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Exercise 12.4 Qu. 18 u(,y, t) = t~tem @y /4
Ju 1 a2y w24 y? e,
Qu. 4 = (31,2 +y2)1/2 E _ _t_2€7(zz+y2)/4t + Tsye (z%+y?) /4t
0. 1 . 3
£ — 5(3272 +y2)’§(6z) = = 2z+ = 8_u _ _167(12“"‘”2)/‘“
V3z?2+y Jr 212
0z 1 1 Y d%u 1 2, 2 22 2, 2
== (322 )2 () = ——— U _ 2 mE@Py?/ar Y (@) /4t
oy~ g = mape T e
3z 0%u 1 2,2 y2 2,02
2 2 _ . o _ =@ +y7)/at | I —(a"+y”)/4t
9, V3z2 +y2(3) — 3z CTER 32 a7 52° + YN
02 322 +y? - (3y2 4 y2) Cou 9u N 0%u
y “ot 9z oy’
2?2 +y?(1) —y ———
&_\/ y*(1) —y i
oy2 322 + 32 (3y2 +12)2
0z 8%z 3zy
©Oxdy  Oydr _(3y2 +y2)2 "
Qu. 16 Let f(z,y) = (22 — y2)m7 then
fo= Ay -y
CT 212 (22 + 42)2
5, = 4xy? 2z (2% — y?)?
vTog2 +92 (x2+y2)2
2(x% + 9xty? — 9x2y* — 45)
fzy = (x2+y2)3 :fyx-
Surface of f(z,y)
For the value at (0,0), we use
_ . f(Az,0)— £(0,0)
£0,0) = Jim BER2TRE — 0= 10,0
o fa(0,Ay) = fo(0,0) . —2Ay(Ay)*
0) = Jeih 2I)  Je ) A S |
fy(0,0) = Jim, Ay A% "Ay(Ag)t
. fy(Az,0) = f,(0,0) 2Az(Az)t -~
F2(0,0) = Alm, Az = A, Az(Az)t

This is not contradict Theorem 1 since the partials fs, and fy, are not continuous at (0,0).

(For instance, fqy(z,x) = 0 while f,,(z,0) =2 for z # 0).
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Exercise 12.5 .
Qu. 2
ow_ofoy 050 Wy
ot~ oy ot 9z ot
s s t ot
Qu. 12 Let u=yf(z,t), v = f(y,t), then
f
0y 20 000
Ay Y= B dy Oy
_of of of ) '
n 811,f($’t) + v Ay’
X y t y
Qu. 20 Let f = f(u,v), where u(s,t) = s —t, v(s,t) = s + 2 f
u v
s t s
fs = fu(28) + fu(1) = 25fu + fo
0 50, 0
o = ol Tl
7] ou 0 v 7] ou 0 v
=2lge T T o el Tt e
= 25 fuu(=1) + fuu(20)] + fou(=1) + fou(21)
= =25 fuy + (45t — 1) fuy + 2t fon
7] 7] [7] 7]
Efst = _QSEfuu + 4sfuv + (4St - I)Efzw + 2fm} + QtEfvu
o, Ou 0, Ov . 7] ou 9 , Ov
= 728[£fuu N E + %fuu : E] +4'5juv + (4St - 1)[a_ufuv : E + %}‘uu N E]
aJ ou 0 ov
+ 2fvv + Qt[%fvv N % + %fvv ° &]

= =25 funu(=1) + fuuo(28)] + 45 fup + (45t — 1) furu(=1) + fuvo(—=1)]
+ 2 fup 4 2t fovu(=1) + fouu(21)]
=25 fuuu + (1 — 851) fuuw + 44(25t — 1) fuvw + 4t2fvuv +45fup +2fpp-
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Qu. 21 Let g(z,y) = f(u,v), where u = u(z,y), v =v(z,y). Then

_Ofdu _9f dv

gw*E8Z+%$:f1L'/“z+f1r'vz
Cofou  ofov
9= Bu Oy ' Ovdy Furtty & forvy

17} 17}
Jrz = a(gz) = %[fu g+ fy vz]

7] 0
= %(fu)uz + fullze + %(fv) Uz + foVszz

_[0fuOu  Of,0v Ofy Ou  9f, v
| Ou Oz * v (')ﬂc] Up + fullaz + {Bu Ox + v Oz

= (.fuu'“fz + fuvlum)ua: + U fu + (fvuuz + fm"U:n)vz + fo - Ve
= Ugg fu + Ve fo + <Uw)2fuu + (U'I)zfvv + U Vs fuw + UaVa fou

0 7] .
Jyy = Biy(gy) = Fy[fu“y + fovy]

= uyyfu + 'Uyy.fv + (uy)2fuu + (Uy)zfvv + uyvyfuv + uyvyfmw

Therefore

Yaa + Gyy = (“zx + uyy)fu + (sz + vyy)fv + [(“1)2 + (uy)Q]fuu
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Vg + fv Uz

+ [(UT)Z + (Uy)Q]fvv + (Uzvz + uy'”y)fuu + (uzvz + uyvy)fuu

=0-fu+0-fu+ [(uz)z + (’”z)z]fuu + [(UI)Z + (“z)z]fvv
+ [z (—uy) + vy (o) fuo + (e (—1uy) + uy(ue)] fou

= [(us)® + (v2))(fuu + fou) + 0+ fuw + 0+ fou
=0.

.. g is harmonic.

Note that v and v are harmonic.
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Exercise 12.6
Qu. 6 Flw,y) = wer e F2,-1)=2
fo =" (1 4 222) fo(2,—4) =9

2
fy = wevt™ fy(2,-4) =2

fla+ Da,y+ Ay) = f(z,y) + Dafo(z,y) + Dyfy(z,y)
- f(2.05,-3.92) = £(2,—4) + 0.05£,(2, —4) + 0.08f,(2, —4)
= 92+4045+0.16
=261

Qu. 12 w =2y /2"
wy = 22y> /2% = 2w/z
wy = 2°(3y°) /2" = 3w/y
w, = —4x?y3 /2% = —dw/z
dw = wedr + wydy + w.dz
dw dzx @ _ %

—=2—+43 4
w T y z

d 2 d 3
, similarly, —y =— & _ ——. Therefore

dx 1
Si i ses by 1% then — = —
ince  increases by 1% then " 100 100 24 100

Aw dw _246-12 4

w w100 100

.. w decreases by about 4%.

Qu. 17 If f is differentiable at (a,b), then

b J b k)~ f(ab) — hfa(ab) — kfy(ab) _
(h,k)—(0,0) Vh2 +k?

Since the denominator of this fraction approach 0, the numerator must also approach 0 (faster!!)

or the fraction would not have a limit. Since the terms hf;(a,b) and kf,(a,b) both approach

0, we must have
(h,klffio,o)[f(“ +h,b+k) = f(a,b)] =0

pe. fla+hb+k) = f(a,b)

lim
(h,k)—(0,0)

Thus f is continuous at (a,b).
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Qu. 18 Let g(t) = f(a+th,b+ tk) = f(x(t), y(t)), where z(t) = a + th, y(t) = b+ tk, then
dg _dfdx  Ofdy

dt ~ Oz dt Oy dt
:hfz+k7fy~

If h and k are small enough that (a + h,b+ k) belongs to the disk referred to in the statement

of the problem then we can apply the (one-variable) mean-value Theorem to g(t) on [0, 1] and

obtain

9(1) = g(0) + 4'(9),

L g0) = 9(1) — 9(0)

"0 for some 6 satisfying 0 < 6 < 1, i.e.

fla+h,b+k)= f(a,b) +h fu(a+0h,b+0k)+k f,(a+60h,b+ 0k).
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Qu. 6 fla,y) = 2.’L‘y/(q;2 +4?)
Fole,y) = (% + ) (29) = 209(20)) | (@2 + )2 = 202 = 0%) [ (22 + )2
fyla,y) = 22(y* - 12)/@2 +y2)?

2(y> —2?)

Vi(z,y) = @R

(yi—=zj)

(a) Vf(0,2) =i
(b) Let F(z,y,z) = f(z,y) — z = 0. This is a level surface in 3D, hence
VF = (fa, fy, —1).
At (0,2,0), VF(0,2,0) = (1,0,~1) =n
.. The tangent plane is
(r—rg) - n=0
(z-0,y—2,2-0)-(1,0,-1) =0
r—2z=0.
(c) Let f(z,y) = c. This is a level curve in 2D, hence
V= (far fy)
At (0,2), Vf(0,2) = i =mn, .. parallel vector v to the required line is j
.. The required line:
r(t) =ro+1tv
=(0,2) +t(0,1) = (0,2 41)

ie. x=0.

Qu. 10 fzy) =3z — 4y
Vf= (famfy) = (3, 74)7 Vf(()’Q) — (37 74)
D_; f(0,2) = —i-(3i—4j) = 3.

Qu. 14 First, we try to find V ||r||

11 _1
(Vllelll; = 8i(rjry)? = 5(rjrs)~20i(rrs)

11 11 1
= 2 (r;0ir; i) = = —2(ri0) = —14.
g el 9% r3Bi) = G riti) =

r
Vil = el
1 r
i = = .
Vin|r| Hr”VIIrH e
— 7 —
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Qu. 16 x =rcosf,y=rsinf and f = f(x,y) = f(r,0)

of _0jos  oroy f

or Oz dr ' Oy or
o of . of . v
= 0059% +s1n9@

of _ofor ooy

00 9x 00 ' 0y 90 T roo8
s Of of
= rsmeam-&-rcoseay. ,
8
r
o X
Also note that
?:@:cosgi-ksin@j
0= w = —sinfi+ cosfj.
Note that T L 5, therefore
of . 10f=+
ErJr;%G
= (cos2 6’% +sin000sﬁg£) i+ <cosﬁsinﬁg—£ +sin2€g—£> j
+ (sin2 6’% 7sin0cosé‘g—£> i+ <7 cos95in€% +cos29%> J
_of. of .
T oz T Oy‘]
=Vf.

Qu. 18 f(z,y,2) = 2%+ 4> — 22, Vf = (22,2y, —22) .. Vf(a,b,c) = (2a,2b, —2c).

The maximum rate of change of f at (a,b,c¢) is in the direction of V f(a,b,c) and is equal to

[V£(a,b,c)ll.

Let U be a unit vector making an angle § with V f(a, b, c), then
1
3 IVfa,b,)l =a-Vflab,c) =V f(abc)llcosd

1
ie. cosf = 5 = 6=60".

oAt (a,b,¢), f increases at half its maximal rate in all directions making 60° angle with the
direction (a,b, —c).
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Qu. 21 (a)

-4 -2 . 0 .2 4
path of max rate of cooling

(b) VI =2zi—4yj, VT(2,—1)=4i+4j=4(i+ j).
An ant at (2,—1) should move in the direction of —VT'(2,—1), that is, in the direction

—i—j, in order to cool off as rapidly as possible.
. dT ~ . o
(c) Since e D,T = VT -, required rate = |VT(2, —1)| k = 4y/2k degree/unit time.
s
(d) temp. change at rate

—i—2j 12
A4k = -2k
75 @itdd) /5

12
decreasing at rate —=k degree/unit time.
V5 /

(e) Let the required curve be (z(t),y(t)), this curve is everywhere tangent to VT'(z,y). Thus

de, dy, . . . dy dy
— —=j=A2zi— 4 e, — = \2 —= = -\
it i = A2l dyj), e — T, o Yy
d,
W_ W
dx T
. 2 . 4
This curve passes through (2, —1), we have ya? = —4, i.e. y = -
X

Qu. 26 Let Fy(2,y,2) = 22 +9?> — 2 = 0 and Fy(z,y,2) = > + 22 — 2 = 0, both of them are level

surfaces.

n; = VF, = (22,2y,0) and no = VF> = (0,2y,2z2). At (1,-1,1),
n; =(2,-2,0) and np = (0,—2,2).

A vector tangent to the curve of intersection of the two surfaces at (1, —1,1) must be perpen-

dicular to both these normals, v =mn; x ng = (—1,—1,—1).

.. The vector k(1,1,1), where k is any scalar, is tangent to the curve at the point (1,—1,1).
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Ex. 12.7, Qu. 6a
flz,y) = 2ay/(2® + %)

Ex. 12.7, Qu. 6¢c
Contour plot of f(z,y)

3

Ex. 12.7, Qu. 6a
Different angle of f(z,y)

2

il 21
0

SNt
B

. /é
J
it
1IN

Ex. 12.7, Qu. 26

Two cylinders

Ex. 12.7, Qu. 26
Cylinder y? + 2% =2

Ex. 12.7, Qu. 26

Curve of intersection

— 10 —
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¥y

Ex. 12.7, Qu. 6b
Tangent plane at (0,2,0)

T

WY
Y

Y
\\\\‘\‘{“-‘f‘!‘\‘\“‘\d

Ny

Lt

Ex. 12.7, Qu. 26
Cylinder 22 + y? = 2



