Homework 10 MATH2023
Exercise 16.4
Qu. 4 IfF =a23i+3y22j+ (3y%2 + 22)k, then

V-F =322 + 322 + 3y%, and

#F -ndS = /// V-FdV (Divergence Theorem)
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Qu. 8 Since the cylinder is a closed surface, so we can use the divergence theorem to do this question

#F -ndS = ///V -Fav (where G is the cylinder)
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F=22i+y%j+ %k
V.-F=2z+2y+2z2
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Qu. 11 This is a closed surface, we can use Divergence Theorem to do this question.

F=(+y)i+@B%y+y*—2)j+(z+ 1k
V-F=1+302 4% +1=2+3(%+42).

Let G be the conical domain, S its conical surface, and B its base disk, as shown in the figure.

SgF-ﬁdsz/G//v-de
:/G//[2+3(x2+y2)]dv

27 ra pb(1-%)
= / / / (2 + 3r®)rdz dr do (Cylindrical coord)
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Qu. 23 Note that V- (¢F) = ¢V - F + V¢ - F, thus

/D/ ¢V~FdV+/D/ v¢-FdV:/D//v-(¢F)dv

= ﬂqﬁF -ndS (Divergence Theorem)
S

Qu. 24 If F=V¢in Qu. 23, then V- F = V2¢ and
///¢v2¢dv+#nv¢u2dv = ﬂqsw;.ﬁds.
D D s
If V2¢=0in D and ¢ = 0 on S, then

/Z/ V6| av = o.

Since ¢ is assumed to be smooth, V¢ = 0 throughout D, and therefore ¢ is constant on each
connected component of D. Since ¢ = 0 on S, these constants must all be zero, and ¢ = 0 on
D.
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Exercise 16.5
Qu. 2 Let S be the part of the surface z = 32 lying inside
the cylinder 22 +y? = 4, and having upward normal 1.
Then C is the oriented boundary of S. Let D be the
disk 22 +y? < 4, z = 0, that is, the projection of S onto
the zy-plane. If F = yi—zj+ 22k , then

i

VxF= =—-2k.
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Let f(z,y,2) = z —y? = 0, this is a level surface in 3D, so Vf = (0,—-1,1) =

fydz—zdy+22dz:?(F~ dr
c C

= //(V x F)-ndS (Stoke’s Theorem)
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Qu. 3 Let C bethe circle 22+y? = a2, z = 0, oriented counter-

clockwise as seen from the positive z-axis. Let D be the

disk bounded by C, with normal o = k.

A
*E =1

n, so 3y

J
9
oy

—> v

U7z
P (S

V4

k
1%

8z
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=2x-y)i+2zj—(22+3)k.

//(V x F)-ngdS = ]g F.dr (Stoke’s Theorem)
c
S

= //(V x F)- kdA (Green’s Theorem)
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Qu. 8 Note that r(0) = 2i+ j = r(2n), therefore r(t) is a closed space curve for 0 < ¢ < 27. So we

can use Stoke’s Theorem.

i j k
vxr=| 2 L Oy
ox Ay 0z
ye® x+e’ oz
Note also that
z=1+cost
y=1+sint

z=1-—sint —cost
sowehavex +y+2=3and (z —1)2+ (y—1)2=1
ie. C lies on the surface z +y+ 2z =3 and (z — 1)% + (y — 1)? = 1.

In fact, C' is the boundary of the elliptic disk in the plane x4y + z = 3 lying inside the cylinder
(z—12+(y-1)2%=1
Let f(x,y,2) =2 +y+ z =3, this is a level surface in 3D, so Vf = (1,1,1) = n.

Therefore % F-dr= //(VXF)*ﬁdS
Jo J.
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Alternatively, note that F = ye®i+ (z + ¢®)j + 22k = j + V¢, where ¢ = ye® + % The
curve C'is a closed curve in a simply connected domain, so
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Qu. 9 If S; and S5 are two surfaces joining C to Cy each hav-
ing upward normal, then the closed surface S3 consist- 2
ing of Sy and —S> (that is , S with downward normal)

bound a region G in 3-space. Then

//F-ﬁdsf//FﬁdS://F~ﬁdS+//F-ﬁdS
S1 Sa S —S2
:ﬂp-ﬁds
S3
:i// V.Fdv
G
0

provided that V - F = 0. Since
F=(a® - 2)i+ (xy+y° +2)j+ 0y’ (2 + Dk
we have
V-F =2az + 2+ 3y° + By
=0 if azfé and [ =-3.
In this case we can evaluate / / F - ndS for any such surface S by evaluating the special case
s

where S is the half-disk H : {#® + 4% < 1, 2 = 0, y > 0}, with upward normal 1 = k. We

have
//F~ﬁd5:73//y2dA
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