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Exercise 15.1 Qu. 16

Qu. 7 v(z,y) =zi+ (x+y)j

&5
I

Vin(z? + y?)
1 The field lines satisfy
= ———2zi+2yj)

22 + 2 de  dy
r x4y
Note that |F| = 2/\/12 +y2, iLe. the length of the dy xz+y
1 % dz ~ =z
vector decreases like —. A
r Let y = av(x)
The field lines satisfy N p dy dv
AN / d—, =P + xr—
de dy \ i i
= . . d 1
r Y ™ < N\ 2 v+m—vzx( +v):1+v
Inz=Iny+c = du x
B * = K dv 1
- - de =
Thus they are radial lines y = cx and = = 0. “ ) v = v
v / v(z) =In(z) + ¢

.. The field lines have equations y = = In |z| + cz.

Qu. 9
v(z,y,z) =yi-yj-yk
The streamlines satisfy
dr = —dy = —dz.
Thus
y+xr=c and z+x=co.
Let x =t, then y = ¢y — t, 2 = co — ¢, then

r(t)=ti+ (a1 —t)j+(c2—t)k
=(0,c1,c0)+t(i—j— k)

i.e. the streamlines are straight lines parallel to i — j — k.
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Exercisel5.3
Qu. 2
C:x=tcost, y=tsint, z =t, 0<t< 2w
ds = (@' (1)) + (/' ()" + (' (1))°]"/?
= [(cost — tsint)? + (sint + t cos t)? + 1]/ dt
=2+ 24t
Thus

27
/zdS:/ tv2+t2dt
c 0

192 27
— 12094 42)3/?
23( +t)

0

- %[(2 4 4n2)P2 _ 93/,

Qu. 8 The curve C of intersection of 2% + 22 = 1 and y = 2 is:

let 2 = cost, z = sint and y = cos?t, i.e. in parametrized form

r(t):costiJrcoszthrsintk, 0<t<2m

Thus

ds = [sin® ¢ + 4sin® t cos? ¢ + cos® 1] dt

=1 +sin? 2t dt

27
/ \/1+4m222d5:/ V1+4cos?t-sin?t V1 +sin? 2t dt
c 0

2m .
:/ (1 + sin® 2t) dt
0

27
1—cos4
:/ (14 1oty
A 2
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Qu. 15 The parabola 22 = 22 + 52, & + z = 1, can be parametrized in terms of y = ¢ since

(1—a)?=22=2 +y? =a? + 12

1-#)

= 1-20=t* = 2= 3

and

z=1—x=

Thus

ds = V2 +1+t2dt
=V1+22dt

and

dt

/ 1 1)7/“’ V122
c PR T 1)
o
2 —dt
/0 1+ 262
2 ta

2

2

2

oo

n~1(v/2t)

0

= V2t
—val
S

a-#)
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Exercise 15.4 Qu. 11 ,
F=AxInzi+ By’zj+ (T— + %) kis conservative iff
Qu. 3 z
F(r) = 21— yj+ 22k F=V¢ or VxF=0.
i j k
The curve C: 9 9 9
r(t) = (1 —t)ro + try 0<t<1 ie. VxF=| 09z dy 9z
2
=ti+tj+tk Az lnz By’z %+y3
1 2 2z Az,
'.'/F,drz/(tﬂ_t)dt:% _1 =@ - By)i— (T - )i+ (0-0k=0.
Jo Jo
0

2
ie. B=3and A=2. - F(r)=2zInzi+3y’zj+ (T— +y3) k. Hence
z

99
Qu. 5 The curve of intersection can be parametrized as oz =2z Inz (1)
= 7]
x = cost a_(b _ 3y22 @)
y =sint Y
19} 22 .
z =sint. a—f: ?erd. (3)
From (1), we have
At the points: ¢=a’z+ 9(v:2)
(-1,0,0), ie xz=-1, t=-morm Sy =0y(y,2).
(1,0,0), ie. x=1, t=0, 27 From (2), we have
) 9y =3z = g=¢’z+ /()
.'./CF~dr=/ (sin®ti+ costsintj+ costsintk) - (—sint, cost,cost) dt d=aInz+y32+ f(2)
’ b= Ty 1)
:/ (—sin® ¢ + cos? tsint + cos® tsint) dt ==Y 2
—T

0 ) From (3), we have
/71r(3 cos?t — 1) d(cos t) f(z)=0 = f(z)=const

CLo(x,y,2) = 22 Inz + 332 + const.

= [cos®t — cost]

-

—[-1—(-1)]-[1—1]=0.

If C is the straight line from (1,1,1) to (2,1,2), then
r(t)=(1-6)(1,1,1)+¢(2,1,2) =(t+1,1,t +1), 0<t<t

Alternatively, note that F = yzi+2zj+2yk = V(zyz) i.e. F is a conservative vector field in

" " 2
| 22 Inzdr +2y%2d 3dz = cdr— | (Prdy+ = d
an open simply-connected domain. /C T Inzdz + 2y zdy + y° dz /c Vo dr /c(y zdy + — 2)

. C : acurve from (—1,0,0) to (1,0,0).

/F-dr:xyz
c

Since F is conservative, it does not matter what curve.

2,1,2

(1,0,0) = (z" Inz +1°2)

=0-0=0.

(=1,0,0) 2
=4n2+2-1+ (5 +1)

(2,1,2) 1
—/ [(t+1)(0) + (t+ 1)]dt
@iy 70

1,1,1

1

0

=4In2— l
2

-5 - -6 —
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Qu. 13
I= / (2zsin(my) — €7) dx + (w2? cos(ny) — 3¢*) dy — xe* dz
c
= / F - dr,
JC
where
F = (2zsin(my) — €7, —ma? cos(my) — 3€*, —xe?).
By observation,
Vo = V(2?sin(ry) — ze?)
= (2w sin(my) — %, w2 cos(my), —we®)
=F +(0,3¢%,0)
I=/ V¢~dr—3/ e dy
c C
(1,1,In2) )
= [2? sin(7y) — z€?] —3/ e+ gy
(0,0,0) 0
-3
5
Qu. 14 (a) S ={(z,y)|z >0, y > 0} is a simply connected domain.
(b) S ={(z,y) |z =0, y >0} is not a domain. It has empty interior.
(¢) S ={(z,y) |z #0, y> 0} is a domain but is not connected. There is no path in S from

(=1,1) to (1,1).

(d) S = {(=,y,2)|x* > 1} is a domain but is not connected. There is no path in S from
(—2,0,0) to (2,0,0).

(e) S = {(,y,2)|2* +y*> > 1} is a connected domain but is not simply connected. The circle
22 4+y% =2, z =0 lies in S, but cannot be shrunk through S to a point since it surrounds
the cylinder 22 + y? < 1 which is outside S.

(f) S ={(z,y,2)| 2% + y* + 22 > 1} is a simply connected domain even though it has a
ball-shaped “hole” in it.

Qu. 22

Homework 8 MATH2023
(a) C: 2z =acost, y =asint, 0<t< 2w ');
1 [wdy—yde 1 2 (zzcos2t+a2sin2tdt=1' | ¢
21 Jo 22+ y? 21 Jo  a?cos?t+ a?sin®t
e

(b)C=Cl+CQ+Cg+C4

OnCi:x=1, dr=0, -1<y<1
OnCy:y=-1,dy=0, -1<z2<1
OnCs:x=-1, de =0, -1<y<1
OnCy:y=1, dy=0, 1<z <1

1 [ ady—yde 1 /1 dy +/1 dx +/1 ~dy +/1 —dx
o Joo w24y 2w Sl a2l 1y a2l

2 o1
=-= dt
77/_1 1+4¢2

Y
= —"tan"'(¢) A
1 T on
2.7 0w |
= —"(—4+=)=1. (ag
a7 G )
Al T
Z Cs
=
(C)0201+C2+C3+C4
OnCy:y=0,dy=0, 1<z<2
On Cy: x =2cost, y = 2sint, o<t
OnCs:y=0, dy=0, —-2<r< -1

On Cy : x = cost, y =sint, t goes from 7 to 0

o o 2242 o

1
7%(77777)70.

1 [awdy—yde 1 [ /‘“4cos2t+4sin2tdt+0+/'0cos2t+sin2f,dt

o 4dcos?t+ 4sin®t L cos2t +sin’¢

Cy le 2



