
Math 5143 - Lecture7



math5143-le-turetflo.sk
time : (abstract) root systems

Fix a finite. dim .

real vector space E

with a bilinear form C- , -3 that is symmetric , positive definite

[Of appropriately choosing bases
,

can identity E with Rh

with standard inner product , but this
- may be inconvenient]

For 0 =/ ✗ e E , let H ✗= {veE / (vix) =07
.

Then the reflection across Hy is the linear map
--

r✗:E→Ewithformular✗Cv3=v-2÷Ñ&



Def A finite subset § c- E) 103 is a rootsystem if

④ E is spanned by § ⑧ rat E) = § v.✗ c.§
④ R ✗ n C- = { 1×7 for ✗ c-§ ④ 21ps,d)

⇐ c-I 09B€#
The dems of É are called roots
The subgroup of GLLE) generated by { rat ✗ C-OI}
is called the Weytgaip of § ,

often denoted W

Notation : set <Bx> =
2 for ape §

If § C- C- and §'s C-
'
are root systems

,
then an isomorphism

⑧→§
'
is a linear bijection f : C-→E

'
suchthat FflB), ftp.SBMV-qpeoI.



Motivation : suppose L is a semisimple Lie algebra
,

over ①
,
finite dim and nonzero

.
Choose a maximal

1-oral subalgebra H SL and let H* =/ linear maps H→①1
.

I call elements are semisimple)
( if L is classical , can take H to be subalgebra of diagonal matrices inL)

for each ✗ c- tt* define La = {✗ c-Ll [h ,it = ✗ (b)✗ the 1-17 .

Set § = { ✗ c- 1-1*101 La -1-0]
.

We showed H = Lois abelian .

So we have a decomposition L = H ④ ④
✗ c-g- La

Here ,§isarootsysteÑ@ in E = R -span{✗ c-OI]
, where

the relevant form C;-) is the killing form of L,
restricted to 1-1 , and then transferred to 1-1* by nondegeneracy .

Also : [la,Lp) EL✗to V9 BE §



Up to isomorphism , there are 4 rootsystems in IRZ :
"""ins has size ,

⑤AYA , ¥2 I c-¥, I *
④Az

✗*"hshessiaz

3×+2P
✗-string has size4

⇐ :¥÷÷÷i÷¥÷



Prof. Let I be a root system with Weyl group W .

If 0 c- GL (E) has a §) =§ then orxo
"

= roca,

and < B ,D = Lapd
,
old> tap c-§ .

PI Compute or*E' COIBD = oralB) = %)- LBig old .

clearly 0rad preserves
- OI and sends old ↳ -old

.

Also or✗é
'

fixes the hyperplane 011-1*1 where Ha=/redivided
A priori ,

we don't know that d Had = Hola) . If we knew this

then it would be clear bt comparing formulas that 0rad
'
= roca,

and also SP,D= LAB
,
old> v-x.PE §

.

So just need to show:

Lenny
If 0 C- 640 hat of§) = § and o fixes a hyperplane

HSE while sending some 0=1 ✗ eE to -✗ , then H
= Ha and 0=8

.

t
this element must have ✗ ¢14



Pfidea ( compare with textbook)
oefme I = or✗ .

Then T.lt) =9 TIOI) =I
, t fixes ftp.t-wise

choose a basis V1 , v2, . . . , un-, for H .
Set vn = ✗ .

Since ✗ #H , h ,h, .- Nn is a basis for E . But the

matrix of E. in this basis is the identity matrix, so q = 1
. ☐

Lem_ma Let xp
c- § be navproportional ( so ✗ =/±B) ☐

(a) If (✗ , B) >0 then
✗- B C-OI (b) If CX ,B)60 then ✗tpc§

,

PI (b) follows from Cal, swapping P and
- B. for (a) : 1st ,B) so ⇒ cap> so

,

The acute angle between ✗ and P must be 173,
Mu

,
or 1176 Lbt considering the4 roof

systems in 11222)
(since ✗, P not orthogonal) and must have <✗ IB) =L or <p,✗7=1 .

If < ✗,p>=\ then oh
- B = op IN c- § . It < P,✗7=1 then x-p = - 0×1B) C- . ☐



For apeI, with P -1-1=9 the x-str.mg/-hr-arghp is

the set of roots (Pti ✗ 1 i c- I] n § .

↳ thissequence is
finite but has no

"

gaps
"

pray There are integers 9in 30 such that the ✗- string
through P is exactly { B tix 1 -r s is q }

.

PI If there were any gaps in the string, then we could find

p,SEZ with -rsp < s 59 where ptpt , Ptsd C-§ but

pt (pti)✗ , p 1- IS-1)✗ ¢§ .
- - -

•p_ggg
-- -o-•

- - -

gap s

prov lemma implies (Pt px
,✗) 303 (Ptsd , a)

⇒ ( (s-Da,a) = Is-pllx, a) so , impossible as C;-) is pos. definite☐



Coy . The integers rig>o
such that the d-stuns through p

is { ptis I -r s isq] satisfy r-q =LB.a) c- {0,1--1,1=2, t.gg
so every ✗ -string has at most 41 elements

.

→ and in fact, reverses

If
,

the reflection ra preserve the 2-string through B

since ratBtix) = p -KB,2) ti)✗ . Therefore
in

C-I

must have ra 1B text =p -rx .

But

rsnlptqx) =p -Cpi) ✗- qx so 2pm> = r-q . ☐



"

simple roots
"

and theWeyl group
⑤ is a root system in vector,pace E

-
with Weyl group W

A- boise or simplesltem for § is a basis 8 for E such that

each ✗ c- § can be written as ✗ = E Kap B where coefficients
PEO

Kap are either (D all nonnegative integers or (2) all nonpositive integers.

Necessarily 101 = dime . Not clean apriori that ant base exists.

Eg In each root system inÑ, the roots labeled {✗,B) form
a base .

Lemmy If 0 is
a base of OI and XP c-° have ✗ +B

, then X-P ¢§ so (✗
, B) so. .

If If I✗,B)
> 0 then our earlier lemma says x-p c- § since

if * +p then also ✗ =L - B Lance elems of 0 are linearly independent)

But if x-p c- OI then 2 would not be a base .0



Given a simple system 0 for OI , define the height of a root

p c-D
" """"""

:÷÷÷:T÷÷÷
.

we also define = {✗ c-It htlx) >o] and §
-

= - §+
so that § = §to§ .

Call It the set of positive roots
,

tha § does have a base /simple system .

For each 1 E E define
+

(y) = {✗ c- I 1 (Vix) >01 .

One can always choose f E El# §H✗
and we call such t regular.

If t is regular then § = ④
+

(f) U €1b where $-1M = - ¢+1b .
Call ✗ c. It) indecomposable if we cannot write ✗ =Pit pz where pie¢4b.

Thin If yet is regular , then the set 0 (f) of indecomposable roots
in §

is a base, and every base arises in this way .



g
defined to be the rootsm§%)

PI we make a series of claims.

① Each ✗ c- OI+ (f) is in I go -span f p c- *(y)/
that are indecomposable

Pf otherwise , choose * c- 9-
+
(t) not in ] with (XD minimal .

Then ✗ =p , + Bz for some Pi ,Bz C- ☒
+(f) (✗ cannot be

indecomposable]
Thus (✗ it) = ( Pi ,V) 1- (B- it) so by minimality of (✗

,g)
* ÷

it must hold that p, , Pa € Izo
-

span IP C- ☐It))
,

a contradiction

cos ✗ is ngt int ) 0

② If ✗,Be 00) and ✗ +B, then la ,B) SO .

PI otherwise x-P C- OI
, p -1-1=4, so ✗-B or B-✗ is in ¢+1b

But then a =p + (x-p) or p = ✗ t lÑ would-be decomposable. ☐



③ DID is linearly independent

PI suppose we can write 0 = § ca-psdpp
where ✗

, p range over disjoint subsets of OLD and cqdpzo

Then Os ( § can , § Gd) = ( Econ , § dpp)
= £p cxdp 1*1 B) SO
IT ¥by previous claim

⇒ so all c✗=o . Similarly derive that all dp=o . ☐

④ DID is a base of § ,

PI clear from ①②③



⑤ Every base of § arises as OCP for some regular y c-E.

PI Given some base 0 for § ,
we need to find ✓ with 0=0181 .

Choose a regular t with ( y,✗) > o for all ✗ ED. [It's a d-
WW)

exercise to show we can always do this] . Then §"- = §
"-

(g)

so every ✗ ED must be indecomposable Wrt f . This means

8 SOLD .

As 101 = 10031 = dime
,
must have D= old

.ca#lemsotosmpe-rod--☐
The hyperplanes to for ✗ c- OI divide E into finitely many

regions . We call
the connected components of

E) ¥§Hx the Wetohambers of E.



Propertiesofsimpleroots Fix a base 0 of § and define§
"-

relative to 0 . 66ms of It are positive
roots
, dems of §

-

are neg_atevÑ
Lemmy If ✗ c- It but ✗ ¢0 then d-BE for some p c-8 .

If If CX , B) so for all p c-8 then argument in proof of③
in previous proof would show that OU {✗3 is linearly independent .
As this is impossible , must have 14

,B) so for some Pfd and
then ✗-BE § . Since ✗

,P cannot be proportional, x-p must be
in

+
(since at least one coefl in x-p = E Cgs must have cg >O)

.

☐
Sfo

By induction
: CI Each ✗⑤ It can be written ✗ = ✗it ✗at -- .+*k where ✗i c-Ofi

and where each partial sunn ✗itdzt --- +✗j 6 ④
+
for 1 Sj sk .



Lemmy If ✗ c- 0 then rink) = - ✗ and ra / ¢+11M)=§t\{✗y
FEEfor anyo-t-ac-ET.tn/pf-Suppose B C- ¢+1K] . Write B = E kit where K, c- zzo

.9 €8

Note : p is not proportional to ✗ .
Thus K, 1=0 forsome it ✗

.

Then the Coe of t in r☒ (p) = P - L B,✗7 ✗ is also Ky >0
,

so raps) must still be in §t since it is a valid root . ☐

( lemme now follows at ra : c-→ e is a bijection)

Cg set 8 = I §e§* then rat8) = 8- a ✗ £0
.



Lemmy suppose we have a sequence a.✗2 , - inn C- D.Writer,
- = r✗i

Suppose r,r,-.- rm-,
(☒m) c- § .

Then r,r, --- rm
=r
,
--- rs-ist,---rm-,

for some index Is ssm-1 . [the roots ✗i.dz,-Am don't need
to be all distinct]

def def

If . Set Bi = rit,ritz
--- rm-il ✗m) , with pm-, = am

.

Then Bo E É and Bma EOC # so there is some

smallest index s with p§ C-
.

Then rs ( Psa ) = Bs

since 32=1 ⇒ rs (Ps) = Psi E § ⇒ Ps = is bxprevtem
.

deti

⇒ rs = rag = rp,
= t.rs#rs+z---rm-ilxmj=(rs+i--rm-i)rm/rmy---rs+,)

[since orxé' = roadResult follows by substituting this e×pr for %
, noting that r,-2=1 . ☐

↳ into r,- rs.-- rm



CAI If a = ra, ra,- ram is an expression for o fw

with m as small as possible and *it0 , theno§?

Recall : It is a root system with Weyl groupW .

Prod Any given ✗ c- § belongs to some base of § .

PI The hyperplanes Hp for PEÉ
' A-☒ are distinct from Ha

,

so if we choose t C- H2 with t ¢ Hp HP C-⑤ 111=23
,

and then

choose some regular t
' close to f with (f

'

,d) = E >o
and

( o :p) > E V BE In 11=27
then we'll have ✗ fogy .☐

Fix a base 0 for § .



thm If 8
'
is ant base for OI then there exists

a unique element of
W with 0101) =D

.

Moreover
,

it holds that W = < rat ✗ c-D) ( Recall : w Erd ✗ c-¢-2)

PI Let Ñ
= ( rat a c-D) SW

.

We'll showbelow thatÑ=w .

Let 8 = £ £¥* and choose a regular VEE along with

oe Ñ such that ( old ,
8) is maximal . If ✗ is simple root

then r✗ o e Ñ so our maximal its assumption ⇒ (%), g) sogou.gg

= ( och , v218D = ( old , 8-a) ± (Ht) , 8) - Cold
,

a) v.✗
for

crawl ,-1) = CX, rxHDV-x.tt
E
,
✗ C-§ ( check this by comparing formulag)

Thus I old , x) 30 V-✗ED ,
Equality never holds since f is regular and

0--1 It, 0-42)) = load ,a)



Thus we have (old ,

d) >0 V- ✗ C-8
.

It is any base then D
'
= OLD for some

regular TEE and if we choose of Ñ as above

then evidently 0 = 010th) = FIND) - Eloy
.

so for any base o
' there * at least some ofÑsw with oats .

To show that Ñ=W
,
it suffices to check that ra e Ñ the§.

Gwen ✗ c- OI
,
choose a base with ✗ ED

,
and then choose off

with o(d) =D . Set B = old) c- 0 ,
and then we have

rp
=row, = OraÉ E Ñ so ra = Firpo c-Ñ as well

.

t
because P f-0 , so sp C-Ñ



Finally
,

need to show that the element of Ñ =W with

•(d) =D is unique for a given base of § .

We appeal to technical lemma above : it's enough to show

that if o EW has old = 8 then 0=1
.

Assume old =D and write o = r,n- rm

where Yi = rxi for some simple
roots 4,22

,→
✗n C-8

,

and assume m is minimal - If 0=11 then m>o

so by corollary above 01am) C- ④
-

⇒ old =/☐ soft
Thus the only way to have

old =D is if m=o and than 0=1 ☐



Fix an ordering 2 , ✗z ✗3 . .. ✗n of the roots in D.

[Here D= I ✗ , , - ,Ln] and * it ✗j for itj)

we call ant minimal length expression

0 = ri
,
ri,

- -- nie whererj-d-efrxjarred-edexpresionfaoi-W.se#w=I
Call this the length of w .

Png If ofw then Ilo) = # { ✗ c- ¢+1 old c- §
-}

Note: this gives llrx) =I ✗ £0 .

Pf . Use induction t earlier lemmas, see
textbook

. ☐



Irreducibherod-systems.ttroot system § is irreducible if it cannot be

partitioned as a disjoint union § = OI, U§ ,

where ¢, and §, are both nonempty and lap)=o

for all ✗ c- § ,
,
p c- §

z .

If I can be partitioned in

this way then § is reducible .

Next time : there is a natural notion
of rootsubsy-ten.am}

direction for root systems, and ant § is isomorphic to

the direct sum of
its irreducible subsystems

.



EI The root system OIA,✗A , is
reducible :

I-

HIS
✗ Iana

,

= HMU 1+-51

9 7
-B

orthogonal
to each other

However, QIA, Io, § ,, are all irreducible.

Prod suppose § has a base 0 .

Then § is reducible

if and only if there is a portion
D= D , v02 where

☐ , ,
Oz + ¢ and 1$ ,B) =0 Y ✗C- 01 , PE 02 .

pg [Skip since out
of time→ fairly straightforward argument,

see textbook]


