MATH 2121 — Linear algebra (Fall 2020) Lecture 17
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Quick summary of today’s notes. Lecture starts on next page.

(=

e Given real numbers a,b € R, define a + bi = [ “ 72 } .
0
1

In this notation, we think of 1 as the matrix { (1) 0

} and ¢ as the matrix { (1) -1 }
The set of complex numbers is C = {a + bi : a,b € R}.
We view R as a subset of C by setting a = a + 0i.

e We can add, subtract, multiply, and take inverses of complex numbers, since they are 2 X 2 matrices.

The set of C is closed under these operations.

2
0 -1 -1 0 10
. . w2 _ _1» . _
I'he identity “4* = —1” holds in the sense that [ 1 0 } = [ 0 -1 } = { 0 1 }

e Once we get used to these operations, another useful way to view the elements of C is as formal
expressions a + bi where a,b € R and i is a symbol that satisfies i> = —1.
Addition, subtraction, and multiplication works just like polynomials, but substituting —1 for 4.
e Suppose p(r) = a,z™ +a,_12" "L +...a12 + ag is a polynomial with coefficients ag, a1, ..., a, € C.
Assume a,, # 0 so that p(z) has degree n.

Then there are are n (not necessarily distinct) complex numbers r1,79,...,7, € C such that
p(x) =an(x —ri)(x—ry) - (x—1y).
The numbers rq1, 72, ..., r, are the roots of p(x).
e The characteristic equation of an n X n matrix A is a degree n polynomial with real coefficients.

Counting multiplicities, det(A — zI) has exactly n roots but some roots may be complex numbers.

U1

V2
e Define C™ to be the set of vectors v = . | with n rows and entries v, ve,...,v, € C.

’U/n,
We have R” C C" since R={a € R} ={a+0i:a e R} CC={a+bi:a,beR}.

e The sum v + v and scalar multiple cv for u,v € C™ and ¢ € C are defined exactly as for vectors in
R™, except we use the addition and multiplication operations from C instead of R.

e If Ais an n X n matrix and v € C™ then we define Av in the same way as when v € R".
Let A be an n X n matrix whose entries are all real numbers.
Call A € C a (complex) eigenvalue of A if there exists a nonzero vector v € C™ such that Av = Av.
Equivalently, A € C is an eigenvalue of A if A is a root of the characteristic polynomial det(A — z1).

This is no different from our first definition of an eigenvalue, except that now we permit \ € C.
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1 Last time: methods to check diagonalizability

Let n be a positive integer and let A be an n X n matrix.

Remember that A is diagonalizable if A = PDP~! where P is an invertible n x n matrix and D is an
n X n diagonal matrix. In other words, A is diagonalizable if A is similar to a diagonal matrix.

Suppose v1,v9,...,v, € R™ are linearly independent vectors and A1, A, ..., A, are numbers. Define

A1
A2
P:[’Ul vy ... vn] and D=
An
If A= PDP~! then Av; = PDP~'v; = PDe; = \;Pe; = \jv; for each i =1,2,...,n.

In other words, when A = PDP~!, the columns of P are a basis for R” made up of eigenvectors of A.

Matrices that are not diagonalizable.
o 0 1]. . .
Proposition. { 0 0 } is not diagonalizable.
Proof. To check this directly, suppose ad — be # 0 and compute
a b 0 1 ab_l_l a b 0 1 d -b| 1 —ac a®
¢ d 0 0 c d T ad—bc| ¢ d 0 0 - a | ad—bc| —c ac |-

The only way the last matrix can be diagonal is if @ = ¢ = 0, but then we would have ad — bc = 0 so

[ Cé 2 } would not be invertible. Therefore { 8 (1) } is not similar to a diagonal matrix. O

Here is a second family of examples.

Let A be an n X n upper-triangular matrix with all entries on the diagonal equal to 1:

All entries in A below the diagonal are zero, and the entries above the diagonal can be anything.
Proposition. If A # I is not the identity matrix then A is not diagonalizable.

Proof. Suppose A = PDP~! where D is diagonal.

Every diagonal entry of D is an eigenvalue for A. (Why?)

But A has characteristic polynomial (1 — )™ so its only eigenvalue is 1.

Therefore D = so A= PIP~!' = PP~1 =1. O

The following result summarizes everything we need to know about diagonalizability: how to determine
if a matrix A is diagonalizable, and then how to compute the decomposition A = PDP~! if it exists.
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Theorem. Let A be an n X n matrix.

Suppose A1, Az, ..., A, are the distinct eigenvalues of A.

Let d; = dimNul(A — \;I) for i =1,2,...,p.

By the definition of an eigenvalue, we have 1 < d; < n for each i. Moreover, the following holds:
1. It holds that dy +da +--- +dp, < n.
2. The matrix A is diagonalizable if and only if dy +dz +--- + d, = n.
3. Suppose A is diagonalizable. Let D; = A\;1;, and define D as the n x n diagonal matrix

Dy
Dy

D

p

Choose n vectors vy, va, ..., v, € R™ such that the first d; vectors are a basis for Nul(A — A1 1), the

next dy vectors are a basis for Nul(A — A2J), the next ds vectors are a basis for Nul(A — A3I), and
so om, so that the last d,, vectors are basis for Nul(A — A\,I). Then A= PDP~! for

P:[vl Vg ... vn].

2 Complex numbers

0 -1

For the rest of this lecture, let i = { 1 0

]. Recall that I, = [(1) (1)}

Suppose a,b € R . Both i and I are 2 X 2 matrices, so we can form the sum als + bi.
To simplify our notation, we will write 1 instead of I and a + bi instead of aly + bi.

We consider a = a + 0i and bi = 0 + bi and 0 = 0 + 0¢. With this convention, we have
fbi— 10 b 0 -1 |a O n 0 -b| | a —b
aTH=alg 1 0|7 ]0 b b 0| | b al

a

Deﬁne(C{aeri:a,bGR}{{ b

_Cbl ] ta,b e R}. This is called the set of complex numbers.
According to our definition, each element of C is a 2 x 2 matrix, to be called a complexr number.

Fact. We can add complex numbers together. If a,b, c,d € R then

(a+bi)+(c+dz’){z _2]+[fl _Ccl]{z;tg _Z:rﬂ(a+c)+(b+d)z‘e<c.

c1ear1y](a+bi)+(c+di):(c+di)+(a+bi):(a+c)+(b+d)¢\.

Fact. We can subtract complex numbers. If a,b,c,d € R then

(a+bi)—(c+di):m ‘2]—[5 ‘i]:“‘:fl ‘Zfﬂ:(a—c)ﬂb—d)iec
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Fact. We can multiply complex numbers. If a,b,c,d € R then

a _bHc —d}[ac—bd ~(ad + be)

(a+bi)(c+di) = { b« d c ad + be ac — bd

} = (ac — bd) + (ad + be)i € C.

Note that | (a + bi)(c + di) = (c + di)(a + bi) = (ac — bd) + (ad + be)i

Fact. We can multiply complex numbers by real numbers. If a,b, x € R then define

(a+bi)x—x(a+bi)—x[z - } _ [ i } — (az) + (ba)i € C.

Note that this is the same as the product (a + bi)(x + 07).

Fact. We can divide complex numbers by nonzero real numbers. If a,b,z € R and = # 0 then define
(a+bi)/z = (a+bi)(1l/z) = (a/z) + (b/x)i.

We sometimes write % instead of p/q. Both expressions means the same thing.

A complex number a + bi is nonzero if a # 0 or b £ 0. Since

det(a + bi) = det [ Z _2 } =a® + 0%,

which is only zero if a = b = 0, every nonzero complex number is invertible as a matrix.

Fact. This fact lets us divide complex numbers. If a,b,¢,d € R and ¢ + di # 0 then define

a Cc

(a+ bi)/(c + di) = {Cb‘ _b} {2 —d }1.

We can write this more explicitly as

(a+bi)/(c+di) = [Z —H [2 _i ]—1

_ 1 a —b c d
T e24d2| b a —d ¢

1 [ac+bd bc—ad}_ac—i—bd ad — be .

T 2+d?2 | ad—bc ac+bd _C2+d2+62+d2lec

The last formula, while very explicit, is not so easy to remember.

It may be easier to divide complex numbers using the following method:

—4i —4i)(2—14 — 30 — 8i + 442 —11i—-4 2-11; 2 11
Example. We have 3 ,Z = (3 2)( ,l) = 6—3i 8,Z+ - 6 ! = -
241 (241)(2—1) 4 —4? 5 5 5 5

a+bi  (a+bi)(c—di

More generally, if ¢ + di # 0 then we always have T di 24P since
a+bi _ N1 1 . ~ (a4 bi)(c—di)
T di = (a+ bi)(c+ di) zm(a+bz)(c—dz):W.

The complex conjugate of ¢+ di is defined to be the complex number

ct+di=(c+di)T =c—diecC.
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When ¢ + di is nonzero, the complex conjugate is related to the inverse by the identity
-1

N1 _ | ¢ —d 1 cd|_ 1 —

(c+ di) {d c} 02+d2[—d c} ¢+ di.

)T T,.T

Since z,y € C satisfy xy = yz and (zy)* = y* ' (since complex numbers are matrices), it follows that

Zy=y-z=77]

We can also add complex numbers a + bi with real numbers ¢ when a, b, c € R.
To do this, we set ¢ = ¢+ 0i and define (a + bi) + ¢ = ¢+ (a + bi) = (a + bi) + (¢ + 0i) = (a + ¢) + bi.

Under this convention, we have

i2+1_(0+i)(0+i)+(1+0i)_[(1) _HH —1]+[(1) (1)]

:[(1) H_[(l) H:{g 8]=0+0i=0,

Thus it makes sense to write . In a similar way:

Theorem. Define the exponential function C — C by the convergent power series
1 1

1 1
le - T 22 3 4
e +1x+1.2x +1.2.3x +1.2.3.4x+
Thenelze:2.71828...and.
Proof. We need two facts from calculus:
1 1 1
—1: S :1—72 4_ 6 ..
cosm 12" "1234" 123456
1 1 1 1
0=sinm= -7 — 3 5 T4
=TT 3" t123.45° 1.2.3456.7

We have

.10 -1 o | -1 0 3 0 1 o .4 |1
Z—|:1 0},1—[0_1],1—[_1 0}, and i =i" = 0

Thus i"t* = i” for all n.

Also, we have (im)™ = n™i". It follows that

1 2 1 4 1 6 1 1 .3 1 5 1 7
L= 357" + 13347 1234567 T - 17— 1237 T 123457 12345677 T

1 1 .3 1 5 1 7 1.2 14 1 6
17— 1237 + 123457 Tosaser® T L= 157 + 15537 1234567 T -

-1 0

0o ] = —1+40i. Thus €™ +1=(=140i)+ (1+0i)=0. O

By our two facts, this is just eim = [

After a while, we tend to forget that complex numbers are 2 x 2 matrices and instead view the elements
of C as formal expressions a + bi where a,b € R and i is a symbol that satisfies 2 = —1.

We can add, subtract, and multiply such expressions just like polynomials, but substituting —1 for i2.
This convention gives the same operations as we saw above.

Moreover, this makes it clearer how to view R as a subset of C, by setting a = a + 0.
The real part of a complex number a + bi € C is Re(a + bi) = a € R.
The imaginary part of a +bi € C is Im(a + bi) =b € R.
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Remark. It can be helpful to draw the complex number a + bi € C as the vector [ Cbl } € R2.

The number i(a + bi) = —b + ai € C then corresponds to the vector [ 72 ] € R?, which is given by

rotating { cg } ninety degrees counterclockwise. (Try drawing this yourself.)

The main reason it is helpful to work with complex numbers is the following theorem about polynomials.
Suppose p(r) = apx™ + ay_12" "1 + -+ + a1x + ag is a polynomial with coefficients ag, a1, ..., a, € C.
Assume a,, # 0 so that p(x) has degree n.

Even though we think of complex numbers are 2 x 2 matrices, this expression for p(z) still makes sense
for x € C: if we plug in any complex number for z then a,2" + a@p_12" ' + - + a1 + ag is a complex
number.

Theorem (Fundamental theorem of algebra). Define p(z) as above. There are n (not necessarily distinct)

complex numbers r1,73,...,7, € C such that p(z) = an(z —r1)(x —r2) - (& —1p).
One calls the numbers r1,rg,...,r, the roots of p(x).
A root r has multiplicity m if exactly m of the numbers r1,79,...,r, are equal to r.

The use of complex numbers in this theorem is essential. The statement fails if we use R instead of C.
Example: if p(z) = 22 + 1 then there do not exist real numbers 71,75 € R with p(z) = (z — 1) (2 — o).

However, we do have 22 + 1 = (z —4)(x + 7).

3 Complex eigenvalues

The characteristic equation of an n x n matrix A is a degree n polynomial with real coefficients.

Counting multiplicities, det(A — xI) has exactly n roots but some roots may be complex numbers.

v
U2
Define C" to be the set of vectors v = . | with n rows and entries vy, vs,...,v, € C.

Un
Note that R” C C" since R={a € R} CC={a+bi:a,becR}.

The sum w + v and scalar multiple cv for u,v € C™ and ¢ € C are defined exactly as for vectors in R™,
except we use the addition and multiplication operations from C instead of R.

If Ais an n x n matrix and v € C" then we define Av in the same way as when v € R™.

Definition. Let A be an n X n matrix whose entries are all real numbers. Call A € C a (complex)
eigenvalue of A if there exists a nonzero vector v € C™ such that Av = Awv.

Equivalently, A € C is an eigenvalue of A if \ is a root of the characteristic polynomial det(A — xI).

This is no different from our first definition of an eigenvalue, except that now we permit A to be in C.
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0 -1

Example. Let A = [ 1 0

} Then det(A — 1) = 2% + 1 = (i — x)(—i — x).

The roots of this polynomial are the complex numbers i and —i. We have
Al.:Z:z'l. andAl.:_Zz—il.
—1 1 —1 1 1 1
so i and —i are eigenvalues of A, with corresponding eigenvectors { _lz. } and [ 1 ]

S5 -6
75 1.1

- —.6

Example. Let A = [ 75 11—«

} Then det(A:z:[)det[ o ] =122 — 1.6z + 1.

Via the quadratic formula, we find that the roots of this characteristic polynomial are

1.6 £v1.62 -4
r=——

5 =.8+.6¢

since i = y/—1. To find a basis for the (.8 — .6i)-eigenspace, we row reduce as usual

[ 5 -6 8 — .6i 0]_[-3+6i -6
A_('S_'GZ)I_{]E) 1.1]_[ 0 .8.61’}_{ 75 .3+.6i}

N['S_f .8(.5+i§}N[.5—1 .8(.5+ii]w{1 | .'8(:5—&—1:)]:[(1) 8(

The last equality holds since .8(.5 + i)(.5 — i) = .8(.25 — i?) = .8(1.25) = 1.

This implies that Az = (.8 — .6i)z if and only if x = [ il } where z1 + .8(.5 + i)xy = 0, i.e., where
2

51 = —4(.5 +1i)xe = —(2 + 4i)zo. Satisfying these conditions is the vector

[0

which is therefore an eigenvector for A with eigenvalue .8 — .63.

-2+ 40

Similar calculations show that the vector w = [ 5

} is an eigenvector for A with eigenvalue .8+ .6i.

Proposition. Suppose A is an n x n matrix with real entries. If A has a complex eigenvalue A € C with
eigenvector v € C" then v € C™ is an eigenvector for A with eigenvalue .

Proof. Since A has real entries, it holds that A = A. Therefore AT = At = Av = v = M. O
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4 Vocabulary

Keywords from today’s lecture:

1. Complex number.

We define a complex number to be either

e A matrix a + bi = @ —b where a,b € R and i = 0 —1 .
b a 1 0
e A formal expression “a + bi” where a,b € R and 4 is a symbol that has 2 = —1.

The first definition makes it clear how to add, subtract, multiply, and divide complex numbers (use
matrix operations). The second definition is secretly just a way of abbreviating the first definition.

The set of complex numbers is denoted C.

Example:

1 + 27 corresponds to [ ; 7? }

(1+2i)+(2+3i)3+5icorrespondsto[1 _?:|+|:§ _3}[§ _5}
(1+2i)(2+3i):—4+7icorrespondsto{1 _2][:2)’ _3}:[_4 _6}

-1
1 -2 1 2
AN—1 _ 1 2, 1
(1+2i)~" = z — £i corresponds to { 5 1 ] =1 { B ]

2. Complex conjugation.

If a,b € R then complex conjugate of a+bi € Cis a+bi =a —bi € C.

Ify,2€Ctheny+z=g+zandgz=7-Zand y L =5 L.

3. Fundamental theorem of algebra.

Any polynomial
f(@) =apa™ + 12"V 4+ 4 a1z + ag

with coefficients ag, a1,...,a, € C and a, # 0 can be factored as
(@) =an(@—Ai)(@—A2) -+ (z — An)

for some not necessarily distinct complex numbers Ay, As,..., A, € C.

4. (Complex) eigenvalues and eigenvectors.

Let C™ be the set of vectors with n rows with entries in C. Since R C C, we have R™ C C".

If A is an n X n matrix and there exists a nonzero vector v € C™ with Av = Av for some )\ € C,
then A\ is an eigenvalue for A. The vector v is called an eigenvector.

0 —
1 0

s [ 4] (1] (7] ([ 2 (2] 2]

Example: The matrix A = [ } has eigenvalues ¢ and —i.
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