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1 Introduction

The Orr-Sommerfeld equation, in fluid dynamics, is an eigenvalue equation describing the linear two-dimensional modes of
disturbance to a viscous parallel flow where the no-slip boundary condition is usually assumed. For all but the simplest of
velocity profiles, numerical or asymptotic methods are required to calculate solutions. For Pouseille flow, it has been shown
that the flow is unstable when Reynolds numberR > Rc = 5772.22 [2].

It is well known that in many fluid regimes, the slip of the fluid at the solid boundary becomes important, for example,
for the micro-channel flow [9], the driven cavity flow [11] and the moving contact line problem [10]. A nature question to
ask is how the slip at the boundary affects the stability of the Pouseille flow. In another word, will allowing slip increase or
decrease the critical Reynolds number Rc = 5772.22. A numerical study by Chu [6] suggested that the velocity-slip at the
wall will degrade the stability of the flow. That is, the relaxed slip-flow effect decreases the critical Reynolds number.

In this paper, we carry out a careful numerical study of the Orr-Sommerfeld equation with the Navier slip boundary
condition. Our results suggest the opposite, that is, the critical Reynolds number Rc increases with the slip length ls.
Therefore, allowing slip increases the stability of the shear flow. Moreover, we have Rc(ls) −Rc(0) ≈ Cl2s . Here Rc(0) is
the critical Reynolds number with the no-slip boundary condition.

2 Mathematical model

The two dimensional Navier-Stokes equations for an incompressible fluid flow are

∂u
∂t

+ (u · ∇)u + ∇p =
1
R
�u , (2.1)

∇ · u = 0 , (2.2)

where R is the Reynolds number. In studying the linearized stability of the basis shear flow U(y), a usual assumption is

u(x, y, t) = U(y) + u′(x, y, t) ,

v(x, y, t) = v′(x, y, t) ,

p(x, y, t) = constant + p′(x, y, t) ,

where u′ and v′ are the components of disturbance velocity. Using normal-mode decomposition analysis, a stream function
for the disturbance, ψ′ is assumed to have the form

ψ′(x, y, t) = φ(y)eiα(x−ct) ,
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where ψ′ is defined such that u′ = ψ′
y and v′ = −ψ′

x. After linearizing and rewriting the equations of vorticity of 2-
dimensional disturbance, we obtain the famous Orr-Sommerfeld equation

(iαR)−1(D2 − α2)2φ = (U − c)(D2 − α2)φ− U ′′φ ,

Lφ+ cMφ = 0 ,
(2.3)

where D = ∂
∂y , and

L = (iαR)−1(D2 − α2)2 − {U(D2 − α2) − U ′′} ,
M = D2 − α2 .

For plane Poiseuille flow with no-slip boundary conditions φ = Dφ = 0, (2.3) is an eigenvalue problem for c = cr + ici.
Therefore we have stability if all ci < 0, instability if there exist a ci > 0 and the neutral stability if at least one ci = 0, the
remaining ci having vanishing or negative imaginary parts. The eigenvalue problem (2.3) with no-slip boundary conditions
was solved by Orszag [2] who predicts a critical Reynolds numberR = 5772.22 at which instability should first occur.

We now consider the same problem with the Navier slip boundary condition. The basic flow we shall consider is now
given by

U(y) = 1 − y2 + 2ls (2.4)

for −1 ≤ y ≤ 1. It is easy to see that U satisfies (2.1)–(2.2) as well as the Navier boundary conditions

l−1
s U = −∂nU

at y = ±1. In terms of stream function φ, the Navier slip boundary conditions are in the following form,

φ = 0 , l−1
s φ′ = φ′′ at y = −1 ,

φ = 0 , l−1
s φ′ = −φ′′ at y = 1 .

(2.5)

3 Numerical method

We solve the eigenvalue problem for the Eqs. (2.3)–(2.4) and its associated boundary conditions (2.5) by Chebyshev collo-
cation method [13]. Consider the set of Chebyshev nodes {xk} with endpoints x = ±1,

xk = cos
(

(k − 1)π
N − 1

)
, k = 1, . . . , N . (3.1)

and the corresponding Lagrangian basis set {ξk(x)},

ξk(x) =
(−1)k

ck

1 − x2

(N − 1)2
T ′

N−1(x)
x− xk

, (3.2)

where c1 = cN = 2 and c2 = . . . = cN−1 = 1, TN−1(x) represents the Chebyshev polynomial of degree N − 1. The
interpolating polynomial is taken to be

pN−1(x) =
N−1∑
j=2

φjξj(x) .

This interpolation satisfies pN−1(±1) = 0. We require the Eq. (2.3) to be satisfied at the interior N − 4 grid points:

N−1∑
j=2

φjLj(xk) + c

N−1∑
j=2

φjMj(xk) = 0, k = 3, ..., N − 2 . (3.3)

The Navier slip boundary conditions imply

l−1
s

N−1∑
j=2

φjξ
′
j(x1) +

N−1∑
j=2

φjξ
′′
j (x1) = 0 ,

l−1
s

N−1∑
j=2

φjξ
′
j(xN ) −

N−1∑
j=2

φjξ
′′
j (xN ) = 0 .

(3.4)
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Eqs. (3.3)–(3.4) form a linear system of N − 2 equations, which can be reduced to the form Aφφφ = cBφφφ, where φφφ =
[φ3, ..., φN−2]T ,A andB are both the (N−4)× (N−4) matrices. The eigenvalue c is then obtained by the Matlab function
eig(B−1A).

Our numerical results are verified by the Gauss-Jackson-Noumerov finite-difference method [12], which is described
as follows. The Orr-Sommerfeld equation is replaced by a difference equation using central difference approximations
to the derivatives with a truncation error involving the eighth derivative, and the error is fourth order. From [12], taking
g = φ− 1

6h
2D2φ+ h4

90D
4φ, the difference equation for the Orr-Sommerfeld equation becomes

δ4g

[(
1
h4

− 2α2

12h2
+

α4

360

)
+ iαR

{
(1 − c− y2 + 2ls)

(
1

12h2
− α2

360

)
+

2
360

}]

+ δ2g

[(
− 2α2

h2
+
α4

6

)
+ iαR

{
(1 − c− y2 + 2ls)

(
1
h2

− α2

6

)
+

2
6

}]

+ g[α4 + iαR{(1 − c− y2 + 2ls)(−α2) + 2}] = 0 ,

with the following Navier slip boundary conditions:

g +
1
6
δ2g +

1
360

δ4g = 0 at y = ±1 ,

1
2h
δg = ls

1
h2

(
δ2g +

1
12
δ4g

)
at y = −1 ,

1
2h
δg = −ls 1

h2

(
δ2g +

1
12
δ4g

)
at y = 1 ,

where δg = g(y + h) − g(y − h), δ2g = g(y + h) − 2g(y) + g(y − h), and δ4g = g(y + 2h) − 4g(y + h) + 6g(y) −
4g(y − h) + g(y − 2h). The resulting system of the above difference equations can be reduced to the form Ag = cBg.

4 Results and discussions

As a test case, we first solve the eigenvalue problem for ls = 0 (no-slip boundary conditions) and compare the results
with the benchmark results of Orszag [2] and Li and Widnall [7]. Table 1 shows the eigenvalue with the largest imaginary
part (the most unstable mode) for the plane Poiseuille flow with the Reynolds number R = 10000, the perturbation wave
number α = 1.0. It is clear that the result converges to cr + ici = 0.23752649 + 0.00373967i as we increase the number
of Chebyshev nodes up to 128. Our numerical results are further verified by the Gauss-Jackson-Noumerov method [12].
The results are shown in Table 2. Compared with the finite difference method, the Chebyshev method shows much better
convergence rate at much lower cost.

We now turn to the case with Navier slip boundary conditions withα = 1.0, R = 10000 and the slip length ls = 0.008. Our
numerical results reported in Table 3 show that the eigenvalue with greatest imaginary part converges to λ = 0.24326044 +
0.00227066i. The results are again verified by the finite difference method with the eigenvalue with greatest imaginary part
converges to the same λ = 0.24326044 + 0.00227066i (Table 4).

The above test cases have shown that our method gives convergent and consistent results. We are now ready to study
the effect of the slip on the stability of the shear flow. We first repeat the calculations for the no-slip case. In Table 5, we
report the values of λ for the most unstable mode with αc = 1.02056, ls = 0.0 for Reynolds numbers R = 5772.22 and
R = 5772.23. The change of the sign for the imaginary part of the λ indicates that the Reynolds number is Rc = 5772.22,
consistent with the previous results.

We now consider the slip boundary condition. For a fixed wave number α = 1.0, we solve the eigenvalue problem
for increasing Reynolds numbers and for four different slip length ls = 0.0, 0.005, 0.008, 0.01. Fig. 1 plots the largest
imaginary part Ci of eigenvalues as a function of the Reynolds number. It is clear that Ci becomes positive (i.e. the flow
becomes unstable) for large enough Reynolds number. This critical Reynolds number increases with ls indicating that the
slip increases the stability of the flow. The critical Reynolds number also depends on the wave numberα. For example, when
ls = 0.008, the most unstable wave number turns out to be αc = 0.9922 in which case the critical Reynolds number is the
smallest. Our results in Table 6 show that the imaginary part of the λ changes sign betweenR = 6410.91 andR = 6410.92
indicating that the critical Reynolds number is Rc = 6410.91 which is much higher than the critical Reynolds number for
the no-slip case.
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Table 1 Approximation to the eigenvalue with largest
imaginary part for α = 1.0, R = 10000, ls = 0, by the
Chebyshev method.

grid pointsN λ

32 0.23741782 + 0.00375749i
40 0.23751460 + 0.00374111i
48 0.23752553 + 0.00374030i
56 0.23752644 + 0.00373971i
64 0.23752649 + 0.00373967i
72 0.23752649 + 0.00373967i
80 0.23752649 + 0.00373967i
88 0.23752649 + 0.00373967i
96 0.23752649 + 0.00373967i
104 0.23752649 + 0.00373967i
112 0.23752649 + 0.00373967i
120 0.23752649 + 0.00373967i
128 0.23752649 + 0.00373967i

Table 2 Approximation to the eigenvalue with largest
imaginary part for α = 1.0, R = 10000, ls = 0, by the
finite difference method.

grid points N λ

50 0.23750060 + 0.00359250i
100 0.23752413 + 0.00373050i
200 0.23752633 + 0.00373910i
300 0.23752646 + 0.00373956i
400 0.23752648 + 0.00373964i
500 0.23752648 + 0.00373966i
600 0.23752649 + 0.00373966i
700 0.23752649 + 0.00373967i
800 0.23752649 + 0.00373967i
900 0.23752649 + 0.00373967i
1000 0.23752649 + 0.00373967i

Table 3 Approximation to the eigenvalue with largest
imaginary part for α = 1.0, R = 10000, ls = 0.008, by
the Chebyshev method.

grid pointsN λ

32 0.24286430 + 0.00218839i
40 0.24319805 + 0.00230037i
48 0.24325588 + 0.00227719i
56 0.24326018 + 0.00227120i
64 0.24326042 + 0.00227068i
72 0.24326044 + 0.00227066i
80 0.24326044 + 0.00227066i
88 0.24326044 + 0.00227066i
96 0.24326044 + 0.00227066i
104 0.24326044 + 0.00227066i
112 0.24326044 + 0.00227066i
120 0.24326044 + 0.00227066i
128 0.24326044 + 0.00227066i

Table 4 Approximation to the eigenvalue with largest
imaginary part for α = 1.0, R = 10000, ls = 0.008, by
the finite difference method.

grid points N λ

50 0.24331995 + 0.00217699i
100 0.24326377 + 0.00226462i
200 0.24326065 + 0.00227029i
300 0.24326048 + 0.00227058i
400 0.24326046 + 0.00227063i
500 0.24326045 + 0.00227065i
600 0.24326045 + 0.00227065i
700 0.24326044 + 0.00227066i
800 0.24326044 + 0.00227066i
900 0.24326044 + 0.00227066i
1000 0.24326044 + 0.00227066i

Table 5 Approximation to the eigenvalue with largest imaginary part at the critical Reynolds number and wave number
αc = 1.02056, when ls = 0.0, by the Chebyshev method.

grid pointsN λ(R = 5772.22) λ(R = 5772.23)
20 0.26234611 + 5.7i(−4) 0.26234605 + 5.7i(−4)
40 0.26400465− 5.0i(−6) 0.26400457− 5.0i(−6)
60 0.26400174− 3.2i(−9) 0.26400166 + 1.3i(−8)
80 0.26400174− 3.0i(−9) 0.26400166 + 1.3i(−8)
100 0.26400174− 3.0i(−9) 0.26400166 + 1.3i(−8)
120 0.26400174− 3.0i(−9) 0.26400166 + 1.3i(−8)
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Fig. 1 The largest imaginary part Ci as a function of Reynolds
number for four different values of slip length. Here α = 1.0.

Table 6 Approximation to the eigenvalue with largest imaginary part at the critical Reynolds number and wave number
αc = 0.9922, when ls = 0.008, by the Chebyshev method.

grid pointsN λ(R = 6410.91) λ(R = 6410.92)
20 0.25993871− 2.3i(−3) 0.25993866− 2.3i(−3)
40 0.26159407− 3.2i(−5) 0.26159400− 3.2i(−5)
60 0.26159987 + 1.1i(−8) 0.26159980 + 2.4i(−8)
80 0.26159988− 1.4i(−9) 0.26159981 + 1.2i(−8)
100 0.26159988− 1.4i(−9) 0.26159981 + 1.2i(−8)
120 0.26159988− 1.4i(−9) 0.26159981 + 1.2i(−8)

One can also calculate the critical Reynolds number for different wave numberα and plot the neutral stable curves. Fig. 2
plots the neutral stable curves (critical Reynolds number as a function of wave numberα) for increasing slip length at ls = 0,
0.005, 0.008, and 0.01.

For each fixed slip length, the neutral stable curve first decreases with the wave number α and then start to increase when
α is large enough due to viscosity which dumps the high frequency disturbance.

It is clear that the critical Reynolds number Rc increases from about 5772 to about 6011, 6411, and 6778, respectively.
However, the most unstable wave numbers αc decreases (i.e. shifting to the left).

To study quantitatively how the critical Reynolds number Rc on the slip length ls, we plot in Fig. 3 the (Rc(ls) −
Rc(0))/Rc(0) versus ls on log-log scale. Here Rc(0) is the critical Reynolds number corresponding to no-slip boundary
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Fig. 2 The neutral stability curves for increasing slip length.
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For comparison, the solid line is the log-log plot for y = l2s .
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conditions. Measurement of the slope of the curve suggests that we have

Rc(ls) −Rc(0)
Rc(0)

≈ l2s .

5 Conclusions

We study the linearized stability of the shear flow with Navier slip boundary conditions. The corresponding Orr-Sommerfeld
equation is numerically solved to study the spectra and stability of the plane Poiseuille flow. Our results show that allowing
slip at the wall increases the critical Reynolds number and the flow becomes more stable. It is also shown that the dependence
of the critical Reynolds number on the slip length is weak and Rc(ls) −Rc(0) ≈ Cl2s .
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