eq. (3.17) reduce to a coupled nonlinear sys-
tem of the macro-quantities ¢**' and p**' only, where the parameters o*+' and ﬂk“ depend
implicitly on the material temperature T"Jrl This nonlinear system can be solved by an
iterative method [19, 20].

After obtaining d)f;l iteratively, we take ¢ in (3.9) as

F=ol!, and ¢, = (¢ + )2
is the cell boundary value in (3.13). The left and right one-sided finite differences in (3.13)
are given by

k+1 k+1 k+1 k+1
5¢k+1,L _ ¢ -1/2 ¢1J 1 5¢k+1,R _ ¢iJ ¢ -1/2
r®Pij-1/2 Ar/2 » =12 T Ar/2

For the time derivative 6,(1)5.‘;_11 P in (3.13), we use
K+l gk
¢k+1 _ ij—1/2 iyj—1/2
ij-1/2 — At .

At this point, with the determined macroscopic variables in Eq. (3.17), the radiation inten-
sity in Eq. (3.8) can be updated, which is the main procedure in our unified gas kinetic scheme.
Then, the final step is to solve the second equation in (2.1) to give the material temperature
with the newly obtained value / [kfim The solution for the energy equation (3.17), is given by

¢k + Al(ﬂd)k+l Zn 12 k+1 2

2l m”l]mn
= . 3.19
d)l,] 1+ At(ﬂ()')f,‘;rl/ez ( )

Based on (3.19), the material temperature is determined by Ti’f;’l = (d3f;l /(ac))/*. This
completes the construction of our UGKS scheme for the gray radiative transfer equations
2.1).

3.5 Summary of the Algorithm

In this subsection, we summarize the above solution procedure to the following algorithm for
convenience.
Loop of UGKS: Given I*, and T*, one has p*, and ¢* . Find I**! and 7.

ijmon i i i ijmon i

@) With I" o in hand, use (3.18) to calculate the macro-flux. Solve the system (3.17)
to obtain PEHL, .
(i) With the obtamed values qbk“ and ,okJrl from the step (i), solve the resulting equation
@3.8)for 1T .
(iii)  With the solution I"Jrl , solve (3.19) to get dA)fJFl, and then the new material tempera-
ture T+ !
@iv) Goto the next computational step.

End
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Now, the algorithm loop of our asymptotic preserving scheme for the gray radiative trans-
fer equations in cylindrical coordinates is complete. In the next section, we give the asymp-
totic analysis of the above-constructed numerical scheme.

4 Asymptotic Analysis of UGKS

In this section, we adapt the idea in [17] to show that the above UGKS is asymptotic preserv-
ing (AP). The numerical flux plays a dominant role for the AP property. Firstly, the numerical
flux in the r-direction

lJf-H
CHin AT
Hi,j—l/2,m,n = N . lJ 1/2Imn(t Zl’ j—1/2> ”mn’gmn)dt
*

can be exactly computed [19, 20]. From Eq. (3.11), we have

k,— k,
Hij1pmn = AZ{AZ‘J—I/WM((H)M 1/ 2mn Lt 0+(r1)ij+1/2mnlﬂmzr<0>
k1L kLR
+D1J 1/2<‘umn V(rd)):; 1/21l’m;z>0+“mn V(r(b)t; 1/2 /‘mn<0>

+BlJ 1/2<Hmn r(r])u Lmn Mm/l 0+'umn ’(rl)ldm" I4mn<0)

+7r; ]/2<Qij—l/2/’ln1,n5t¢iJ_1/2 + Ci,j—l/ZMm,nd)iJ_l/z) “.D
e+l e+l
+P a"‘+]/Zv”li.jt].m+1/2,n_a"’*]/Zv”li.jt].mfl/Z,n
ij—1/2Mmn > Hyy >0

mn

K+l _ k1
4 st /20t o™=t 20 D1 2 |
b
O Hypn <O

K+ . .
where (r] )ZJ \2mn® ,(rl )l.J._1 Jmn A€ used to denote the interface values with

(r])u 1/2,mn = ’J ]IIJ 1mn+5 (r])l,j lmn( j=1/2 _riJ—l)’

(rl)z,] 1/2,mn = rlJIl/(Jmn + 6r(r1)i,/',m,n(rj—1/2 riJ)'

The coefficients in (4.1) are given by

A= (1—evA),

€A£¥6 1 —VA
C= i <At— Yi-ev ’)),
D= (A1 e = 2 (1 - e,
B= —ﬁ(l —e VA vAte_VA’),

0= 50 (1- e —vare™ - Lan?),

2me3v3 At

2 1 _
P=— V(At— Hi-e VAI))

21[Ate4 vz

4.2)

withv = Z—f With the expression (4.2), we have
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Aijory2 = A(AL€,0,5 172, Vijo172)s
Cijoiyp = CAL 6,04 12, Vij_172),
Di; 1y = D(AL €65 173, Vij172)»

4.3
B 1) = B(AL,€,05;_1 3, Vij12); “.3)
Q,-J-_1/2 = O(At,e, 0ij-1/2> Vi,j—l/Z)’
Pij1jp = P(At,€,0;; 12, Vij12)-
On the other hand, for the z-direction, the interface flux F,_ 1 .1s given by
CSi—l/Zjém,n !
Fi—l/ZJ,m,n = T /t‘: Im,n(t’ Zi—l/2’ rj’ s gm,n)dt’
which can be expressed by
k—
Fivpzjmn = Si_l/z,,-{A,-_l/z,;i,n ”<Ii 2gmantenm0 + 1 1/2,,mn1:m<0>
2 k+1,L k+1.R
+DH/2‘/< XAty PR FA X iy :,M<0> )

2 k
+Bl 1/2J<'):mn5111 1,/mn15 >0+§mn z z/mn1§ <0

m.n

+ Qz 1/2,]€m n(S d), 1724 + Ci—1/2,jé:m,n¢i_1/zj }

kot : ;
Here I L 2gma i J2jmn A€ interface values given by
k,— gk _
Il 1/24,m;n _Il 1j,m,n +5111 I/mn(zi—l/2 Zi—lJ)’
+ Ik _
I —1/24j,mn IlJmn+élz,/mn(Zl—1/2 ZiJ)’

where 6, I" Ljman and 6, Ik o AT€ slopes in the z-direction and can be constructed similar to
those in the r-dlrectlon above

The behavior of the scheme in the small e limit is completely determined by the property of
the coefficient functions that are given by

Proposition 1 Let 6 be positive. Then, as € tends to zero, we have

A(At, e,0,V) tends to 0,

B(At, e,0,V) tends to 0,

D(At, €, 0,V) tends to —c/(2no);
P(At,e,0,V) tends to —c/o.

In the following, we use the notation on dudé to denote the angular integration in the half
sphere. Thus, the corresponding macroscopic diffusion flux fo] .in the z-direction, defined

1/24
by

eSiypp il it
@ty = (S 105 )

oS, 4.5)
= fon PE [ 10z gy . E)drdpde
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has the following limit:

k+1
q), 1/2j l 1/242 ZwmnFl 1/2j.m,n
n=1 m=
c k+1,L c k+1,R 4 6)

. s 5. 4 5.4' ) 4.
=0 lk+11/21]k+|66! 2y SOV oy E T IE1/2

LS, Bic1/2j ¢ ‘75,-1‘,

3‘71—1/2./ Az

The limit (4.6) gives a numerical flux of the asymptotic limiting equation (2.2) in the
z-direction.
On the other hand, the corresponding macroscopic diffusion flux ‘Pf;f_l in the r-direction,

1/2
defined by

k+1
‘Pf{:ll/z = <C:AA: _/tkt I/ZI(t Zn 1/29” :)dt>

culz “4.7)
2t eAr ./t‘* 1/21(t Zu 1/27” é)dtdﬂd&
has the following limit:
k+1
q),J 12 = AZZ ZwmnHlJ 1/2.m,;n
n=1 m=1
— =Syap(Fsail, + =808
=0 NJ ;//12<6’7f.j1/2 ,(]5u_1/2 60172 r¢’J_1/2
cAz .
p wm,nﬂm,n
ij—1/2 A
n=1 m=1
d’f‘;r] a"‘+]/Z«nlfj,liﬁl/2,17_a”’*l/zv"ll{:;r]nfl/ln
X { <Mm~" 2n + @y 1l4m.n<0
4.8)

k+1 k+1 _ k+1
+( u i + Gt /20l 2 it jon ™ Om=1720 5 e o 1
I o (um_,, Hinn>0

cSij1/ ¢ ,, g cAz z: Z
= - w
3‘T.J-l/z Ar ij-1/2 i Homn

n=1 m=

P k1 k1
X U W4 D1 /2001 /2.0 Fm=1/200 =120 1
mn o @y Hiy <O

k+1 k+1 _ k+1
+ i + Gt /20l 2 et jon ™ Om=1720 5 o )1
Himn o Hnn>0

mm.n

The limit (4.8) gives a numerical flux of the limiting equation (2.2) in the r-direction.

Next, we shall see that the above constructed UGKS for the radiative transfer
equations (2.1) is in fact asymptotic preserving, which is verified in the following
proposition.

Proposition 2 Let o be positive. Then, as e tends to zero, the numerical scheme given by

(3.8) and (3.9) approaches to the standard implicit diffusion scheme for the diffusion limit
equation (2.2) in cylindrical coordinates.
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Proof Firstly, in view of the order ¢~2 term in the non-starting direction equation (3.8), as
the parameter e tends to zero, one has

1
Ll (4.9)

ijmn

Integrating the above equation with respect to the angular variable, we obtain as € — 0
that

4
A= gl = ac(Ti) (4.10)

Similarly, for the starting direction equation (3.2), in view of the order ¢~2 term in its
discretization equation, as the parameter ¢ tends to zero, we get

ket |
Lin = 5295 - (4.11)

Secondly, for the order e~! term in Eq. (3.8), such as the left flux F ket given by the

1/2 m,n
formula (4.4), integrating the flux F’ k+ll 12 in the angular variable, we obtam the macro-flux
<Df+]l J2jmn in Eq. (4.6). As € — 0, we deduce by Proposition 1 that

k+1 k+1
1 CSI 1/24 ¢iJ ¢l 1,]

g ~3o Az (4.12)

i-1/2j
Similarly, as € — 0, the right macro-interface flux implies

¢S, ¢k+1 _ ¢k+1 )
1 i+1/2j i+1,

(Di+l/2,j — 3o-k+1 Az . (4.13)

i+1/2j

For the lower r-direction boundary flux Hlk+1 given by Eq. (4.1), integrating the
J—1/2,mn

flux HZ,Hl J2mn in the angular variable, we have the macro-flux ‘Pk“] P in Eq. (4.8). By the

relations in (3.1), (3.3), (4.9), (4.11), and Proposition 1, as € — 0 we infer that

k+1 k+1
ikt CS[,/—I/Z ¢i‘j ¢z,; 1

4.14
=172 30(‘.“ Ar ( )
ij—1/2
Similarly, as € — 0, the right macro-interface flux goes to
¢S, ¢k+|_¢A+1
y R Y 4.15
lJ+1/2 30-“/:1/2 Ar ( )
Then, the remaining e~! term in (3.8) satisfies
Yost /20 k1 1T k+1
i % T fjana ( T Cmai/2n ¥ a'"—l/ln)Iz‘J,m—l/z,n
n=1 m=1 lJ m n/A
N M,
CcArA; . k
_ ij +1 _ k+1 _ 4.16)
- Vi Z (a’"+1/2-"1ij,m+1/2,11 am—l/zsnlizj,m—l/z,n> =0.
n=1 m=1
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Thirdly, adding Eq. (3.8) to (3.19), integrating the resulting equation in the angular vari-
able, and using (4.12), (4.13), (4.14), (4.15) and (4.16), we see that

K+l _ gkt Kbl _ phtl
pk+1 — Ak Ar _CSH/ZJ d)i.j _¢i—l.j + CSiviy2) 4)1',/' _¢i+l,j
i Pij =] =)
i ooV 35:1/” Az 36‘.:1/” Az

4.17)

k+1 k+1 k+1 k+1
+ Ar (_L'Sw—l/z ¢ij Iz cSij1 ¢i./ _¢[j+l

i1 _ k+1 _ 1k k+1
\ 3okt Ar + 3okt Ar ) C((pi‘j ¢l,])/ﬂl,] .

i ij—1/2 ij+1/2

By virtue of the relation (4.10), Eq. (4.17) is a standard five-point scheme for the dif-
fusion equation (2.2) in cylindrical coordinates. Therefore, this shows that our UGKS for
the gray radiative transfer equations (2.1) is asymptotic preserving (AP), where the current
UGKS can capture the exact diffusion solution without the constraint on the cell size being
smaller than the photon’s mean free path.

5 Numerical Examples

In this section, we present numerical examples arising from inertial confinement fusion to
validate the proposed AP-UGKS in cylindrical coordinates. In the computation, the unit of
the length is centimeter, the mass unit is gramme (g), the time unit is nanosecond (ns), the
temperature unit is kilo electronvolt (KeV), and the energy unit is 10° Joules (GJ). With the
above units, the light speed is 29.98 cm/ns and the radiation constant a is 0.013 72 GJ/cm?
KeV*. For angle discretization, we take N = 8 in the following simulations.

Example 1 (see [1]) The computational domain is given in Fig. 2. It is a thirteen-
millimeters square with a thin wall of material around the outside edge. There are two

0.8

0.2 0.4 0.6 0.8
X

Fig.2 The computation region for Example 1. The red regions are optically thick region, and the blue
region is vacuum region. This is an axial symmetric problem
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millimeter openings on the left side of the hohlraum, and there is a rectangular block of
material in the center of the system. The material is a purely absorber with ¢, = 100 cm™!
and pC, = 5.0 x 10° J/m’K. The rest of the device is a void with zero opacity. The initial
material and radiation temperatures are set to be 7, = 300 K. A source boundary con-
dition is applied along the entire left hand side. The source has a temperature of
Tyource = 3-5 X 108 K. To show the performance of the numerical scheme, we calculated
the problem with coarse mesh with 130 x 65 cells and fine mesh with 260 x 130 cells,
respectively. In Fig. 3, we give the contours of both material and radiative temperatures
at time = 1 ns in the upper half region since the problem is cylindrically symmetric. And
in Figs. 4 and 5 we compare the results of two mesh cases at line y = 0.05 and y = 0.39,
respectively. Further in Fig. 6, we compare the time evolution values of material and
radiation temperatures at two points (0.005, 0.005) and (0.46, 0.39) in both mesh cases.
It is clear to see that the current UGKS can simulate the vacuum region and the optical
thick region accurately.

0.6
X

Fig.3 The contours of material and radiation temperature for Example 1 at time = 1 ns. The left sub-fig-
ures are the material temperatures, and the right sub-figures are the radiation temperature. The above two
figures are calculated by coarse mesh with 130 X 65 cells, while the bottom two figures are calculated by
fine mesh with 260 x 130 cells
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Fig.4 The comparing results of UGKS for material and radiation temperatures at y = 0.05 cm and time =
1 ns with coarse and fine meshes. The left one is the material temperature, and the right one is the radiation
temperature

=l

0.25

— -AA— - Coarse mesh — -A— - Coarse mesh
— —E}— — Fine mesh — —£}— - Fine mesh
0.2
I~ 0.15 k%

0.1

0.05

_______-_P_?;__ﬂ

e
A
|
|
|
|
|
|

|
|
|
| 0.1
|
|

|

|

|

|
4 |

005k v v Ly v by L b b 1l
0.8 0.2 0.4 0.6 0.8 1 1.2
X X

0.6

Fig.5 The comparing results of UGKS for material and radiation temperatures at y = 0.39 cm and time =
1 ns with coarse and fine meshes. The left one is the material temperature, and the right one is the radiation
temperature

Example 2 (see [16]) In this test we solve a simplified hohlraum problem. The layout is
given in Fig. 7, where the red regions have ¢ = 10073 cm™! for T in KeV and the blue
region is vacuum. On the left boundary, there is a 1KeV blackbody source-emitting radia-
tion into the initially cold material. In Fig. 8, we give the contours of material and radia-
tive temperature at time=10 ns. To validate the solutions, we present the computed results
by both UGKS and the implicit Monte Carlo (IMC) method (see [3, 4, 14]) for the tem-
peratures in Figs. 9 and 10 along the two lines of z = 0.05 and z = 0.44, respectively. In
Figs. 11 and 12, we show the temperature evolution computed by both UGKS and the IMC
method at two points (0.105, 0.005) and (0.56, 0.44), respectively. It is obvious to see that
both UGKS and the IMC method can simulate the transport in vacuum and optical thick
regions, while UGKS gives a smooth transition in different transport regimes. The compar-
ison of computation time for UGKS and IMC is given in Table 1; here, the computation
platform is LENOVO personal computer with Intel(R) Core(TM) i7-4770 CPU, and with
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Fig.6 The comparing coarse and fine mesh results of UGKS for material and radiation temperatures at
points (0.105, 0.005) and (0.46, 0.39) with time evolution. The left one is the material temperature, and the
right one is the radiation temperature

Table 1 The computation time

UGKS (mi IMC (mi
comparison for UGKS and IMC (min) (min)
293 3405
Fig.7 The computation region 1
for Example 2, the red regions
are optically thick region, and
the blue region is vacuum region.
This is an axial symmetric 0.8

problem
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02 0.4 0.6 0.8
X

Fig.8 The contours of material and radiation temperature for Example 2 at time = 10 ns. The left one is the
material temperature, and the right one is the radiation temperature
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Fig.9 The results of UGKS and IMC for material and radiation temperatures at y = 0.05 cm and time = 10
ns. The left one is the material temperature, and the right one is the radiation temperature
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Fig. 10 The results of UGKS and IMC for material and radiation temperatures at y = 0.44 cm and time =
10 ns. The left one is the material temperature, and the right one is the radiation temperature
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Fig. 11 The results of UGKS and IMC for material and radiation temperatures at point (0.105, 0.005) with
time evolution. The left one is the material temperature, and the right one is the radiation temperature
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Fig. 12 The results of UGKS and IMC for material and radiation temperatures at point (0.56, 0.44) with
time evolution. The left one is the material temperature, and the right one is the radiation temperature

1 million particles in IMC simulation. From this, we can see that the UGKS can save the
computational time greatly.

6 Conclusion

In this paper, we present a unified gas kinetic scheme (UGKS) for the gray radiative
transfer equations in cylindrical geometry. Due to the time-dependent un-splitting treat-
ment of photon transport and collision in the flux evaluation, the current UGKS can
give accurate solutions in all transport regimes. It has asymptotic preserving property in
the optical thick region to recover the diffusion solution without using a mesh size being
smaller than the photon mean free path. At the same time, accurate solutions can be
obtained by UGKS in the optical thin regime, even the free transport solution in vacuum
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regime. For a physical problem with multiscale transport in different regions, the cur-
rent UGKS gives a smooth transition from the optically thin to optically thick regions
with the variation of the ratio between the time step and local photon’s collision time.
The cylindrical hohlram examples in inertial confinement fusion are tested to validate
the current approach. The current scheme can be naturally extended to the study of cou-
pled system among radiative transfer [20], fluid dynamics [25], and plasma physics [15].
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