PART II: MULTI-VARIABLE CALCULUS

Functions of Several Variables

Definition A function of several variables consists of

two parts: a domain, which is a set of points
in the plane or in space, and a rule, which
assigns to each member of the domain one
and only one real number.

Example AI‘ea Of a I‘eCtangle note domain limitation

Example f(x,y) = 22%y? + 422 — 7Ty? + 2y + /3 is
an example of a polynomial formula (terms

are of the form cx™y").

Note A formula (like the f(z,y) above) is not a func-
tion; it is only a rule of assignment.

The natural domain of a formula for n-independent
variables consists of n-tuples that can be properly
evaluated by the formula (to produce real numbers).

Example Find the natural domain of

flz,y,2) = /oyz2.




Generating New Functions from Known Functions

Algebraic combination of functions

(f £ 9)(z,y) = f(z,y) £ g(z,y)
(f-9)(x,y) = f(z,9)9(x,y)

f _ f(x,y)
(5) (z,y) = 4(z.1) for g(z,y) # 0

Note The domain of the new function is (a subset

of ) the intersection of those of the original func-

tions.

Composite function

If g is a single variable function and f is a multivari-

able function (say of two variables),

(go f)lz,y) =g(f(z,y))

is the formula of g o f.

There are two conditions that restrict the domain
ofgo f7 Dgof: (1) (:C7y) S Dfa (11) f(xvy) S Dg'

Therefore,

Dgof — Df ﬂ{(xvy)l f(xay) S Dg}



Example Consider the domain of g o f where g(x) =
Vo and f(x,y) =y.

some f(x,y) fall outside domain of g (—o00,00) X [0,00)

Example Consider the domain of g o f where g(x) =
x? and f(z,y) = /7V.

natural domain of g(f(x,y)) bigger than domain of f




Graph and Level Curves of a two-variable function

Definition The graph of a function f of two variables

is the collection of points (z,y, f(x,y)) for
which (x,y) is in the domain of f

Definition The set of points (x, y) in the zy plane such

that f(z,y) = cis a level curve of f.

Note Different level curves (i.e. different ¢) do not in-
tersect.

Example Let f(z,y) = siny. Sketch the graph.

Example Let

22 42
f(%y)z\/l—?—b—g-
Plot level curves f = 0, 1/2, 1, 2, and
sketch the graph of f.
(an example of quadric surfaces)

watch domain



Level surfaces of a three-variable function

Definition The set of points (z,y, z) in space such that

f(x,y,z) = cis a level surface of f.

_ £ Y 2
Example Let g(z,y,2) =1 — primi R
Sketch the level surfaces g(x,y,z) = ¢ for

c=—1,0, 1, 2.

Limits and Continuity

Definition In the xy-plane, the open disk centered at

(xg,y0) with a radius ¢ is the set

DCS(:EOvyO) — {(xvy)l |(:E,y) _ (fﬁo,yo)| < 5}
The deleted open disk Ds(xq,yo) is

{(z, )| 0 < |(z,y) — (wo,%0)| < d}.

Note In 3D, we use the open ball Bjs(xg,yo,z20) &
deleted open ball Bs(xo,yo, 20)-

If A is a subset of the domain of f, the
image of A can be written as

fA) ={yly = f(z),z € A}.

Definition Let f(x,y) be defined throughout an open
disk centered at (xq, yo), except possibly at
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(0, yo) itself, and let [ be a number. Then
[ is the limit of f at (xg,yg) if for every
e>0d a 0> 0such that if

0<+/(x—20)2+ (y — yo)? < J, then
[flzy) 1] <e.

In this case we write
im  f(z,y) =1,

(:C7y)_>($07y0)

and say that lim f(x,y) exists.
(:C7y)_>($07y0)




Another way to write the requirement is:
Ve > 0, 3§ > 0 such that f(Ds(zo,y0)) C N:(1).

Example Show that

lim r=2x9 and lim Y = Yo
(:c,y)—>(:c0,y0) (:c,y)—>(:c0,y0)

Limit Formulas

If lim f(x,y) and lim g(x,y) exist, then
(z,y)—(x0,y0) (z,y)—(z0,Y0)

L dm (fEg)ny) =
(:C7y)_>($07y0)

hm €L, :|: hm x,
(x’y)_)(l’anO)f( y) (xay)ﬁ(xo,yo)g( y)

2. lim x,Y) =
(xay)ﬁ(l‘o,yo)(fg)( y)

lim  f(z,y) lim  g(z,y)

(z,y)—(z0,Y0) (z,y)—(z0,Y0)
lim flx,y
. / _ (zy)—(20,y0) (:9)
3. lim = | (x,y) = :
(2.9)— (z0.50) \ g lim  g(z,y)

(z,y)—(x0,y0)

if lim g(z,y) #0

(z,y)—(x0,y0)

Example Show that

. 3 + 97
a. lim —

—1
(2,5)—(0,1) 22 + y?
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:U3+y3 B

(x,y)—(0,0) T2 + Yy
use |a+b|<|a|+]|b]
Note: 1im(a:,y)—>(O,O)E lim a:2—|—y2—>0

Theorem If a limit exists, it is a unique number.

pf by contradiction

Theorem Suppose that lim f(x,y) =1.

(:C7y)_>($0 7y0)

Let 7: (a,b) — R? be a continuous vector-

valued function so that lim 7(¢) = (g, yo)

t—b—

but 7(t) # (xo,yo) for any t € (a,b), then

lim (f o 7)(t) = L.

t—b—

These theorems are useful for showing the non-existence

of limits with: lim + lim
along path 1 along path 2

Example Show that lim

1st.

£C3y

Example Find lim i
b (x,y)—(0,0) 226 4 y2

3

y=—mwax, Yy—=x

2 _ yz
(z,y)—(0,0) T2 + 12

does not ex-



2 2

Example What about lim i ?
(z,y)—(0,0) T+ Y

Note the subtlety of the definition of limit.

Substitution Rule (for composite functions)

If lim f(x,y) = L and g is a single-variable
(z,y)—(x0,%0)
function continuous at L, then

lim  g(f(z,y)) = g(L).

(:C7y)_>(x0 7y0)

In other words,

hm X, o hm T, .
(fc’y)ﬁ(xoayo)g(f( v) g((x,y)ﬁ(xo,yo)f( )

Note that f meed mot be defined at (xg,yp)

sin y/x? +y2)

Example Find lim In
(2,y)—(0,0) ( V2 + y?

Example Let

() = {O x <0
=11 z>0
and f(x,y) = zy, show that

lim o f(x,y) does not exist.
(fc,y)—>(0,0)g fe.y)



Continuity

Definition Suppose f is a function of two variables de-

fined throughout an open disk about

(20, y0). Then f is continuous at (xg,yg) iff

lim f(z,y) = f(zo,y0).

(z,y)—(x0,y0)

Definition If a function f is continuous at each point in

its domain, then it is said to be a continuous

function.

Note A composite of continuous functions is continu-
ous.

Example

LY
1+ 22 + y?

F(z,y) = sin
is a continuous function.

—— Problem Set 3 —
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