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Exercise 15.2

Qu. 5

F(r) = 22y — 23 i+ 2yz +22)j— (222 —y?) k

i j k
T ']
= ox Oy 0z

20y — 2% 2yz+a? y? — 22z
=2z —-20)i—(-22+22)j+ (2z - 22)k
=0.

. F is a conservative vector field in an open simply-connected region (R?), i.e. F = V.

Therefore

g—i = 2zy — 2* (1)

% = 2yz + 2? (2)

g—f =y? — 22, 3)
From (1), we have

o =21y —a2® +g(y,2)
Oy = x? + y-

From (2), we have

w=22 = gy =y’ +f2)

no=ay -z i+ f(2)
6. = =2z +y> + f'(2).

From (3), we have

=0 = f@E)=e

s,y z) = z2y — 222 + 4%z + cis a scalar potential for F, F is conservative on R3.

(constant)
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Qu. 9

2z,

F=—i+

z
i
[7]
VxF=|0oz

2z

z

2y

:<7z72
=0.

Therefore, F may be conservative in R3
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9 2 .2
. = J;y Kk

z 2z

j k
A

dy Jz

2y at4y?

z 22

2£ 20 2z

)i (-3 + 5)it0k

except on the plane z = 0 where it is not defined. If

F = V¢, then

o9 2z

= 1

Ox z @

09 2y

i (2)

¢ 22 +y?

i 3)
From (1), we have

22
= +9(,2)
Gy = gy
From (2), we have
9 2
w=2 = gew=L+ie)
242
Ce=""Y 1 f
z
22+ 42
6. =22 1 p(a).
z
From (3), we have
fle)=0 = flr)=c
2 4,2
Loz = - e,

is a potential for F, and F is conservative in R? except on the plane z = 0.
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The equipotential surfaces have equations ¢ = ¢, i.e.

=c or cz=a’4y>

™

Thus the equipotential surfaces are circular paraboloids.
The field lines of F satisfy

dv dy dz
20/z 2y/z  —(a2+y?)/22

dr  dy
From the first equation, — = —J, so y = Ax for an arbitrary constant A. Therefore

dx zdz zdz

20 —(a2+y2)  —a22(1+ A2)

so —(1 + A?)z dz = 22 dz, hence

1+42 , ,_B 2, .2 2 : .
3 o427 = 7 or z° 4+ y° + 22° = B, where B is a second arbitrary constant.

The field lines of F are ellipses in which the vectical planes containing the z-axis intersect the

ellipsoids @2 + 32 + 222 = B. These ellipses are orthogonal to all the equipotential surfaces of F.

Qu. 7
1

T e —rol?
[Voli = 8il(r; —ro;) - (rj — 7)) "

= —1[(rj = roj)(rj — r0;)] 2 0il(rj — ro;)(rj — 7o;)]

o(r) if F=V¢, then

1
= *W[(U = 105)035 + (rj — 70;)d5]
—To
__2(ri —roi)
llr = rol*
F=Vé= ,2;“’4_
[lr — ol
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Qu. 10 One-eighth of the required area in the first octant above the triangle 7' with vertices (0,0,0),
(a,0,0) and (a,a,0). And

z=1+Va?— 22

2y =0, 2z, =

e ]

:8//,/1+(zl)2+ (z4)2 dA

ZSZ/

a T 1
=8 —dyd
a/o/o =3 ydx

2

a? — 22

ds

a
Va4

@ z
=8a —dz
/0 Va2 — 2

= —8ava? — a2

a

0
= 8a°.
z
AN 2 >
N 2 2 1 =0
N+7= o~
—>
/ (60, O)
“n
— 4 —
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Qu. 14 The intersection of the plane z = 1+ y and the cone z = \/2(z? + y?) has projection onto the

zy-plane the elliptic disk £ bounded by
(1+y)? =20+
142y + 9% =222 +2¢°

(y—1)?

=1
2

E:2?+

2z
Note that E has area A = 7(1)(v/2) and centroid (0,1) and z, = V2
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V2y

dS = \/1+4 (22)% + (24)% dA

2(x2 +y%)
2 + y?

=3dA
.'.Z/yd5=\/§l/yd.4.

Let 2 = u, y = 1 4+ /20, then

=4/14+ dA

ox Oz
ox,y) _|ou ov ’ 10 ‘
= = = V2.
(u,v) 9y Oy 0 V2 V2
ou  Ov

ﬁ//ydA:\/é//(H\/év)\/ﬁdA
E D

:\/5//\/§dA+2\/§//vdA

2 ol
=\/€7T+2\/§/ / rsinfrdrdf
o Jo

= V6.

\/$2+y2’Z’J= N

Homework 9
Exercise 15.6
Qu.1 F=zi+zj

The surface S of the tetrahedron has four faces :

OnSi:z=0,n=—-i, F-n=
OnSy:y=0,n=—j, F-n=—2, dS=drdz
OnS3:2=0,n=-%k, F-n=
. (i+2j+3k) . (z+22)

OnSy:z+2y+32=6,n= JF-n=

! Y ’ Vi Vi

1 2 14
and z, = ~3 zy = ~3 dsS = %dAzy

we have

.//F~ﬁd5:0

2 6-3z 2
//F-ﬁdS:/ / zdzdzzf/(627322)dz:74
o Jo 0

Sa

//F-ﬁdSzO

S3

S//F.ﬁdsz ﬁs//(ﬂzz)ds
= é//(4+%x7§y)dAzy

S3

1 (3o 1 4
== 44~z ——y)dzd
3/0/0 {4+ 32— 3y)dedy

6—2y
0

3
= %/0 [4z + %Lz — %.Ey] dy

13 10 ,
== ) — 2 —y?d
3/0[3( Oy+3y]y
1 0,
I —1 2 3
3[30y Oy +§y]

0
= 10.

. The flux of F out of the tetrahedron is

//F~ﬁdS=0—4+0+10=6.
S

-6 —

)| dAgy
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Qu. 6 For z =22 —y?, 2, = 2z, Zzy = —2y
dS = 1+ (222 + () dAs,
T T dA,,.
Also, let g(z,y,2) = 2 — 22 + y? = 0 this is a level surface in 3D.
.0 =Vg=(—2z2y,1) which is upward and
(2z, —2y,—1)

V1 + 422 + 492

//F~ﬁdS://F~ﬁdAl.y
S R

= //(72z2 + 22y + 1) dAy,
R

=3}

)
27 ra Y
= /O /0 (—2r% cos? 0 + 2r? cos O sin 0 + 1)r dr d T 'R:*"}}’ o

at ~
=7ma® — 2r—
4

S Iie-a) [’

Qu. 10
S:r:u2vi+u1}2j+v3k 0<u<l, 0<v<l1
r, = 2uvi+v?j, r, = u?i+ 2uvj+ 3’k
i j k
ry Xty =|2uv v® 0 |=30*i—6u®j+ 3’k

u?  2uv  30?

On S, we have F = 2u?vi+ w?j+ 03k

.'.S://F-ﬁdS
s

= //(6u2v5 — 6u*v® + 3uv®) dS

MATH2023

Homework 9

Qu. 15 The flux of the plane vector field F across the piecewise smooth curve C, in the direction of

the unit normal n to the curve, is

/F-ﬁds
c

The flux of F = xi+ yj outward across.
(a) The circle 22 + y? = a?
Let g(x,y) = 22 + y? = a?, this is a level curve in 2D.

(z,y)

a

.2 2
%F~ﬁd5=7{ud5
c c a
:a7{ ds
JC

oo Vg=2(z,y), ie n=

= 2ma?.
(b)
C=0C+0C+C3+Cy
Cy: r(t)=(1—t)rg+try = (1 —¢t)(1,-1) +¢(1,1) = (1,2t — 1), o<t

(1) =(0,2), ds=|r'(t)]|dt =2dt

1 1
a / F-ﬁds:/(1,2t71)~i><2dt:/ 2dt =2.
Jo, Jo Jo

Cy: r(t)=(1—1t)(1,1) +t(-1,1) = (1 — 2¢,1), 0
r'(t) = (-2,0), ds = ||t (¢)|| dt = 2dt

1 1
. / F-ﬁds:/(172t,1)~j><2dt:/ 2dt = 2.
C2 0 0

N
o~
N
-

Cs: rt) = (1-8)(1,1) +t(-1,1) = (-1,1-2t), 0<t<1
r'(t) = (0,-2), ds = ||’ (t)|| dt = 2dt
1 1
s / F~ﬁds:/(—1,1—2t)~(—j)2dt:/ 2dt — 2.
C3 0 0
Cy: r(t)=(1—-t)(-1,1) +¢t(1,-1) = (1,1 - 2t), 0<tgl
r'(t) = (0,-2), ds = ||t/ (t)|| dt = 2d¢t
1 1 )
/ F~ﬁds=/(—1,1—2t)~(—i)2dt:/ 2dt =2. o M
Cy 0 0 L
. Cy &
- / F -nds=38. ‘
c
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