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Problem 1. Given
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where the denominators contain partial
sums of the sequence of reciprocals of
triangular numbers. Prove that § > 1001.

Problem 2. Find an integer n, with 100

n

< n < 1997, such that 22
n

is also an

integer.

Problem 3. Let ABC be a triangle
inscribed in a circle and let
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devi, min, real_no : Double; % LQSl - [2:8,6.10] o
BEn?iIF: 10; real_no := pi; 498
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devi := abs(numer/denom - real_no);
IF devi < min THEN
BEGIN
min := devi;
writeln (numer,
END
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END.
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication  consideration.  Solutions
should be preceded by the solver’s
name, address, school affiliation and
grade level. Please send submissions to
Dr. Kin-Yin Li, Dept of Mathematics,
Hong Kong University of Science and
Technology, Clear Water Bay, Kowloon.
The deadline for submitting solutions is
July 10, 1997.

Problem 56. Find all prime numbers p
such that 2° + p? is also prime.

Problem 57. Prove that for real numbers
x,y,2>0,

2 2 2
x y .,z >x+y+z.

+ 2
x+y y+z z+x 2

Problem 58. Let ABC be an acute-
angled triangle with BC > CA. Let O be
its circumcenter, H its orthocenter, and
F the foot of its altitude CH. Let the
perpendicular to OF at F meet the side
CA at P. Prove that LFHP = ZBAC.
(Source: unused problem in the 1996
IMO.)

Problem 59. Let n be a positive integer
greater than 2. Find all real number

solutions (x1, x3, -+, X,) to the equation

(1% + (11=x2)” + -+

+ (Kpo1=Xn)* + X2 = ——1——
n+l
(Source: 1975 British Mathematical
Olympiad)

Problem 60. Find (without calculus) a
fifth degree polynomial p(x) such that
p(x) + 1 is divisible by (x — 1)’ and
p(x) — 11is divisible by (x + 1)°.

skeskeole e sfeskeokeole ek ok ok sk sk ok ok

Solutions
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Problem 51. Is there a positive integer n

such that Yn—1++/n+1 is a rational

number?

Solution: Gary NG Ka Wing (STFA
Leung Kau Kui College, Form 4).

Assume there is a positive integer n such
that

Jn-1 +Jn+1 =r

is rational. Squaring and simplifying,

we get

’n2—1=r2—2n

2

is also rational. However, for n > 1, if

Vn? —1= a/b for some positive integers
a, b having no common factor greater
than 1, then ¢ = b*(n>-1), which
implies b also divides a. So b must be 1.
Now forn > 1,

n>nt-1=a>>mn-1)°
is impossible. Son = 1, but then
Jn-1+4n+1 =s/§

is irrational.
exists.

Therefore, no such n

Other commended solvers: CHAN Ming
Chiu (La Salle College, Form 6), CHAN
Wing Sum (HKUST), William
CHEUNG Pok Man (S.T.F.A. Leung
Kau Kui College, Form 6), CHOI Wing
Shan Winnie (St. Stephen’s Girls’
College, Form 6), LEUNG Shun Ming
(La Salle College, Form 4), LIU Wai
Kwong (Pui Tak Canossian College),
TSE Wing Ho (Ho Fung College, Form
5), Sam YUEN Man Long (STFA
Leung Kau Kui College, Form 4) and
YUNG Fai (CUHK).

Problem 52. Let a, b, ¢ be distinct real
numbers such that a® = 3(b*+c?) - 25,
b® = 3(c*+a®) - 25, ¢* = 3(a®+b%) — 25.
Find the value of abc.

Solution: CHEUNG Pok Man
(S.T.F.A. Leung Kau Kui College, Form
6), YEUNG Yi Pok (Pui Shing Catholic
Secondary School, Form 7) and YUNG
Fai (CUHK).

Let a, b, ¢ be roots of
©-pl+qx-r=0.

Thenp=a+b+c,q=ab+ bc+caand
r=abc. Since a* + b* + ¢* = p* —2g, so

@ = 3% + ) - 25 = 3(p*-2g-a®) - 25.
This is equivalent to @® + 3a* + (25 + 6¢
—3p*) =0. Then a is a root of x* + 3% +

(25 + 6g — 3p®) = 0. Similarly, b and ¢
are roots of this equation. Comparing

coefficients of the two equations, we get
p=-3,g=0and abc=r=-(25 + 6q -
3pH)=2.

Other commended solvers: LIU Wai
Kwong (Pui Tak Canossian College),
TSE Wing Ho (Ho Fung College, Form
5) and Sam YUEN Man Long (STFA
Leung Kau Kui College, Form 4) °

Problem 53. For AABC, define A’ on
BC so that AB + BA’ = AC + CA’ and
similarly define B> on CA and C' on
AB. Show that AA’, BB’, CC are
concurrent. (The point of concurrency is
called the Nagel point of AABC.)

Solution: CHEUNG Pok Man
(S.T.F.A. Leung Kau Kui College, Form
6), LIU Wai Kwong (Pui Tak
Canossian College) and YEUNG Yi
Pok (Pui Shing Catholic Secondary
School, Form 7)

Leta=BC,b=CA,c=ABand s= (AB
+ BC + CA)/2. Since AB + BA’ =5 =
AC + CA’, we have BA’ = s — ¢ and
CA’ = s — b. Similarly, CB’ =5 — a,
AB’ =5—¢,AC =s-band BC =s—a.
Then

(CA’/BA’Y(AB’ICB’)(BC/AC) = 1.

So by the converse of Ceva’s theorem,
AA’, BB’, CC are concurrent.

Other commended solvers: Gary NG
Ka Wing (STFA Leung Kau Kui
College, Form 4) and Sam YUEN Man
Long (STFA Leung Kau Kui College,
Form 4).

Problem 54. Let R be the set of real
numbers. Find all functions f: R — R
such that

SFx+y)) = fxy) + fORY) — xy

for all x, y € R. (Source: 1995 Byelorussian
Mathematical Olympiad (Final Round))

Solution: YUNG Fai (CUHK).

Putting y = 0, we get

Ax) =[1 + AO)IRx).
Replacing x by x + y, we get

[1+A0)1fx+y) = Afx+y))
= flx+y) + fORY) — xy,

which simplifies to
RO x+y) = fORY) = x.

(continued on page 4)
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Problem Corner
(continued from page 3)

Putting y = 1, we get

SOAx+1) = A1) - x.

Putting y = —1 and replacing x by x+1,
we get

SOSx) = fo+ DA-1) + x + 1.

Eliminating f{x+1) in the last two
equations, we get

PO-ADA-DIAX) = [RO-A-1Ix + RO).

If #(0) - A1)A-1) # 0, then fx) is linear.
If £(0) - A1)A-1) = 0, then putting x = 0.
in the last equation, we get f{0) = 0. In
this case, the displayed equation above
implies Ax)Ay) = xy. Then Ax)A1) = x
for all x € R. So (1) # 0 and fx) is
linear. 4

Finally, substituting f{x) = ax + b into
the original equation, since f{x) cannot
be constant, we finda=1and b =0, i.e.,
fix)=xforallx € R.

Other commended solvers: CHAN
Wing Sum (HKUST) and William
CHEUNG Pok Man (S.T.F.A. Leung
Kau Kui College, Form 6).

Problem 55. In the beginning, 65
beetles are placed at different squares of
a 9 x 9 square board. In each move,
every beetle creeps to a horizontal or
vertical adjacent square. If no beetle
makes either two horizontal moves or
two vertical moves in succession, show
that after some moves, there will be at
least two beetles in the same square.
(Source: 1995 Byelorussian Mathematical
Olympiad (Final Round))

Solution: William CHEUNG Pok Man
(S.T.F.A. Leung Kau Kui College, Form
6) and YUNG Fai (CUHK).

Assign an ordered pair (a,b) to each
square with g, b =1, 2, ..., 9. Divide
the 81 squares into 3 types. Type A
consists of squares with both a and b
odd, type B consists of squares with both
a and b even and type C consists of the
remaining squares. The numbers of
squares of the types A, B and C are 25,
16 and 40, respectively.

Assume no collision occurs. After two
successive moves, beetles in type A

squares will be in type B squares. So the
number of beetles in type A squares are
at most 16 at any time. Then there are
at most 32 beetles in type A or type B
squares at any time. Also, after one
move, beetles in type C squares will go
to type A or type B squares. So there are
at most 32 beetles in type C squares at
any time. Hence there are at most 64
beetles on the board, a contradiction.

Other commended solvers: Sam YUEN
Man Long (STFA Leung Kau Kui
College, Form 4.
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Olympiad Corner
(continued from page I)

where m,, m;, m, are the lengths of the
angle bisectors (internal to the triangle)
and M,, M,, M, are the lengths of the
angle bisectors extended until they meet

the circle. Prove that
l I} l
e T 23,
sin® A sin“ B sin“ C

and that equality holds iff ABC is
equilateral.

Problem 4. Triangle A;A,A; has a right
angle at A;. A sequence of points is now
defined by the following iterative
process, where n is a positive integer.
From A, (n 2 3), a perpendicular line is
drawn to meet A, ,A,; at A,.1.

(a) Prove that if this process were
continued indefinitely, then one and
only one point P is interior to every
triangle A, 2A,-14,, n > 3.

(b)Let A; and A; be fixed points. By
considering all possible locations of
A, on the plane, find the locus of P.

Problem S. Suppose that n persons A,
A,, ..., A, (n23) are seated in circle and
that A; has g; objects such that

ay+ay+ - +a,=nN

where N is a positive integer. In order
that each person has the same number of
objects, each person 4; is to give or to
receive a certain number of objects to or
from its two neighbours A;-; and A1,
where A,,; means A; and Ay means A,.
How should this distribution be
performed so that the total numbers of
objects transferred is minimum?
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