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§ 2.3. Ramification, extension and application.

We examine various types of CLT, beginning with the most original of all, de Moivre’s calculation
of binomial probabilities. The rates of convergence of CLT is discussed in the form of universal
bound and local approximations. We show some application of CLT in statistical analysis, where
it plays a fundamental role. The exposition of this section only serves the purpose of introducing
related result without attempting to produce proofs.

(i). Miscellaneous central limit theorems.

Theorem 2.6 (DE MOIVRE-LAPLACE LOCAL CLT) Suppose X, X1,..., Xy, ... are iid Bernoulli
ru.s, ie, P(X=1)=p=1-¢=1-P(X =0). Let S, = > i, Xi (as always) and x = x, ), =
(k —np)//npq = o(n'/®). Then,

¢(x)
Vnpq

P(Sy = k) = 22 (1 4 a, (x))

where

on(o)] < 2= (= + bl + laP’)

for some constant A.

Remark. Notice that rate of convergence is about 1/y/n. The proof can be carried out by brute
force calculation without appealing to characteristic functions. As
)nfk

n!
PPl —p

P(S, = k)= P(Bin(n,p) =k) = =R

3

it is not difficult to see that the key is the approximation of factorials, which is, via Sterling’s
formula:

n\ " 1
=2 (f) ) with ———— < 6 < ——.
n ™n 2) ¢ with T5-— <én < o

(Actually the formula was first outlined in De Moivre’s Doctrine of Chances with constant coefficient
¢ and Sterling (1730) identified ¢ as v/27.)

The above local CLT leads to the (global) De Moivre-Laplace CLT

Theorem 2.7 (DE MoIVRE-LAPLACE CLT) Suppose X, X1,..., X, ... are iid with Bernoulli
ru.s, e, P(X=1)=p=1—-q=1—-P(X =0). Then, for any two integers x,, < y, such that
T, = np + o(n??) and y, = np + o(n?/3).

Yn —np+1/2 Tp —np+1/2
P(x, < < ~P(——mF—— )| - P ——— 2.
(a0 < S < o) m (B2 ) - o () (2.7)
As a result,
Sn—mp N(0,1). (2.8)

vV 1pq

(2.7) provides theoretical support of normal approximation of binomial distribution with continuity
correction. (2.8) is the standard CLT for binomial random variables.

Theorem 2.8 (CLT FOR U-STATISTICS) Suppose X, Xy, ..., X,,... are #id r.v.s. Suppose g is
a bivariate symmetric function (e.g. g(x,y) = min(x,y)) such that g(X1,Xs2) has mean 0 and
b(X1) = E(g(X1, X2)|X1) has positive variance o*. Let

Z 9(Xi, Xj)

1<i<j<n
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be the so-called U -statistic. Then,
nl/QUn
20

— N(0,1).

U-statistic is common and has broad applications in statistical analysis. Decompose the U-statistic
into

S+ ——— 3 {g(Xi, X;) — b(X0) — b(X,)} (2.9)

’I’L(’I’L - 1) 1<i<j<n

The second term on the left hand side is a degenerate U-statistic, which converges to 0 at a faster
rate than n~/2. Then the CLT follows from the standard CLT for iid r.v.s. The decomposition
(2.9) is the most useful when dealing with U-statistics.

Theorem 2.9 (CLT FOR MARTINGALES) Suppose (X, Fn),n > 1 is a sequence of martingales
with mean 0 and variance 02, n > 1. Fy is the trivial o-algebra. Suppose Lindeberg condition holds
and, moreover,

1 n
= D BIE(XF|Fj ) = o = 0. (2.10)
n =1

Then, Sy /sn — N(0,1).
The proof is actually analogous to the proof of Lindeberg-Feller CLT. The only difference is that
Xis are now not independent. Therefore E(e'n/*n) 2 [["_, E(e"*/*"). However,

E(eitSn/on) = E( H E(ez‘txj/sn|]:j71>)_

Jj=1

Then, the fact that E(X;|F;_1) = 0 and that var(X;|F;_1) are close enough to 0’? by (2.10) ensure
the proof goes through.

Theorem 2.10 (HALL-HEYDE CLT FOR ARRAYS ) Suppose (X, j, Fn i), 1 < j <nisa sequence
of r.v.s with finite positive variances and X, j € Fp j and Fy, j C Fp ji1. Let Z,, = max{X, ;:1<
j<n}. If

ZX,%J —a*>0, Z,—0, in probability, sup E(Z?) < oo, (2.11)
n>1
j=1 =

n

> E(Xpj|Fnj-1) =0 and Y {E(X,,

j=1 j=1
Then, Sy/a=377_) Xnj/a— N(0,1).

Condition (2.11) can be replaced by a Lindeberg condition with condition expectation:

Fnj—1)}* — 0, in probability

n

> B(X21qx, ,1>¢}[Fnj-1) — 0 in probability

j=1
plus
n
Zvar(Xn,j\fn,j,l) — a? in probability.
j=1

And the central limit theorem still hold.
(ii). Rates of convergence

So far, CLTs (except for De Moivre-Laplace local CLT) only claims the limit is normal distribution.
Berry-Esseen bound claims the rate is about 1/4/n, under ideal circumstances.
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Theorem 2.11 (BERRY (1941)-ESSEEN (1942)) Suppose X1, X, ... are independent with mean
0 and variance O’TZL > 0. Let 2 < § < 3. Then, there exists a universal constant Cs such that

Yo B(X;1%)

sup |P(Sn/sn < x) — ®(x)| < Cs =

In particular,
> 1 BIX[?

3
Sn

sup |P(S,/sn, < z) — ®(z)| < Cs

If X, X1, Xo, ... are iid with mean 0 and variance o> > 0. Then, there exists a universal constant
cs such that

B(X°
sup |P(Sn/Vno? < z) — ®(z)| < %M’
and, in particular,
2 <)~ e B(XP)
sliplP(Sn/\/TF<x) O

Note that all the above inequalities hold for all n, (not in the sense of taking limit), and that
the universality of the constants means they are all all distributions of X. The proofs generally
involve characteristic function and can be rather technical. The above theorem implies CLT when
i E(1X;]%)/s3 — 0. Tt is the most useful when the § = 3, as it specifies the the fastest rate of
convergence. One of the highly attractive problems in probability theory is to find the best possible
Cs and c¢s5. Esseen (1945) proves 0.4097 < ¢3 < 7.5, and ¢35 < 0.7975 (Van Beek, 1972), 0.7655
(Shiganov, 1986) and the best thus far, 0.7056 (Shevtsova, 2007).

Berry-Esseen bound is a rate of uniform convergence. Another similar type of approximation,
called Edgeworth expansion, confines on the rate of convergence at a fixed = but provides explicit
expression of the coefficients at all orders.

Theorem 2.12 (EDGEWORTH EXPANSION) Suppose X, X1, ... are iid with mean 0 and positive
variance o2, satisfying the Cramer condition (nonlattice distribution of X ). Then,

P(S,/Vno? < z) = ®(z) + 6%@(3)@) +O(1/n).

where k3 = E(X3)/03 is the skewness of X.

The above theorem is a simplified form of Edgeworth expansion, which can be of arbitrary order of
the series. We provide a heuristic understanding as follows. For simplicity, assume X has density
f, cdf F, mean 0 and variance 1 and all finite moments. Then, its characteristic function is

¢(t) _ E(eitX) _ elogE(e“X) _ ez;‘;l rj (it)7 /4!
where k; is the j-th derivative of log E(e’*X) at t = 0, which is called j-th cumulants of X.

k1 = BE(X) =0, kg = var(X) = 02 = 1 and k3 = E(X?),... Let f, be the density of S, //n. The
characteristic function of S,,/\/n is

/e”’”fn(:c)das _ E(eitSn/\/ﬁ) _ 1/J(t/\/ﬁ)n — enlog¥(t/vn) — 35, K (it//m)? /5!
= P2 N R VY[ /2 (g (i) (6072101 /)y
e~ 12(1 + ky(it)3 /602 + O(1/n))

H . - 3
/eitz¢($)d$+ﬁ eltz(fl)d% (x)deJrO(l/’ﬂ)v

since (it)* [ e f(z)dx = [ e®*(—1)™ f(™)(x)dz. As a result, it should hold that

fn(@) = o(z)

K3

- 6\/ﬁ¢<3>(:ﬂ) +0(1/n).
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And through integration,

P(S, /v < &) = B(2) — —=(a? — 1)(x) + O(1/n).

6f

(iii). CLT for processes.

Suppose we have random processes or functions {&,(t) : ¢ € [0,1]}. The weak convergence of r.v.s
or their distributions or measures can be extended to the define weak convergence of processes or
their measures, with finite dimensional convergence plus certain tightness condition on processes
(stochastic equi-continuity). We skip the details.

Theorem 2.13. (DONSKER’S INVARIANCE PRINCIPLE, 1951) Suppose X1, X, ... are iid with mean
0 and variance o® > 0. Define Sg = 0 and Sy = Sy + (t — [t]) Xyy+1 for t > 0. Here || means the

integer part. Then,
Snt )

{ Vno
“in distribution” or weakly, where By : t > 0 is Brownian motion.

For fixed ¢, the classical CLT implies S,;/vno? converges to N(0,t). It is not hard to generalize it
to convergence of finite dimension.

€[0,1]} = {By:t€[0,1]}

Brownian motion on [0,00) is can be regarded as r.v.s with taking values of continuous functions
on [0,00). It induces a probability measure on the space of continuous functions on [0, c0), which
is often called Wiener measure.

Theorem 2.14. WEAK CONVERGENCE OF EMPIRICAL DISTRIBUTION Suppose X1i,...,Xp,... are
itd with continuous cdf F'. Let F,(t) = (1/n) 2?21 Lix,<ty be the empirical distribution. Then,

{Vn(F,(t) — F(t)) : t € (—00,00)} = {(1 = F(t))Bru)/{1—r)} : t € (—00,00)}
which is a so-called Brownian bridge.

As one application of this theorem,

Vnsup |Fy(x) — F(x)| — maxeoq)(1 — )| Byyja—y|  in distribution.
Observe that sup,, |Fy,(z) — F(x)]| is the Kolmogorov-Smirnov statistic.

(iil). Some applications.

EXAMPLE 2.8 ASYMPTOTIC NORMALITY OF QUANTILE ESTIMATION Suppose X1i,...X,, are iid
with positive density f(t) at p-th quantile F~!(p). Let Xy < X(2) < ... < X(n) be the order
statistics. Suppose k = k,, is such that k/n — p. Then,

V(X — F~H(k/n)) — N(0,0%),
where 02 = p(1 — p)/ f2(F~(p)).
Proof. Let t,, = ot//n+ F~1(k/n). Then, F(t,) ~ k/n ~ p and
k—nF(t,) = k—n(k/n+ f(F~ (p))ot/Vn) % —/nf(F~(p))ot
Write

P( VilXa _UFil(k/n)) <t)=P(Xy) <ot/vn+ F ' (k/n)) Z Lix,<tn} 2 k)

_ p(Xi 11{X Stn } nk(tn) kan(tn)
: P< VE (tn) (1 = F(tn)) - V/nF(t, F(tn)))
k:—TLF( n) - \Ff(F 1(p)) N

Q
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EXAMPLE 2.9. RENEWAL PROCESSES Suppose X, X1, Xo,... are iid positive random variables
with mean p and variance 02 > 0. Let N; = max{n : S, < t}, which is called renewal process.

Then, as t — oo,
uNy —t

o

Notice that {N; < k} is the same as Sy > t. Then,

— N(0,1).

pulNy —
ey

o
= P(Sp>1t) kis the integer part of zo\/t/u3 +t/p

S —ku  t—ku t—ku
= P > ~1—- ~ ®(x).
(\/k;02 vkaQ) ( ) (@)

) = P(N; < xo\/t/ud +t/u)

ExXaMPLE 2.10. ESTIMATING FUNCTIONS. Suppose X1, ..., X, are iid following a distribution
with density f(x;0) with the parameter 0. Let g(X;;0) be such that E(g(X;;6)) = 0. An estimator
of 0 based on observed values of X1, ..., X,,, denoted as 0,,, can be defined as the root of

ZQ(X

Under regularity conditions, R
Vn(f, —0) — N(0,0?)

2 can be estimated by the so-called sandwich formula:

where o
(1/n) Y 9(X530) Y g*(X5:0) Y a(X;
j=1 j=1 j=1
where ¢ is derivative of g with respect to 6.
When g(x;0) = f(x;0)/f(x;0), the estimator § is the maximum likelihood estimator. And

V(6 —6) — N(0,171(9))
where

16) = ~E(2 108 (X:0)) = E{( D0z 1(X:0))%)

is the Fisher information. As an application, one might use the Wald test statistic
(0 — 00)?/var(0) ~ x2, approximately,

to test the hypothesis of 6 = 0, where var(0) is the estimator of the variance of 0.

(v) Stable laws

When the r.v.s are iid but do not have finite second moment, the partial sum after proper normal-
ization may still converge in distribution, but the limiting distribution can be very different from
normal distribution.

Theorem 2.15  Suppose X, X1, ... are #d such that the limit of P(X > z)/P(|X| > x) as
x — oo exists and P(|X| > x) = v~ *L(z) with 0 < a < 2, where L satisfies L(tx)/L(x) —
1 as ¢ — oo for all fized t > 0, and is called a slowly varying function. Then, (S, — b,)/an

converges to a nondegenerate distribution called stable law, where b, = nE(X1{ x|<a, }) and a, =
infz: P(|X|>2z) <1/n.

A typical example is that X follows Cauchy distribution, corresponding to a = 1. The limiting
distribution is still Cauchy, which is one of the stable laws. (Normal distribution is also a stable
law with o = 2.)



