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a b s t r a c t

Using the phase-field model for immiscible two-phase flows, we have numerically investi-
gated the wetting dynamics. The long-range van der Waals forces towards the solid, which
drive the spreading of the wetting phase into the nonwetting phase, have been explicitly
taken into account in the governing equations. Our continuum model uses the generalized
Navier boundary condition (GNBC) to account for the fluid slipping at the solid surface. The
accurate description of the molecular-scale contact-line hydrodynamics makes the numer-
ical simulations cost too much to abide. In this work, we propose an efficient multi-mesh
adaptive finite element method which approximates different components of the solution
(velocity, pressure and phase variable) on different h-adaptive meshes because of their
strongly different local behaviors. That allows us to study the early stage of spreading,
wherein the precursor is initiated and developed if the van der Waals forces are strong
enough. We find that there is indeed a transition in the spreading behavior across a critical
value of the Hamaker constant. In particular, this critical value is noted to be the one that
separates the partial wetting from complete wetting.

� 2008 Elsevier Inc. All rights reserved.
1. Introduction

If a small liquid drop is deposited on a solid, three interfaces come into play, and three interfacial tensions are involved:
cSV ; cSL, and c, which are solid–vapor, solid–liquid, and liquid–vapor interfacial tensions, respectively. The important quantity
is the spreading coefficient S ¼ cSV � cSL � c. The case where S < 0, is referred to as partial wetting: the liquid remains as a
drop on the solid and reaches an equilibrium shape. For S > 0, the drop spontaneously spreads and tends to cover the solid
surface. Such a situation is called complete wetting. When a spreading liquid completely wets a substrate it forms a very thin
film and the long-range character of the molecular interactions must be taken into account. Ahead of the macroscopic front,
we have seen that van der Waals (VW) forces lead to the formation of a mesoscopic precursor film [4,8]. The precursor films
play a crucial role in the dynamics of the wetting of a solid surface by a liquid. However, understanding the wetting dynamics
involving precursor films has not been an easy task because several distinct length scales are simultaneously presented in
this truly multiscale problem: (i) behind the nominal contact line there is a macroscopic wedge of liquid advancing along
the solid, (ii) ahead of the wedge there is a precursor film extending over a mesoscopic distance, and (iii) the precursor film
ends at a real contact line of molecular length scale. The purpose of the present work is to investigate the early stage of
spreading when the precursor is initiated and developed and the dynamics in the (molecular-scale) vicinity of the real con-
tact line needs to be explicitly taken into account.
. All rights reserved.
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Considerable work has recently been devoted to diffuse-interface models, either in the guise of the Cahn–Hilliard model for
immiscible fluids [2,7,12,13,15] or the van der Waals model for a liquid–vapor interface [11]. The interface is no longer treated
as a mathematical surface of zero thickness, but is rather described by the profile of an order parameter / that is constant in
either phase. As a result, the Navier Stokes equation acquires an extra term involving r/, which models surface tension,
and an additional equation for / itself closes the system. In [12], a generalized Navier boundary condition (GNBC) is proposed
by Qian et al. for the moving contact line problem. By combining the GNBC with the Cahn-Hilliard diffusive interface model,
they have obtained numerical results that can quantitatively reproduce the molecular dynamics simulation results.

In this paper, we will use the continuum hydrodynamic model developed in [12] to investigate the development of pre-
cursor in the early stage of spreading, driven by the attractive VW forces toward the solid. In our model, we consider a two-
phase immiscible fluid on a clean, flat solid surface, with one phase (the wetting phase) attracted towards the solid by the
VW forces. Since the phase-field function / is to provide the interface information, it is only needed to be fully resolved
around the transient layers with its area much smaller than the full computational domain. The mesh adaptive method is
the most natural way to improve the numerical efficiency [17]. Meanwhile, for the Navier–Stokes equation, if the liquid film
thickness is in the mesoscopic range, one can still ignore the molecular nature of the liquid and consider it as continuous. The
long-range molecular interactions is then described in terms of the so-called disjoining pressure [4] (here the van der Waals
interactions). When the thickness of the film becomes macroscopic, the disjoining pressure vanishes. Although both phase
field and velocity field undergo rapid change across the interface and around the thin liquid film, their behaviors are quite
different. A multi-mesh strategy seems necessary in order to enhance the computational efficiency. In [9], a multi-mesh
h-adaptive algorithm was proposed which approximates different variables on different meshes. Such multi-mesh adaptive
finite element methods are used successfully to simulate the dendritic growth in two- and three-dimensions [6]. Here we
will extend the multi-mesh technique to solve the spreading and wetting problems, where the phase-field function /, the
pressure p, and the velocity v are solved on two different adaptive meshes according to their solution behavior.

The paper is organized as follows. In Section 2, we give a brief review of the phase-field model for the contact-line motion
in immiscible two-phase flows incorporating the VW forces. In Section 3, we describe the finite element discretization and
the multi-mesh adaption technique. The numerical results are presented in Section 4. The paper is concluded in Section 5
with several remarks.

2. Continuum phase-field model

The diffuse-interface model has been widely used to describe the continuum hydrodynamics in immiscible two-phase
flows. In particular, it has been used to remove the contact-line stress singularity. The recent discovery of the generalized
Navier boundary condition (GNBC) together with the continuum model proposed in [12] have provided an accurate descrip-
tion for the moving contact-line hydrodynamics in immiscible two-phase flows.

2.1. Governing equations and boundary conditions

For a sharp interface impenetrable by the flow, considering the phase-field / measuring the relative concentration of the
two fluid phases, the pure kinematic condition can be expressed as
/t þ v � r/ ¼ 0; ð2:1Þ
which describes the transport of the phase field by the flow. The dynamics of / in a diffuse-interface description can be re-
laxed (or approximated) using either the relaxational Allen–Cahn equation or the diffusive Cahn–Hillard equation. In the fol-
lowing, we choose to use the Allen–Cahn dynamics whose numerical treatment is simpler than that of the Cahn–Hilliard
equation which involves fourth-order derivatives. It is well known that, being a continuity equation, the Cahn–Hilliard equa-
tion treats the phase field as a conserved quantity, while under the Allen–Cahn equation the phase field is not conserved.
Therefore, a Lagrange multiplier is introduced to the Allen–Cahn equation to enforce the conservation of / [5,10]. The mod-
ified Allen–Cahn equation reads:
/t þ v � r/ ¼ �M1½lþ kðtÞ�; d
dt

Z
X

/dx ¼ 0; ð2:2Þ
where M1 is a positive parameter responsible for the rate of relaxation, l ¼ �Kr2/þ f 0ð/Þ is the chemical potential with
f ð/Þ ¼ �/2=2þ /4=4. kðtÞ is the Lagrange multiplier, which can be derived from
kðtÞ ¼ 1
jXj

Z
X
ð/3 � /ÞdX�

Z
C
@n/dC

� �
: ð2:3Þ
The two coupled equations of motion are the convection-diffusion equation for the phase field and the Navier–Stokes equa-
tion in the presence of the capillary force density as proposed in [12]. To facilitate the numerical computation, the governing
equations and boundary conditions are non-dimensionalized, with / scaled by j/�j ¼

ffiffiffiffiffiffiffiffi
r=u

p
, lengths by n ¼

ffiffiffiffiffiffiffiffi
K=r

p
, velocity by

the reference speed V0, time by n=V0, pressure/stress by gV0=n, and force density by gV0=n
2. The Lagrange multiplier is scaled

by Kj/�j=n2. The dimensionless equations are



Table 1
Parame

q � 0:8
ls1 ¼ g=
n � 0:3
M1 � 0
j/�j ¼ 1

Table 2
Dimens

Ld

5.0
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@/
@t
þ v � r/ ¼ �Ld½�r2/� /þ /3 þ kðtÞ�; ð2:4Þ

R
@v
@t
þ ðv � rÞv

� �
¼ �rpþr2v þ Bð�r2/� /þ /3Þr/þ f; ð2:5Þ

r � v ¼ 0; ð2:6Þ
where f ¼ ff 1; f 2gT is the external force. The boundary conditions at the solid surface are the impermeability conditions
@nl ¼ 0;vn ¼ 0, the relaxational condition for /
@/
@t
þ vs@s/ ¼ �Vs @n/�

ffiffiffi
2
p

p
6

cos hs cos
p/
2

� �" #
; ð2:7Þ
and the GNBC for vs
v slip
s

Lsð/Þ
¼ �ð@nvs þ @svnÞ þ B @n/�

ffiffiffi
2
p

p
6

cos hs cos
p/
2

� �" #
@s/: ð2:8Þ
The five dimensionless parameters that appear in the above equations are

� Ld ¼ M1nr
V0

, which controls the rate of interfacial relaxation;

� R ¼ qV0n
g ; which is the Reynolds number;

� B ¼ r2n
ugV0
¼ 3c

2
ffiffi
2
p

gV0
, which is inversely proportional to the capillary number gV0=c;

� Vs ¼ KC
V0

; which is the relaxation parameter;

� Lsð/Þ ¼ g
bð/Þn ¼

lsð/Þ
n , which is the slip length. Here bð/Þ ¼ 1�/

2 b1 þ 1þ/
2 b2, with b1 and b2 being the slip coefficients for the /þ

and /� phases, respectively.

The values of the dimensional and dimensionless parameters are given in Tables 1 and 2.

2.2. van der Waals interaction

If the spreading liquid film thickness is in the mesoscopic range, the long-range character of the molecular interactions
must be taken into account. In our models, we choose the non-retarded van der Waals interactions. The potential energy
density of a liquid film spreading on a solid wall varies as
WðyÞ ¼ A

6pðyþ bÞ3
1þ /

2
: ð2:9Þ
Here A is the so-called Hamaker constant, b is a small distance of molecular scale, and ð1þ /Þ=2 ensures the VW potential to
be present in the wetting phase of / ¼ 1 only. The energy of a film increases as the thickness decreases and the van der Waals
interaction has a thickening effect. The corresponding VW force density is obtained from dWðyÞ=dy as
fVWðyÞ ¼ �
A

2pðyþ bÞ4
1þ /

2
: ð2:10Þ
Here the fluid is in the half space of y P 0, and the molecular distance b arises from a void layer between the boundary of the
fluid ðy ¼ 0Þ and the physical solid surface below, caused by the short-range repulsive molecular interactions between fluid
and solid. A molecular length a is defined via a2 ¼ A=6pc. The dimensionless VW force density is
ter values determined from MD simulations and used in continuum models.

1m=r3 g � 1:95
ffiffiffiffiffiffiffi
me
p

=r2

b1 � 1:3r ls2 ¼ g=b2 � 1:3r
3r c � 5:5e=r2

:21r2=
ffiffiffiffiffiffiffi
me
p

C � 0:66r=
ffiffiffiffiffiffiffi
me
p

cos hs ¼ 0

ionless parameter values evaluated with V0 ¼ 0:25
ffiffiffiffiffiffiffiffiffi
e=m

p
.

R B Vs Ls

0.03 12.0 5.0 3.8
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fVWðyÞ ¼ �
A

2ðyþ bÞ4
1þ /

2
; ð2:11Þ
where A ¼ 4
ffiffiffi
2
p

Ba2=n2 is a dimensionless parameter.

3. The adaptive finite element solution on two meshes

In this section, we first derive the finite element approximation for our simulation model Eqs. (2.4)–(2.8). We then de-
scribe the adaptive multi-mesh technique for the Cahn-Hilliard Navier–Stokes equations.

For simplicity, we assume that X is a polygonal domain. Let T be a subdivision of X into simplexes (triangles or tetrahe-
dra). As has been mentioned in the previous section, we plan to discretise the equations for / and p;u on different meshes to
explore the potential of different properties of / and p;u. Let us denote these two meshes with T / and T p, respectively,

which are generated from the same background triangulation T 0 for X. Both triangulations will change in time adaptively
with the numerical integration we use the notations T m

/ and T m
p for the corresponding triangulation at time tm. For the phase

field, we define the piecewise linear finite element space Vm
h ðT

m
/ Þwith Nm

/ as its dimension. For the NS equation, we adopt the
so-called ðP1isoP2Þ � P1 elements where the pressure is piecewise linear, while the velocity has the same number of degrees
of freedom as in the P2 case but it is piecewise linear over a suitable decomposition of each triangle. If we refine T m

p uni-

formly once and denote the refined mesh as T m
u , we can define piecewise linear finite element space Vm

h ðT
m
p Þ with Nm

p as

its dimension for the pressure and define piecewise linear finite element space Vm
h ðT

m
u Þ with Nm

u as its dimension for the
velocity. Then we consider the finite element approximations of unknown functions /hðT m

/ Þ and phðT m
p Þ;uhðT m

u Þ as
/h ¼
XN/

i¼1

/iNiðT m
/ Þ; ð3:1Þ
and
uh ¼
XNu

i¼1

uiNiðT m
u Þ; ph ¼

XNp

i¼1

piNiðT m
p Þ; ð3:2Þ
where f/ig
N/

i¼1; fpig
Np

i¼1 and fuigNu
i¼1 are the coefficients for phase-field variable, pressure variable and velocity variables, respec-

tively. fNiðT m
/ Þg

N/

i¼1; fNiðT m
p Þg

Np

i¼1 and fNiðT m
u Þg

Nu
i¼1 are the piecewise linear finite element basis for VhðT m

/ Þ;VhðT m
p Þ and VhðT m

u Þ.
We note that T m

u is obtained from refining T m
p uniformly once.

3.1. The finite element discretization

The finite element solution of the Navier–Stokes Eqs. (2.5) and (2.6) incorporating the GNBC is to find uh 2 ðVhðT t
uÞÞ

2 and
ph 2 VhðT t

pÞ such that
R

Z
X

@uh

@t
þ uh � ruh

� �
� vhdXþ

Z
X
ruh � rvhdX�

Z
X

phr � vhdX

¼
Z

X
f � vhdXþ B

Z
X
lhr/h � vhdX�

Z
C
½Lsð/hÞ�

�1uslip
s;h vs;hdC

þ B

Z
C

@n/h �
ffiffiffi
2
p

6
cos hsurf

s cos
p/h

2

� �
@s/h

 !
vs;hdC; 8vh

2 ðVhðT t
uÞÞ

2
; ð3:3Þ

Z
X
r � uhqhdX ¼ 0; 8qh 2 VhðT t

pÞ: ð3:4Þ
Thanks to the fact that r2u ¼ rðr � uÞ � r�r� u, we have
Z
X
rph � rqhdX ¼ �R

Z
X
ðuh � ruhÞ � rqhdXþ

Z
X

f � rqhdX�
Z
@X

n�r� uh � rqh þ B

Z
X
lhr/h � rqhdX; ð3:5Þ
where
Z
@X

n�r� uh � rqh ¼
Z
@X
ððvx � uyÞðnyqx � nxqyÞdl: ð3:6Þ
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The weak form of the modified Allen–Cahn equation is given by
Z
X

@/h

@t
þ uh � r/h

� �
whdXþ Ld

Z
X
r/h � rwhdX

¼ Ld

Z
X
ð/h � /3

h � kÞwhdXþ Ld

Z
C

�1
Vs

@/h

@t
þ uh � r/h

� �
þ

ffiffiffi
2
p

6
cos hsurf

s cos
p/h

2

� �" #
whdC: ð3:7Þ
We introduce the following matrices and vectors:
;

Kpði; jÞ ¼
Z

X
rNiðT pÞ � rNjðT pÞdX; 1 6 i; j 6 Np;

Fpðuh;/hÞðiÞ ¼ �R
Z

X
ðuh � ruhÞ � rNiðT pÞdXþ

Z
X

f � rNiðT pÞdX�
Z
@X

n�r� uh � rNiðT pÞ

þ B

Z
X
lhr/h � rNiðT pÞdX; 1 6 i 6 Np;

Muði; jÞ ¼
Z

X
NiðT uÞNjðT uÞdX; 1 6 i; j 6 Nu;

Kuði; jÞ ¼
Z

X
rNiðT uÞ � rNjðT uÞdX; 1 6 i; j 6 Nu;

BuðwhÞði; jÞ ¼
Z

X
wh � rNiðT uÞNjðT uÞdX; 1 6 i; j 6 Nu;

Duði; jÞ ¼
Z

X
rNiðT uÞNjðT pÞdX; 1 6 i 6 Nu;1 6 j 6 Np;

MC
u ði; jÞ ¼

Z
C
½Lsð/hÞ�

�1NiðT uÞNjðT uÞdC; 1 6 i; j 6 Nu;

F1
uðuhÞðiÞ ¼

Z
X

f 1NiðT uÞdXþ B

Z
X
lh
@/h

@x1
NiðT uÞdXþ B

Z
C

@n/h �
ffiffiffi
2
p

6
cos hsurf

s cos
p/h

2

� �
@s/h

 !
NiðT uÞdC; 1 6 i 6 Nu

F2
uðuhÞðiÞ ¼

Z
X

f 2NiðT uÞdXþ B

Z
X
lh
@/h

@x2
NiðT uÞdX; 1 6 i 6 Nu

M/ði; jÞ ¼
Z

X
NiðT /ÞNjðT /ÞdX; 1 6 i; j 6 N/;

K/ði; jÞ ¼
Z

X
rNiðT /Þ � rNjðT /ÞdX; 1 6 i; j 6 N/;

B/ðwhÞði; jÞ ¼
Z

X
wh � rNiðT /ÞNjðT /ÞdX; 1 6 i; j 6 N/;

MC
/ði; jÞ ¼

Z
C

NiðT /ÞNjðT /ÞdX; 1 6 i; j 6 N/;

BC
/ðwhÞði; jÞ ¼

Z
C

wh � rNiðT /ÞNjðT /ÞdX; 1 6 i; j 6 N/;

F/ð/hÞðiÞ ¼ Ld

Z
X
ð/h � /3

h � kÞNiðT /ÞdXþ Vs

Z
C

ffiffiffi
2
p

6
cos hsurf

s cos
p/h

2

� �
NiðT /ÞdC; 1 6 i 6 N/:
Then the whole system can be written in algebraic form as
KpP ¼ Fpðuh;/hÞ; ð3:8aÞ

RMu
dU1

dt
þMC

u U1 þRBuðuhÞU1 þ KuU1 ¼ D1
uP þ F1

uðuh;/hÞ; ð3:8bÞ

RMu
dU2

dt
þRBuðuhÞU2 þ KuU2 ¼ D2

uP þ F2
uðuh;/hÞ; ð3:8cÞ

M/ þ
Ld

Vs
MC

/

� �
dU
dt
þ B/ðuhÞ þ BC

/ðuhÞ
� �

Uþ LdK/U ¼ F/ð/hÞ; ð3:8dÞ
The flow chart for the multi-mesh adaptive finite element algorithm is the following:

Prepare the background mesh T 0ðXÞ;
Set the initial value for /h and uh and t ¼ 0;m ¼ 0;
Obtain two initial meshes T 0

/ and T 0
u;

while t < T
do Solve the algebraic problem ((3.8)) to obtain umþ1

h ; pmþ1
h and /mþ1

h ;
if the meshes have not been updated for N steps;
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then Update mesh T / and /mþ1
h ;

Update mesh T u and umþ1
h ;

set t ¼ t þ dt and m ¼ mþ 1;

where U ¼ ½ui�; P ¼ ½pi� and U ¼ ½/i� are the unknown vectors. Here we use the semi-implicit Euler scheme for the temporal
discretisation. In the above algorithm, all the algebraic linear systems are solved by algebraic multigrid method [1,3], which
works quite well and often needs only 3 or 4 multigrid iterations.
3.2. The adaptive finite element solution with two meshes

The algorithm described above is implemented using C++ programming language and AFEPack, which is a common pur-
pose adaptive finite element package with flexible data structures.

Since different meshes are used to approximate / and p;u, there exists a technical problem on how to calculate the
numerical quadratures involving both meshes for / and p;u. This is rather complicated when computing the coupling terms
in the system (3.8). Thanks to the hierarchical type mesh refinement algorithms for two-dimensional triangle mesh, these
numerical quadratures on two meshes can be calculated efficiently because of the fact that the two meshes are based on
the same background mesh and the intersection of any two different elements from different meshes is either empty or
the smaller one. Thus the numerical quadratures on each element in above discretised formulas can be calculated efficiently
after running over each intersection of such elements pairs [9], which can be done smoothly with the functions provided by
AFEPack.
3.2.1. The mesh adaptation techniques
The main feature of our algorithm in mesh adaptation is that we use two different meshes for / and u, while the common

adaptive method has only one single mesh. A reasonable error indicator is important for the mesh adaptation. Generally, a
posteriori error estimators are used. There are many ways to derive an effective a posteriori estimator. One simple choice is
based on the jump of gradient on the interface of two adjacent elements and the patch recovery technique [18] is the most
used technique in practical computing. Plenty of excellent work have been done on this subject. More details on a posteriori
error estimate can be found in [16]. In our computation, we adopt the L2 norm of the jumps of finite element solution on the
element boundary for both meshes. For example, if /h is the finite element solution in an element T 2 T /, its heuristic error
indicator can be chosen as
gTð/hÞ ¼
X
e2@T

Z
e

h3 @/h

@ne

� �2

de

 !1=2

;

where ½�� denotes the jump on the element boundary, h is the length of edge e. In fact, the above formulation is a resid-
ual based explicit L2 a posteriori estimator for elliptic operator as given in [16]. This indicator is shown to be very effec-
tive by our numerical experiments, though there is no theoretical verification for the convergence of the solutions.
8T 2 T p, the corresponding four elements of T u are denoted as Ti;0 6 i 6 3. Similarly, the following indicator is em-
ployed for uh
gTðuhÞ ¼
X
e2@T

Z
e

h3 @/h

@ne

� �2

deþ
X3

i¼0

X
e2@Ti

Z
e

h3 @uh

@ne

� �
� @uh

@ne

� �
de

 !1=2

:

The strategy for mesh refinement and coarsening that we adopted is the fixed threshold rule (see such as [16,14]). The fixed
threshold rule, which is easy and stable in many cases, is to equi-distribute the errors on each element by ensuring the ele-
ment error indicators gT satisfying
h � tol 6 gT 6
�h � tol;
where tol is the prescribed tolerance and 0 < �h; h < 1 are two constants. As a result, it is sufficient to refine the elements
where gT >

�htol and coarse the elements where gT < htol. In practice, the tolerance is often chosen as
tol ¼ gffiffiffiffi
N
p ¼

X
t2M

g2
T=N

 !1=2

:

In fact, we observe that the choice of tolerance is not so sensitive to the convergence of adaptive algorithm in our simula-
tions. However, it can affect the density of elements at the interface, thus one can control the minimal element size near the
interface by adjusting the tolerance to a certain value.
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Fig. 1. Couette flow: us profiles at different y planes (left) and pressure variation (right), note the fast variation across the interface.
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4. Numerical results

4.1. Comparison with MD simulation

We first validate our multi-mesh algorithm by reproducing the results obtained in [12]. The two immiscible fluids are
confined between two parallel walls separated along the y-direction. Moving the top and bottom walls at a constant speed
V in the �x-directions, respectively, induces the Couette flow. We consider the symmetric case in our simulations. That refers
to identical wall–fluid interactions for the two fluids, which leads to a static interface with a 90� contact angle. We measured
the slip velocity relative to the moving wall us. Our algorithm quantitatively reproduces the interface and velocity profiles
from the results in [12], especially the near-complete slip of the contact line and the fast pressure variation (Fig. 1). The com-
ponents of the solution, velocity parallel to the wall and phase variable, show a very different local behavior, see Fig. 2. The
phase field / is constant outside of the narrow interface band, where the phase transition occurs. In order to track the inter-
face, the mesh for / must be refined in the interface band while outside the interface band the mesh can be rather coarse
(also see Fig. 7). The velocity u is very smooth except that the gradient changes rapidly around the interface. So to resolve
Fig. 2. Couette flow: profile of velocity and phase field (top); adaptive mesh for phase field / (middle); adaptive mesh for velocity u (bottom).
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its behavior, a much coarser mesh is needed in the interface band than that for /. On the other hand, for accurate solution of
the velocity field, the mesh needs to be sufficiently fine enough in the rest of the domain (also see Fig. 6).

4.2. Precursor simulations in spreading

Numerical results have been obtained for the spreading of wetting phase over a rectangle two-dimensional domain of size
Lx � Ly ¼ 1024� 128. We use the initial condition
Fig. 3.
The dev
/ðx;0Þ ¼ tanh
R0 � jx� ð0:5Lx;0Þjffiffiffi

2
p

� �
; ð4:1Þ
which represents a half-circle shaped fluid–fluid interface with x0 ¼ ð0:5Lx;0Þ as the center and R0 as the radius. Here the
wetting phase (of / ¼ 1) is initially put in a half-circle region fjx� x0j 6 R0g. Because of symmetry, only the right part of
the whole domain, ½0;0:5Lx� � ½0; Ly�, is considered. The equations are discretised on two different adaptive meshes as de-
scribed in last section. The step of time-integration is taken to be Dt ¼ 1:0� 10�2.

4.2.1. Precursor film in development
Fig. 3 shows the time evolution of the fluid–fluid interface for A ¼ 400 and b ¼ 1:5n. The results obtained demonstrate

several features that are found in almost all the calculations performed in the regime of complete wetting [4,11]. As soon
as the VW interaction is turned on, there is a local, fast deformation of the interface immediately above the real contact line.
As the wetting phase is pulled toward the solid, its base has to expand and penetrate into the nonwetting phase. As the VW
force takes effect only in a narrow range due to the ðyþ bÞ�4 dependence, this penetration takes place near the surface, with-
in a distance of a few b’s. The near-surface penetration continues further into the nonwetting phase and a precursor film is
formed which develops progressively ahead of the nominal contact line, i.e., the macroscopic edge of the spreading droplet.

4.2.2. Transition from partial wetting to complete wetting
The free energy per unit area of a liquid film of thickness h on a flat substrate, includes a contribution from the solid–li-

quid interfacial tension cSL, a contribution from the liquid–vapor interfacial tension c and a contribution due to the long-
range molecular interactions, van der Waals interaction,
VVWðhÞ ¼
Z h

0
dy � A

6pðyþ bÞ3

" #
¼ A

12pðhþ bÞ2
� A

12pb2 ; ð4:2Þ
which quickly saturates at VVWð1Þ ¼ �A=12pb2 for h	 b. The spreading coefficient, which takes into account both the
short-range and long-range interactions, is given by
S ¼ cSV � ½cSL þ VVWð1Þ� � c ¼ c cos hs þ
A

12pb2 � c ¼ cos hs þ
a2

2b2 � 1
� �

c: ð4:3Þ
The value of S ¼ 0 separates the regime of partial wetting and that of complete wetting. A sufficiently strong VW interaction
leads to the complete wetting with S > 0.

The qualitative difference between the final equilibria reached in the two distinct regimes is in fact reflected in the
spreading dynamics. As shown in Fig. 4, there is indeed a transition in the spreading behavior across some critical value
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The time evolution of the fluid–fluid interface calculated for A ¼ 400 and b ¼ 1:5n. The time interval separating the neighboring curves is Dt ¼ 50.
elopment of a precursor film is clearly seen.
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of A, hereafter denoted by Ac , which corresponds to S ¼ 0 within numerical error. The values for Ac determined in Fig. 4,
Ac 
 300 for b=n ¼ 1:5, agree with those evaluated from A ¼ 4

ffiffiffi
2
p

Ba2=n2 with a2=2b2 ¼ 1 (which corresponds to S ¼ 0 for
cos hs ¼ 0 according to (4.3)).

4.2.3. Slipping contact line
As shown in Fig. 5, a thin precursor grows ahead of a wedge of a relatively larger scale. The long, flat part of the film is

clearly seen, which is truncated quickly at the real contact line when the thickness becomes comparable to b. The advantage
of the present model is that the GNBC has been used to account for the fluid slipping at the solid surface in the vicinity of the
MCL. This allows an accurate description of the molecular-scale hydrodynamics in this small region. The inset of Fig. 5 shows
the velocity field around the tip of the spreading film, where large slippage is clearly seen.

4.2.4. Multi-meshes
Figs. 6 and 7 show the velocity and phase-field meshes, T / and T p at the time t ¼ 500 with a zoom into the interface

region. Fig. 8 shows the corresponding degrees of freedoms (DOFs) for phase field / and the velocity u separately over time.



Fig. 6. Velocity mesh (2486 grid points) and zoom to interface at t ¼ 500.

Fig. 7. Phase field mesh (grid points) and zoom at t ¼ 500.
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The results have shown that the distributions of the meshes for the phase field solution and velocity field solution are very
different. Near the interface, finer mesh is needed for the phase field than that for the velocity field. On the other hand, a
much coarser mesh is needed away from the interface for the phase field than that for the velocity field. This justifies the
use of the two mesh adaptive method.

5. Concluding remarks

In this work, we have developed a multi-mesh adaptive finite element method to investigate the wetting dynamics, focus-
ing on the development of the precursor film and the dissipation therein in the early stage of spreading. We use the diffusive
interface model incorporating the long range VW interaction effect together with the recently discovered generalized Navier
boundary condition (GNBC) for the simulations. The computational cost can be saved significantly using our multi-mesh
adaptive technique. We have studied the early stage of spreading, when the precursor is initiated and developed if the van
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der Waals forces are strong enough. We find that there is a transition in the spreading behavior across a critical value of the
Hamaker constant which separates the partial wetting from complete wetting.
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