Triple Integrals
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Theorem Let D be the solid (3-dimensional) region
between the graphs of two continuous func-
tions F7 and F5 on a vertically or horizon-
tally simple region R in the xy plane, and
let f be continuous on D. Then

///m, v — // ( /3:;) my,z>dz> A

Example Let D be the solid rectangular region

2, =] x [0, 7] x [0, 2] and

5]
f(x,y,z) = zxsinxy. Evaluate

Jff o



Triple Integrals in Cylindrical Coordinates

Cvlindrical Coordinates

x = rcosb
y =rsin6

dV = dzrdrd

This coordinate system is best for problems with axial
symmetry (e.g. the region is bounded by a cylinder, and
the integrand can be converted to depend on r and =z
only).

Example Evaluate the mass of a cylindrical rod with
radius a, length [, and density f(x,y,z) =
1 4+ z where z is the distance from one end

of the rod. ra2l(141/2)



Example Let D be the solid region bounded above by

the plane y + z = 4, below by the zy plane,
and on the sides by the cylinder 22 + y* =
16. Evaluate

J|f Ve av
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Triple Integrals in Spherical Coordinates

Spherical Coordinates

x = rcosf = psin¢cos b
{y = rsinf = psin¢sinf
2 = pCos @
0% =22 42 4 22
dV = p*sin ¢ dp do db

This coordinate system is suitable for problems in which
the solid region D can be described in terms of the co-
ordinates in a simple way (especially if the problem has
spherical symmetry).

Note that in some texts, the symbols ¢ and 6 are
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switched. dV can be written as p?dpdQ) where dQ) =
sin pdodf is the differential solid angle.

Example Evaluate the mass of a solid ball with radius

a and density 1+ k,OQ. 47 /3a3(1+3ka2/5)

Example Let D be the solid region between the

spheres p = 1 and p = 2, and inside the
cone ¢ = /4. Evaluate

///z%zv

D
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Change of Variables in Multiple Integrals

Single integral

A substitution of x by g(u) converts an integral as
following

b 9~ (b)
x)dr = w))g' (u)du.
| s = [ rtatung )

Double integral

Consider a transformation 1" from the wuv-plane to
the xy-plane with the parametric equations
z=z(u,v) & y=y(u,v).

With v = vy held fixed, the curve (x(u,vg),y(u,vy)) de-
scribes a “coordinate line” of constant v on the xy-plane.

Example Consider polar coordinates in 2D.

A short secant vector of this line with initial point at
(’LLO, ’Uo) 18

a = (z(uo+Au,vg) —x(uo, vo), y(uo +Au,vo) —y(ug, vo))
~ (O 9

~ (3o Au, 52 Au).

Similarly, a short secant vector of the v coordinate line
can be approximated by b ~ (g—ﬁAv, %Afu).
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The area of the parallelogram bounded between the
two vectors can be obtained as the magnitude of their
cross product, which gives

AA = |J(u,v)|AulAv

where

RN rondl B

is called the Jacobian of the transformation T'. |J(u,v)|

is the absolute value of J(u,v).

Therefore, if the transformation x = z(u,v), y = y(u, v)
maps the region S in the uv-plane onto the region R in the
ry-plane, and if the Jacobian d(z,y)/0(u,v) is nonzero
and does not change sign on .S, then

// f(z,y)dAzy = // fz(u,v), y(u, v))|J(u,v)|dAu,
R S

in which the subscripts are attached to identify the asso-
ciated variables and

S = T_l(R) — {(u,’v)|(ac,y) — T(u,'u), (:C,y) S R}



Example Evaluate

[[ eraa

R

where R is the region in the first quadrant

enclosed by the lines y = %ib and y = x

and the hyperbolas y = 1/z and y = 2/x.

%(62—6) In 2

Triple integral

If T' is the transformation from uwvw-space to zyz-
space defined by the equations

r=z(u,v,w), y=yluv,w), z=z(u,v,w),

then the volume of the parallelepiped bounded by short
secant vectors a, b, ¢ of the coordinate lines can be ob-

—

tained by the magnitude of the triple product |(a x b) - €],
thus AV ~ |J(u, v, w)|AuAvAw.
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is the Jacobian of T'.




An integral is transformed as

/// f(z,y,2)dVyy,, =

/// f(x(u,v,w), y(u,v,w), z(u,v,w))|J(u, v, w)|dVypw

T—1(D)

Example Show that the Jacobian of the transforma-

tion from cylindrical coordinates to rectan-
gular coordinates is r.
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