Homework 6 MATH2023 Homework 6 MATH2023

Exercise 14.1 Exercise 14.2
Qu. 17 By symmetry Qu. 12
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Qu. 22 (see also page 15) Qu. 30 Since F'(z) = f(z) and G'(z) = g(z) on a < & < b, we have
% A
Y=N )
|
5 7Y | (o) b,0)
/
) L =//f(x)g(y)dA /0 |
T // HE -
ne b o o b 1
[ [ #@aty) duiz
21 = 1 —y? and 2z, = z? intersect on the cylinder 22 4+ 32 = 1. The volume lying below > "
z=1—y? and above z = 22 is = / f(35)</ G'(y)dy) dx
_ B b
V=[] - - [ 1@ie@ - )
z24+y2<1 a
b b
:// (1—y?—2?)dA :/ f(a:)G(z)dsz(a)/ (@) de
z2+y2<1 ’ ab o
| i ‘ - / F(@)G(x) dz — G(a)F(b) + Gla)F(a).
:4// (1 — 22 — y?) dydx a
0Jo
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:4/ [(1—952)3/— ‘/—] dx
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R 1= [[ @) da
= g/ (1- zZ)% dx, let x = sinu, then dz = cosudu T
0 b b
5 = dad
= g/ cos? udu /a/y f@)g(y) dedy
?1 b b
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Alternatively, using pol b b b
ernatively, using polar, we have / F@)G() do = F(B)G(b) — F(a)G(a) 7/ Fly)g(y) dy.
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Qu. / / || sin 7y dydz. Exercise 14.3
J-2J0

Qu. 4
1 1 p2z 1
e At
A NG 0Je TVY
1
2r — /o
—9 / V2r VT,
0 z
vioy [
=2(vV2-1) / —dz
Jo V&
=4(v/2-1) (converges)
This is the volume of the region bounded by z = |z|sinmy, the xzy-plane, and the planes
z=—-2,2=3,y=0and y=1. The volume is Qu. 5
2 42

3 el
V= / / || sin 7y dydx
-2J0 1+22)(1+y?)
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/

(why!l).
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. 2
x
dA =2 // (T dA  (by symmetry)
Q

?
= —cosmy| dx 2/OC 2 d /oo 1 d
- ™ = ——dr X —
2 0 o 1+a? o 1+y? Y
3
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=/ = |z| dz. :W/OOLdZ
9 T 0 1+ x2
At this point we use the definition of absolute value to split this into two quantities which diverges to infinity, since
-0 3 .
2 2 1
= /727—xdx+/0 ;xdz lj—_mz > 3 on [1,00)
4 9
=247 or
T
13 22
= - 152 —1 as x — o0.
(see also page 15)
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Qu. 21

11
z—y z—y
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other iteration:
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These seemingly contradictory results are explained by the fact that the given double integral
is improper and does not, in fact, exist, that is, it does not converge. To see this, we calculate

the integral over a certain subset of the square S, namely the triangle 7" defined by 0 < < 1,

O<y<uz

1
— = dA = ——dydr, letu=2x+y, then du=4d
Z/ (z+y)? /0/0 @ty Y Y
1 p2x
2-7,
:// 13ududm
0Ja w
1 1 " 2z
[ GR) -

_1/1dz o
T4y @ :

(555555552
(S5
(S8
(S80I REAT>
B ey s e
s o oo s e st
ey
s sl
2552

which diverges to infinity.
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Qu. 30 IfR:{(z,y)‘a§m§a+h, b<y<b+k}

[ tenaa= [ o / " e gy

R
a+h
- / (ol b+ k) — fola, b)) do

= fla+h,b+k)— f(a,b+ k) — f(a+ h,b)+ f(a,b).

Similarly,

z/ £} dA = /bb+k/aa+h (o) dsdy

= fla+h,b+k)— f(a+h,b) — f(a, b+ k) + f(a,b).

Thus
1[/ Foy(ary)dA = Z/ o)

Divide both sides of this identity by hk and let (h, k) — (0,0) to obtain, using the mean-value

theorem,

fu:y(a'v b) = fyz(a'-,b)-
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Exercise 14.4 Qu. 22
Qu. 11 22 F 42 = a2
//( L yda /%/a( 6+ rsinO)r drdd This is a sphere centre at (0,0,0) with radius a. In cylind. coord. r? + 2% = a?
T4y = r Cos rsin@)r dr
o Jo 2 2
s 2?4y =ar = (x—%) +y2=(%> .
a
z .3
:/ L((:()s@—&-sin@) dé a a
0o 3 0 This is a cylinder centre at (—, 0) with radius —. Zz
2 2 A
a3 3 In polar coord. r = acos#.
= —[sinf — cos
3 [ ] 0 By symmetry, one quarter of the required
_ (V3+1) e volume lies in the first octant. o> 6y
6 2 .
e
(see also page 15) &
Qu. 14
27 1 V:4//\/a2—z2—y2dA 7Y
In(z? + y?) dA :/ / (Inr?) - drdd 15 «
o Jo+
z2+4y2<1 = pacosd W
1 =4// vaz—r2.rdr R
=47r/ rinrdr Jo Jo ey =0
o+ 4 I racosf ) i ) ) or o
r2 1 1,29 A :75/0 /0 (a® —r*)2 d(a® — %) = (.COO
=47 Elnr 7/ 3 —dr | oy w | — >/
T ~ (AR =1 2 ]
0+ 0 P :72/2 2((1277‘2)3/2 acos&do
1 0 3 0
=47 {0 -0-— —] 7K 4 3 .
4 - ——a3/2 (1sinor* —1) a0
= 3 Jo
4, bl s . . ™
=§a (1 —sin”0)df since sinf >0 for 0<9<§
0
Note that the integral is improper, but converges since _ §a3g + %a?’ /7(1 ~cos20) d(cos 0)
lim+ r2Inr = 0. 5 z
r—0 2 4 . 0
= g71'(13 + §a3 {COSG — COZ :| ‘
0
2 1
= gﬂ'as +-d* {7(1 - 5)]
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Qu. 26 One quarter of the required volume V' is shown in the figure. Qu. 37

22yt =2y
$2+(y71)2:12

This is a circle centre at (0, 1) with radius 1.

In polar coord. r = 2sin 6.

.'.V:4//\/§dA
D
5 r2sinf
=4// Vrsin 0 rdrdf
o Jo

3 2
:4/ sing = p%/2
0 5 0

_ 32\/5/2 sin 0 do
0

5

2sin 6

de
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o1

Erf(z) = %/{) et dt:%/o e ds.

[Exf(z))? = %// e+ gsqt,
S

Thus

where S is the square

S={(s7t)‘0<s<x,0<t<z}. t

By symmetry,

[Erf(z))? = % / / e~ ("4 gsat, 8
T

w

/Xk [/f”}‘:)\} where T={(s7t)‘0<s<x,0<t<s}. > /X

S=K
s =X
=74 Secl

= NYC)
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In polar, we have
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[Exf(z)]? = —/ / e " rdrdd
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Since cos? 0 < 1, we have e~ /5" € L =2 go
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Qu. The cone 22 = 22 + y? and the sphere 22 + (y — a)? + 2% = a? intersect where Alternatively, let V3 be the volume inside the cone and outside the sphere, then
z2+y2:a27:t27y2+2ay7a2
i.e. on the cylinder

24y =ay

“em3) -

—1/4:/// dzdA
4 N

In polar — ://[\/at«f?*(y*a)?*\/zzﬂ/?} dA
v D
r=asinf.
= //\/(LQ -2 — (yfa)QdAf// Va4 y2dA
D D

=Vi—Va,
The volume V lying outside the cone and inside the sphere lies on four octants; one quarter where
of it is in the first octant. To calculate V', we first calculate the volume V; under the cone and Vi, = / / m dA, let Y —y—a
inside the cylinder, i.e. %

Vi= // Va?+y?dA " = // Va2 —a2?—(y')?dA’, where dA' = dxdy
D N v

% prasing
/ / r-rdrdd
0 Jo

3 5
- “—/1 sin® 6 do

3 Jo

2 3

12
= Z§0,3(37r —4) (from Ex. 14.4 Qu. 22)

sz//\/x?ersz b
D

[ 2
9% = §a3 (from above).
Then calculate .V = (volume of the entire sphere) — Vj 71
V5 = the volume inside the sphere and inside the cylinder — Ea3 + 2_7T
9

2,
= §a3(37r —4) (see Ex. 14.4 Qu. 22)

.. The volume inside the sphere and outside the cylinder

Vi = %'naﬁ — V5.
.. The required volume V'
V=4V1 + V3
= gas + %77(13 gﬁ(]d — 6(15
_ ?a:i + 27 4
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Ex. 14.1, Qu. 17 Ex. 14.2, Qu. 22
flo,y) =42%y3 —2+5

Ex. 14.3, Qu. 5 Ex. 14.4, Qu. 11

__ a4y f@y) =z+y
e =G

Ex. 14.4, Qu. 26 page 13, Qu.
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