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a b s t r a c t

With the WENO reconstruction, a third-order multidimensional gas-kinetic scheme, with inclusion of
both normal and tangential derivatives of macroscopic flow variables, is constructed for the
three-dimensional inviscid and viscous flow computations. For the flux evaluation, a time and space
dependent gas distribution function from an initial piece-wise discontinuous polynomials around a cell
interface is presented, where a multiple scale physical process from the kinetic to the hydrodynamic one
is used for the flow evolution process. A high-order accuracy is achieved in the current scheme by inte-
grating the space and time dependent flux function over the surface of a cell interface and a whole time
step, without using the conventional Gaussian points integration for spatial accuracy and Runge–Kutta
method for temporal accuracy, which have been used in many other high-order schemes. This scheme
is applied to both inviscid and viscous, and low and high speed flow computations. The numerical tests
clearly demonstrate that the current scheme is robust for the flows with strong discontinuities and accu-
rate for viscous smooth flow solutions. The continuous effort on the gas kinetic scheme (GKS) is to
develop a third method which has the same reliability and robustness as the well-developed
second-order shock capturing schemes, but is simply much more accurate in all flow applications. The
current scheme seems achieve such a target.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

In the field of computational fluid dynamics, low-order meth-
ods are generally robust and reliable. As a result, they are routinely
employed in the practical calculations. For the same computational
cost, high-order methods can provide more accurate solutions, but
they are less robust and more complicated. In recent years, many
high-order numerical methods have been developed for the Euler
and Navier–Stokes equations, including discontinuous Galerkin
(DG), spectral volume (SV), spectral difference (SD), correction pro-
cedure using reconstruction (CPR), essential non-oscillatory (ENO),
weighted essential non-oscillatory (WENO) and PNPM schemes, etc.
The DG scheme was first proposed [32] to solve the neutron trans-
port equation. The major development of DG method was carried
out for the compressible Euler equations [7,8] and the Navier–
Stokes equations [9,27]. In the DG method, high-order accuracy
is achieved by means of high-order polynomial approximation
within each element rather than by means of wide stencils.
Because only neighboring elements interaction is included, it
becomes efficient in the application of complex geometry.
Explicit Runge–Kutta method is used for the time discretization,
which makes the algorithm highly parallel. Recently, a correction
procedure via reconstruction framework (CPR) was developed
[16,40]. This method was originally developed for the
one-dimensional conservation laws, under the name of flux recon-
struction (FR) [19,20]. Under the lifting collocation penalty, the CPR
framework was extended to two-dimensional triangular and
mixed grids. The CPR formulation is based on a nodal differential
form, with an element-wise continuous polynomial solution space.
By choosing certain correction functions, the CPR framework can
unify several well known methods, such as the DG, SV [26], and
SD [39] methods, and lead to simplified versions of these methods,
at least for linear equations. The ENO scheme was proposed in
[18,36] and successfully applied to solve hyperbolic conservation
laws and other convection dominated problems. Following the
ENO scheme, WENO scheme [25,22,21] was further developed.
ENO scheme uses the smoothest stencil among several candidates
to approximate the numerical fluxes at cell interface for high-order
accuracy. At the same time, it avoids spurious oscillations near dis-
continuities. Meanwhile, WENO scheme is a convex linear combi-
nation of lower order reconstructions to obtain a higher order
approximation. WENO scheme improves upon ENO scheme in
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robustness, smoothness of fluxes, steady-state convergence, prov-
able convergence properties, and more efficiency. Based on the
WENO reconstruction, the high order three-dimensional schemes
for compressible flows were also developed [15,37,38]. In most
ENO and WENO schemes, large stencils in the high-order recon-
struction and Runge–Kutta time stepping are used, especially for
the multi-dimensional unstructured meshes [22]. Certainly, some
schemes use Cauchy–Kowalewski procedure, such as the ADER for-
mulation [38,15], but the evolution equations for higher order
derivatives are based on the linearized equations and it is also
unclear how to incorporate the viscous and heat conduction terms
in the higher order equations. The PNPM scheme is family of numer-
ical methods proposed for the Euler and Navier–Stokes equations
[13,14], where N indicates the polynomial degree of the test func-
tions and M is the degree of the polynomials used for flux and
source computation. This approach yields a general, unified frame-
work that contains two special cases, i.e. the classical high order
finite volume scheme ðN ¼ 0Þ as well as the DG method ðN ¼ MÞ.

The gas-kinetic scheme (GKS) based on the Bhatnagar–Gross–
Krook (BGK) model [2,4,5] has been developed systematically for
the compressible flow computations [41–43]. The gas-kinetic
scheme presents a gas evolution process from a kinetic scale to a
hydrodynamic scale, where both inviscid and viscous fluxes are
recovered from the moments of a single time-dependent gas distri-
bution function. In discontinuous shock region, the kinetic scale
physics, such as particle free transport, takes effect to construct a
crisp and stable shock transition. The highly non-equilibrium of
the gas distribution function in the discontinuous region provides
a physically consistent mechanism for the construction of numer-
ical shock structure. In smooth flow region, the hydrodynamic
scale physics corresponding to the multi-dimensional central dif-
ference discretization will contribute mainly in the kinetic flux
function, and accurate Navier–Stokes solution can be obtained
once the flow structure is well resolved. With the discretization
of particle velocity space, a unified gas-kinetic scheme (UGKS)
has been developed for the flow study in entire Knudsen number
regimes from rarefied to continuum ones [44,29,43]. Recently, with
the incorporation of high-order initial reconstruction, high-order
gas-kinetic schemes have been constructed [24,28,30]. The flux
evaluation in the scheme is based on the moments of a time and
space dependent gas distribution function evolved from an initially
piece-wise discontinuous polynomials of macroscopic flow vari-
ables around a cell interface, where high-order spatial and tempo-
ral derivatives of flow variables are coupled nonlinearly. The whole
curves of discontinuous flow distributions around a cell interface
interact through particle transport and collision in the determina-
tion of the flux function. Therefore, the use of the space and time
dependent flux function including both inviscid and viscous terms
in the current scheme distinguishes it from any other high-order
scheme with the Riemann solver, or the schemes with linearized
evolution equations for high-orders flow variable derivatives.

In this paper, with the WENO reconstruction, a high-order
gas-kinetic scheme is developed for the three-dimensional Euler
and Navier–Stokes equations. It is a multidimensional method, in
which both normal and tangential derivatives of macroscopic flow
variables are included in the determination of local solution. The
numerical fluxes are obtained by taking moments of the time
and space dependent gas distribution function and the fluxes are
integrated over the surface of a cell interface and the whole time
step for the evaluation of total flow transport across a cell bound-
ary. Therefore, the Gaussian point integration for spatial accuracy
and Runge–Kutta method for time accuracy are not needed in
the current scheme. Numerical test cases for inviscid and viscous
flows are used to validate the current scheme.

This paper is organized as follows. In Section 2, the BGK model
and the finite volume scheme are introduced. In Section 3, a
high-order gas-kinetic scheme and reconstruction techniques for
the macroscopic flow variables are presented. Section 4 includes
numerical examples to validate the current algorithm. The last sec-
tion is the conclusion.
2. Gas-kinetic equation and finite volume scheme

The three-dimensional BGK equation can be written as

f t þ ufx þ vfy þwfz ¼
g � f

s
; ð1Þ

where f is the gas distribution function, g is the corresponding equi-
librium state and s is the collision time. The collision term satisfies
the compatibility condition

Z
g � f

s
wdN ¼ 0; ð2Þ

where w ¼ ð1; u;v ;w; 1
2 ðu2 þ v2 þw2 þ n2ÞÞ, the internal variables n2

is equal to n2 ¼ n2
1 þ . . .þ n2

K ; dN ¼ dudvdwdn1 . . . dnK ;K is the
degrees of freedom, i.e. K ¼ ð5� 3cÞ=ðc� 1Þ for three-dimensional
flows, and c is the specific heat ratio.

Based on the Chapman–Enskog expansion of the BGK model,
the Euler, Navier–Stokes, Burnett, and Super-Burnett equations
can be derived [5,41]. In the smooth region, the gas distribution
function can be expanded as

f ¼ g � sDug þ sDuðsDuÞg � sDu½sDuðsDuÞg� þ � � � ;

where Du ¼ @
@t þ u � r. By truncating different orders of s, the corre-

sponding macroscopic equations can be derived. For the Euler equa-
tions, the zeroth order truncation is taken, i.e. f ¼ g. For the Navier–
Stokes equations, the first order truncation is

f ¼ g � sðugx þ vgy þwgz þ gtÞ: ð3Þ

With the higher order truncations, the Burnett and super-Burnett
equations can be derived.

In the gas-kinetic scheme, the numerical fluxes in the x direc-
tion can be obtained by taking moments of the gas distribution
function

Fiþ1=2;j;k ¼
Z

wuf ðxiþ1=2; y; z; t;u; v;w; nÞdN;

where f ðxiþ1=2; y; z; t;u;v;w; nÞ is the gas distribution function at the
cell interface, and will be introduced in the following section.
Similarly, the numerical fluxes Gi;jþ1=2;k and Hi;j;kþ1=2 in the y and z
directions can be also obtained. With these numerical fluxes, the
finite volume scheme can be obtained by taking moments of the
BGK Eq. (1) and integrating with respect to time and space

Wnþ1
ijk ¼Wn

ijk þ
1

DxDyDz

Z tnþ1

tn

Z
yj�zk

ðFi�1=2;j;k � Fiþ1=2;j;kÞdydz

"

þ
Z

xi�zk

ðGi;j�1=2;k � Gi;jþ1=2;kÞdxdz

þ
Z

xi�yj

ðHi;j;k�1=2 � Hi;j;kþ1=2Þdxdy

#
dt; ð4Þ

where xi ¼ ½xi � Dx=2; xi þ Dx=2�; yj ¼ ½yj � Dy=2; yj þ Dy=2�; zk ¼
½zk � Dz=2; zk þ Dz=2� and W ¼ ðq;qU;qV ;qW;qEÞ are the conserva-
tive flow variables.
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3. High-order GKS and reconstruction

3.1. High-order GKS

In this section, a multidimensional high-order gas-kinetic solver
will be presented based on the high-order initial reconstruction
which will be given in the next subsection. To construct the numer-
ical fluxes, the integral solution of Eq. (1) at the cell interface is

f ðxiþ1=2; y; z; t;u; v;w; nÞ ¼
1
s

Z t

0
gðx0; y0; z0; t0;u; v;w; nÞe�ðt�t0 Þ=sdt0

þ e�t=sf 0ð�ut; y� vt; z�wt; nÞ; ð5Þ

where xiþ1=2 ¼ 0 is the location of cell interface, xiþ1=2 ¼ x0þ
uðt � t0Þ; y ¼ y0 þ vðt � t0Þ and z ¼ z0 þwðt � t0Þ are the trajectory of
particle. Based on the macroscopic reconstruction given in the next
subsection, the gas distribution function can be fully determined.

Remark 1. In the above integral solution, the initial term f 0
accounts for particle free transport, which represents the kinetic
scale physics. The integration of equilibrium state along the
particle trajectory represents the accumulating effect of an equi-
librium state, which is related to the hydrodynamic scale physics.
The flow behavior at cell interface depends on the ratio of time step
and local particle collision time Dt=s. The Navier-Stokes solutions
will be the limiting solutions of the GKS underlying the assumption
of near equilibrium state in the initial condition and the flow
structure is well resolved by the mesh size scale.

To construct the flow solver, the following notations are
introduced
e�t=sf k
0ð�ut; y� vt; z�wt; u;v ;w; nÞ ¼ C7gk½1� sða1kuþ a2kv þ a3kwþ AkÞ�

þ C8gk a1ku� s a2
1k þ d11k

� �
u2 þ ða1ka2k þ d12kÞuv þ ða1ka3k þ d13kÞuwþ ðAka1k þ b1kÞu

� �� �
þ C8gk½a2kv � sðða1ka2k þ d12kÞuv þ ða2

2k þ d22kÞv2 þ ða2ka3k þ d23kÞvwþ ðAka2k þ b2kÞvÞ�
þ C8gk a3kw� sðða1ka3k þ d13kÞuwþ ða2ka3k þ d23kÞvwþ a2

3k þ d33k

� �
w2 þ ðAka3k þ b3kÞwÞ

� �
þ C7gk½a2k � sðða1ka2k þ d12kÞuþ ða2

2k þ d22kÞv þ ða2ka3k þ d23kÞwþ ðAka2k þ b2kÞÞ�y
þ C7gk a3k � sðða1ka3k þ d13kÞuþ ða2ka3k þ d23kÞwþ a2

3k þ d33k

� �
v þ ðAka3k þ b3kÞÞ

� �
z

þ 1
2

C7 gk a2
1k þ d11k

� �
ð�utÞ2 þ a2

2k þ d22k

� �
ðy� vtÞ2 þ a2

2k þ d22k

� �
ðz�wtÞ2

h i
þ C7gk½ða1ka2k

þ d12kÞð�utÞðy� vtÞ þ ða1ka3k þ d13kÞð�utÞðz�wtÞ�;þC7gkða2ka3k þ d23kÞðy� vtÞðz�wtÞ; ð7Þ
a1 ¼ ð@g=@xÞ=g; a2 ¼ ð@g=@yÞ=g; a3 ¼ ð@g=@zÞ=g;

A ¼ ð@g=@tÞ=g;B ¼ ð@A=@tÞ;d11 ¼ ð@a1=@xÞ;d22 ¼ ð@a2=@yÞ;
d33 ¼ ð@a3=@zÞ;
d12 ¼ ð@a1=@yÞ ¼ ð@a2=@xÞ;d13 ¼ ð@a1=@zÞ ¼ ð@a3=@xÞ;
d23 ¼ ð@a3=@yÞ ¼ ð@a2=@zÞ;
b1 ¼ ð@a1=@tÞ ¼ ð@A=@xÞ; b2 ¼ ð@a2=@tÞ ¼ ð@A=@yÞ;
b3 ¼ ð@a3=@tÞ ¼ ð@A=@zÞ:

The dependence of the coefficients on particle velocity is
expanded as

a1 ¼ a11 þ a12uþ a13v þ a14wþ a15
1
2
ðu2 þ v2 þw2 þ n2Þ;

. . .

B ¼ B1 þ B2uþ B3v þ B4wþ B5
1
2
ðu2 þ v2 þw2 þ n2Þ;

where a11; . . . ; a15;B1; . . . ; B5 are local constants. All above coeffi-
cients will be fully determined from macroscopic flow variables,
which are the moments of the equilibrium state. In order to simplify
the notation for future presentation, h. . .i are defined as the
moments of gas distribution function

h. . .i ¼
Z

gð. . .ÞwdN;

where g is the corresponding equilibrium state.
For the flow with discontinuity at a cell interface, with the

reconstructed polynomial on both sides of the interface, the initial
Navier–Stokes gas distribution function can be constructed as

f 0 ¼ f l
0ðx; y; z;u; v;w; nÞHðxÞ þ f r

0ðx; y; z;u; v;w; nÞð1� HðxÞÞ; ð6Þ

where HðxÞ is the Heaviside function, f l
0 and f r

0 are the initial gas
distribution functions on both sides of the cell interface, which have
one to one correspondence with the initially reconstructed polyno-
mials of macroscopic flow variables. To third-order accuracy, the
Taylor expansion for the gas distribution function in space at
ðx; y; zÞ ¼ ð0;0;0Þ is expressed as

f k
0ðx; y; zÞ ¼ f k

Gð0;0;0Þ þ
@f k

G

@x
xþ @f k

G

@y
yþ @f k

G

@z
zþ 1

2
@2f k

G

@x2 x2 þ 1
2
@2f k

G

@y2 y2

þ 1
2
@2f k

G

@z2 z2 þ @2f k
G

@x@y
xyþ @2f k

G

@x@z
xzþ @2f k

G

@y@z
yz;

where k ¼ l; r. For the inviscid flow, the initial gas distribution func-

tion takes f k
G ¼ gk. For the viscous flow, according to (3), it takes

f k
G ¼ gkð1� sða1kuþ a2kv þ a3kwþ AkÞÞ, and the corresponding

kinetic part of (5) can be written as
where gk are the equilibrium states at both sides of the cell inter-
face, and the coefficients a1k; . . . ;Ak are defined according to the
expansion of gk.

After determining the kinetic part f 0, the equilibrium state g in
the integral solution (5) can be constructed consistently with f 0 as
follows

g ¼ g0 þ
@g0

@x
xþ @g0

@y
yþ @g0

@z
zþ @g0

@t
t þ 1

2
@2g0

@x2 x2 þ 1
2
@2g0

@y2 y2

þ 1
2
@2g0

@z2 z2 þ 1
2
@2g0

@t2 t2 þ @2g0

@x@y
xyþ @

2g0

@x@z
xzþ @

2g0

@y@z
yz

þ @
2g0

@x@t
xt þ @

2g0

@y@t
yt þ @

2g0

@z@t
zt; ð8Þ

where g0 is the equilibrium state located at the interface, which can
be determined through the compatibility condition (2)

ZZ
wg0dN ¼W0 ¼

ZZ
u>0

wgldNþ
ZZ

u<0
wgrdN; ð9Þ
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Table 1
Space accuracy test for the isotropic vortex propagation problem.

Grid L1 norm Order L2 norm Order

21 � 21 3.31446E�02 6.32088E�02
41 � 41 5.61167E�03 2.562271 9.57611E�03 2.722613
81 � 81 8.84818E�04 2.664978 1.54468E�03 2.632132
161 � 161 1.16459E�04 2.925551 2.15638E�04 2.840623
321 � 321 1.63067E�05 2.836286 3.11221E�05 2.792601

L. Pan, K. Xu / Computers & Fluids 119 (2015) 250–260 253
where gl; gr are the equilibrium states at both sides of the cell inter-
face. Based on the Taylor expansion for equilibrium state (8), the
hydrodynamic part in (5) can be written as

1
s

Z t

0
gðx0; y0; z0; t0;u;v ;w; nÞe�ðt�t0 Þ=sdt0

¼ C1g0 þ C2g0a1uþ C2g0a2v þ C2g0a3wþ C3g0A

þ 1
2

C4 g0ða2
1 þ d11Þu2 þ ða2

2 þ d22Þv2 þ ða2
3 þ d33Þw2

h i
þ C4g0½ða1a2 þ d12Þuv þ ða2a3 þ d23Þvwþ ða1a3 þ d13Þuw�
þ C6g0½ðAa1 þ b1Þuþ ðAa2 þ b2Þv þ ðAa3 þ b2Þw�

þ 1
2

g0 C1ða2
2 þ d22Þy2 þ C1ða2

3 þ d33Þz2 þ C5ðA2 þ BÞ
h i

; ð10Þ

where the coefficients a1; a2; . . . ;A;B are defined from the expansion
of the equilibrium state g0. The coefficients Ci; i ¼ 1; . . . ;8 in (10)
and (7) are given by

C1 ¼ 1� e�t=s;C2 ¼ ðt þ sÞe�t=s � s; C3 ¼ t � sþ se�t=s;

C4 ¼ �ðt2 þ 2tsÞe�t=s;

C5 ¼ t2 � 2ts;C6 ¼ �tsð1þ e�t=sÞ;C7 ¼ e�t=s;C8 ¼ �te�t=s:

The linear terms with respect to y and z are omitted for simplic-
ity, because their integrations are zero in (4). Substituting (10) and
(7) into the integral solution (5), the gas distribution function at
the cell interface can be fully determined. With the gas distribution
function (5), the numerical fluxes can be obtained by taking
moments of it and integrating with respect to time and space.

For smooth flow, the reconstructed polynomials at both sides of
cell interface will take the same form WðxÞ, which is continuous
g0 ¼ gl ¼ gr and has identical slope. Consequently, the gas distribu-
tion function (5) will reduce to a continuous one

f ¼ g0½1� sða1uþ a2v þ a3wþ AÞ�

þ g0 A� sððAa1 þ b1Þuþ ðAa2 þ b2Þv þ ðAa3 þ b3Þv þ ðA2 þ BÞÞ
h i

t

þ g0
1
2
ða2

2 þ d22Þy2 þ 1
2
ða2

3 þ d33Þz2 þ 1
2
ðA2 þ BÞt2

� �
;

where the linear terms with respect to y and z are also omitted for
simplicity.
y-zplane

(i+1/2,j,k)

(i+1/2,j,k-2)

(i+1/2,j-2,k) (i+1/2,j+1,k) (i+1/2,j+2,k)(i+1/2,j-1,k)

(i+1/2,j,k+1)

(i+1/2,j,k+1)

(i+1/2,j,k-1)

Fig. 1. Schematics of construction of derivatives at the cell interface xiþ1=2 ¼ 0.
All coefficients in (10) and (7) can be determined by the spatial
derivatives of macroscopic flow variables and their connection
with the moments of a gas distribution function,

ha1i ¼ @W
@x ; ha2i ¼ @W

@y ; ha3i ¼ @W
@z ; hAþ a1uþ a2v þ a3wi ¼ 0;

ha2
1 þ d11i ¼ @2W

@x2 ; ha2
2 þ d22i ¼ @2W

@y2 ; ha2
3 þ d33i ¼ @2W

@z2 ;

ha1a2 þ d12i ¼ @2W
@x@y ; ha1a3 þ d13i ¼ @2W

@x@z ; ha2a3 þ d23i ¼ @2W
@y@z ;

h a2
1 þ d11

� �
uþ ða1a2 þ d12Þv þ ða1a3 þ d13Þwþ ðAa1 þ b1Þi ¼ 0;

hða2a1 þ d21Þuþ a2
2 þ d22

� �
v þ ða2a3 þ d23Þwþ ðAa2 þ b2Þi ¼ 0;

hða3a1 þ d31Þuþ ða3a2 þ d32Þv þ a2
3 þ d33

� �
wþ ðAa3 þ b3Þi ¼ 0;

hðAa1 þ b1Þuþ ðAa2 þ b2Þv þ ðAa3 þ b3Þwþ ðA2 þ BÞi ¼ 0;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð11Þ

where the superscripts or subscripts of these coefficients a1; . . . ;A; B
are omitted for simplicity, and more details about the determina-
tion of coefficients can be found in [42]. The reconstruction of the
derivatives of macroscopic flow variables will be given in the next
subsection.

Remark 2. Because of the multi-dimensionality, the numerical
evaluation of (5) becomes very tedious. However, in the conven-
tional high-order schemes, the Gaussian points integration and the
Runge–Kutta method are used, where many more numerical fluxes
x

y
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y

0.4 0.6 0.8 1

0.1

0.2

0.3

Fig. 2. Reflected shock-boundary layer interaction: the density distribution at t ¼ 1
with 500� 250 and 1000� 500 (from top to bottom) mesh points at Re ¼ 1000.



31
28
25
22
19
16
13
11
8
5
2

Ma=5 Ma=8

Fig. 4. The pressure distribution for the flow im

5
4.8
4.6
4.4
4.2
4
3.8
3.6
3.4
3.2
3
2.8
2.6
2.4
2.2
2
1.8
1.6
1.4

Fig. 5. The pressure distribution for the flow impingin
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Fig. 3. Reflected shock-boundary layer interaction: the density distribution at t ¼ 1
with 500� 250 mesh points with Re ¼ 200.

Table 2
Comparison of the height of primary vortex with 500� 250 mesh points for the
reflected shock-boundary layer interaction at Re ¼ 200.

Scheme AUSMPW+ [23] M-AUSMPW+ [23] current

height 0.163 0.166 0.1625
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are evaluated within a time step. In comparison with the conven-
tional high-order schemes, the computational cost of current
scheme is still reasonable.
3.2. Reconstruction

The above time evolution solution is based on the high-order
initial reconstruction of macroscopic flow variables. For the initial
reconstruction, the WENO scheme [22] is adopted. In the following
sections, with no special statement, for the smooth flow, the
third-order reconstruction is used for the conservative flow vari-
ables; for the flow with discontinuity, fifth-order reconstruction
is used for the characteristic variables.

To construct the initial distribution f 0, the corresponding poly-
nomials in the normal direction are obtained as follows. With the
cell averaged value Wi and the reconstructed variables at two ends

of each cell Wr
i and Wl

i, a third-order polynomial inside each cell
can be expressed as

WiðxÞ ¼Wi þ
@W
@x

� 	
i

ðx� xiÞ þ
1
2

@2W
@x2

 !
i

ðx� xiÞ2 �
1

12
Dx2

� �
;

where x 2 ½xi�1=2; xiþ1=2�. The first and second order normal deriva-
tives at both sides of the cell interface can be determined from this
polynomial. The stencil for the tangential derivatives are shown in
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Fig. 1. Based on the reconstructed data Wr
i;j�m;k;W

l
iþ1;j�m;k and

Wr
i;j;k�m;W

l
iþ1;j;k�m;m ¼ �2; . . . ;2, the first and second order tangen-

tial terms can be also obtained on both sides of cell interface. The

cross derivatives @2W
@x@y ;

@2W
@x@z and @2W

@y@z can be obtained by the finite dif-

ference of the conservative variables at both sides of the cell inter-
face ðiþ 1=2; j; kÞ. For the smooth flow, the central difference
discretization is adopted; for the flow with discontinuity, the tech-
nique of nonlinear weight is used to improve the robustness of
reconstruction. With the reconstructed polynomials and derivatives
on both sides of the cell interface, the coefficients
a1k; a2k; . . . ;Ak; k ¼ l; r in (7) can be determined according to (11).

To determine the equilibrium state g across the cell interface,
the conservative variables around the cell interface in the normal
direction can be expanded as
Ma=2
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Fig. 6. The Mach number distributions at the symmetric r � h plane
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WðxÞ¼W0þS1
i ðx�xiÞþ

1
2

S2
i ðx�xiÞ2þ

1
6

S3
i ðx�xiÞ3þ

1
24

S4
i ðx�xiÞ4;

where W0 are the conservative flow variables corresponding to the
equilibrium state g0 at the cell interface obtained from the compat-
ibility condition (9). With the following conditions

1
ðDxÞiþk

Z
Iiþk

WðxÞdx ¼Wiþk; k ¼ �1; . . . ;2;

the polynomial WðxÞ can be fully determined. Similarly, the tangen-
tial and cross derivatives can be constructed across the cell inter-
face. With the polynomials WðxÞ across the cell interface, the
Ma=5
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derivatives of WðxÞ can be calculated and the coefficients
a1; a2; . . . ;A;B in (10) are determined according to (11).
4. Numerical tests

In this section, numerical tests for both inviscid and viscous
flows will be presented to validate the numerical scheme. For the
inviscid flow, the collision time s takes
s ¼ eDt þ C
pl � pr

pl þ pr










Dt: ð12Þ

In the computation, e ¼ 0:01 and C ¼ 1. For the viscous flow, we
have
s ¼ l
p
þ pl � pr

pl þ pr










Dt;
where pl and pr denote the pressure on the left and right sides of the
cell interface, l is the viscous coefficient and p is the pressure at the
cell interface. In the smooth flow regions, it will reduce to s ¼ l=p.
For diatomic molecules with c ¼ 1:4, the current gas-kinetic scheme
solves the Navier–Stokes equations with the inclusion of bulk vis-
cosity. For monatomic gas with c ¼ 5=3, there is no bulk viscosity
involved. Dt is the time step which is determined according to the
CFL condition. In the numerical tests, CFL number takes values from
0.15 to 0.2.
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where the reference data is from Shu [34] using 65� 65� 65 mesh points.
4.1. Accuracy test

In this case, the isotropic vortex propagation problem [35] is
presented to validate the accuracy for the inviscid flow. The mean
flow is ðq; u;v ;w; pÞ ¼ ð1;1;1;0;1Þ and an isotropic vortex is added
to the mean flow, i.e. with perturbation in u;v and temperature
T ¼ p=q, and no perturbation in w and entropy S ¼ p=qc. The initial
condition is given by

ðdu; dv ; dwÞ ¼ �
2p

e
ð1�r2Þ

2 ð�y; x;0Þ;

dT ¼ �ðc� 1Þ�2

8cp2 e1�r2
; dS ¼ 0;

where r2 ¼ x2 þ y2 and the vortex strength � ¼ 5. The exact solution
is the initial condition propagating with the velocity (1,1,0). The
computational domain is ½�5;5� � ½�5;5� � ½0;0:1�, with the
periodic boundary conditions imposed on all boundaries. The L1

and L2 errors and orders after one time period with t ¼ 10 are pre-
sented in Table 1, which shows that a third-order accuracy can be
achieved.

4.2. Reflecting shock-boundary layer interaction

This problem was introduced to test the performances of differ-
ent schemes for viscous flow with discontinuity [10,33]. In this
case, an ideal gas is at rest in a two-dimensional unit box
½0;1� � ½0;1�. A membrane located at x ¼ 0:5 separates two differ-
ent states of the gas and the dimensionless initial states are
x

v

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

Re=400

x

v

-0.4 -0.2 0 0.2 0.4

-0.4

-0.2

0

0.2

Shu’s data
3rd-order 65 cells

Shu’s data
3rd-order 65 cells

Re=100

locity along the horizontal centerline at the xy-plane with z ¼ 0 at Re ¼ 400 and 100,



L. Pan, K. Xu / Computers & Fluids 119 (2015) 250–260 257
ðq;u;pÞ ¼
ð120;0;120=cÞ; 0 < x < 0:5;
ð1:2;0;1:2=cÞ; 0:5 < x < 1;

�

where c ¼ 1:4 and Prandtl number Pr ¼ 0:73.
The flow in the box ½0;1� � ½0;1� is symmetrical in y-direction,

so it is tested in the half domain ½0;1� � ½0;0:5�with the implemen-
tation of a symmetrical boundary condition on the top boundary
x 2 ½0;1�; y ¼ 0:5. Non-slip boundary condition for velocity and adi-
abatic condition for temperature are imposed at solid walls and
one cell is used in the z direction. When the membrane is removed,
a shock wave, followed by a contact discontinuity, moves to the
right and reflects at the right end wall. After reflection, it interacts
with the contact discontinuity. The contact discontinuity and
shock wave interact above the non-slip horizontal wall and create
a thin boundary layer during their propagation. The solution will
develop complex two-dimensional shock/shear/boundary-layer
interactions. The density distributions with Reynolds number
Re ¼ 1000 and 200 at t ¼ 1 with 500� 250 and 1000� 500 mesh
points are shown in Figs. 2 and 3, respectively. The current scheme
can well resolve the flow structure. As shown in Table 2, the height
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of primary vortex predicted by the current scheme agrees well
with the reference value at Re ¼ 200 [23].
4.3. Flow impinging on blunt bodies

In this case, the inviscid hypersonic flows impinging on a unit
cylinder and sphere are tested to validate robustness of the current
scheme for different Mach numbers with c ¼ 1:4. For the flow
impinging on cylinder, a fan-shaped domain with 81� 81� 10
mesh points are adopted, which cover the domain ½�3;�1��
½�p=2;p=2� � ½0;0:2� in the cylindrical coordinate ðr;/;hÞ. The dis-
tributions of pressure at the r � / plane at h ¼ 0 are shown in Fig. 4
for Mach numbers Ma ¼ 5;8 and 20, which show that the current
scheme can capture the flow structure nicely in front of the cylin-
der and the carbuncle phenomenon does not appear [31]. For flow
impinging on the sphere, 40� 40� 40 mesh points are used, which
cover the domain ½�2:5;�1� � ½�0:4p;0:4p� � ½0:15p;0:85p� in the
spherical coordinate ðr;/; hÞ. The pressure distributions and the
Mach number distributions at the symmetric r � h plane with
/ ¼ 0 are shown in Figs. 5 and 6 at Mach numbers Ma ¼ 2 and 5.
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A non-equilibrium state inside the shock layer has been used for
the flux evaluation with e ¼ 0:1 and C ¼ 3 in (12). In the highly
non-equilibrium region, the kinetic part in the gas distribution
(7) plays a dominant role and the non-equilibrium state provides
a physically consistent numerical dissipation. This is somehow
consistent with the mechanism for the physical shock structure
construction, in which the free transport and collision provides
the mechanism for the shock formation.
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Fig. 11. Taylor–Green vortex problem: iso-surfaces of Q criterion colored by velocity mag
Re ¼ 1600. (For interpretation of the references to colour in this figure legend, the reade
4.4. Lid-driven cavity flow

The lid-driven cavity problem is one of the most important
benchmarks for numerical Navier–Stokes solvers. In this case, the
fluid is bounded by a unit cubic, driven by a uniform translation
of the top boundary with c ¼ 5=3. Early three-dimensional
cavity-flow calculations were carried out by De Vahl Davis and
Mallinson [11] and Goda [17]. In this case, the flow is simulated
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with Mach number Ma ¼ 0:15 and all the boundaries are isother-
mal and nonslip. Numerical simulations are conducted with three
Reynolds numbers of Re ¼ 1000;400 and 100 using 65� 65� 65
and 97� 97� 97 mesh points for the domain ½�0:5;0:5��
½�0:5;0:5� � ½�0:5;0:5�. The u-velocity profiles along the vertical
centerline line, v-velocity profiles along the horizontal centerline
in the x—y plane with z ¼ 0 and the benchmark data [1,34] are
shown in Figs. 7 and 8. The simulation results match well with
the benchmark data. The streamlines with 65� 65� 65 mesh
points at x—y plane with z ¼ 0; x—z plane with y ¼ 0 and y—z plane
with x ¼ 0 for three different Reynolds numbers are presented in
Fig. 9. This test shows that the high-order gas-kinetic scheme is
effective to simulate complicated three-dimensional flow. The cur-
rent accuracy can be hardly achieved from a high-order directional
splitting method. With the directional splitting flux, the tangential
derivatives of flow variables are not included in the flux function,
and the vortex structure cannot be well resolved. As a reference,
the CPU time for this case with Re ¼ 1000;65� 65� 65 mesh
points, and running 100 time steps, is 315.364 s for the single
machine with Intel Core i7-4770 CPU @ 3.40 GHz. Meanwhile,
the CPU time for a 2D cavity flow with Re ¼ 1000;65� 65 mesh
points, and running 100 time steps, is 1.985 s with the same
machine.
4.5. Taylor–Green vortex

This problem is aimed at testing the performance of high-order
methods on the direct numerical simulation of a three-
dimensional periodic and transitional flow defined by a simple ini-
tial condition, i.e. the Taylor–Green vortex [3,12]. With a uniform
temperature field, the initial flow field is given by

u ¼ V0 sin
x
L

� 
cos

y
L

� 
cos

z
L

� 
;

v ¼ �V0 cos
x
L

� 
sin

y
L

� 
cos

z
L

� 
;

w ¼ 0;

p ¼ p0 þ
q0V2

0

16
cos

2x
L

� 	
þ cos

2y
L

� 	� 	
cos

2z
L

� 	
þ 2

� 	
:

The fluid is a perfect gas with c ¼ 1:4 and the Prandtl number is
Pr ¼ 0:71. Numerical simulations are conducted with two Reynolds
numbers Re ¼ 1600 and 280. The flow is computed within a peri-
odic square box defined as �pL 6 x; y; z 6 pL. The characteristic
convective time is tc ¼ L=V0. In the computation, L ¼ 1;
V0 ¼ 1;q0 ¼ 1, and the Mach number takes M0 ¼ V0=c0 ¼ 0:1,
where c0 is the sound speed.

The volume-averaged kinetic energy can be computed from the
flow as it evolves in time, which is expressed as

Ek ¼
1

q0X

Z
X

1
2
qu � udX;

where X is the volume of the computational domain, and the dissi-
pation rate of the kinetic energy is given by

ek ¼ �
dEk

dt
:

To get a higher order accuracy, the fifth-order reconstruction is
used for the conservative flow variables. The numerical results
from the current scheme with 97� 97� 97 mesh points are pre-
sented in Fig. 10 for the normalized volume-averaged kinetic
energy and dissipation rate at Reynolds numbers Re ¼ 1600 and
280, which agree well with the data in [6,12]. The iso-surfaces of
Q criterions colored by velocity magnitude for Reynolds number
Re ¼ 1600 at t ¼ 2:5;5;8 and 10 with 97� 97� 97 mesh points
are shown in Fig. 11, which also agree well with the results in
[3]. The evolution of flow structure from large vortices to more
complex structures is evident.
5. Conclusion

In this paper, based on WENO reconstruction a high-order
gas-kinetic scheme is proposed for three-dimensional Euler and
Navier–Stokes solutions. Different from the traditional upwind
and central schemes, the kinetic formulation is multidimensional,
and inviscid and viscous terms coupling. More importantly, in
the flux evaluation a multi-scale dynamic process from the kinetic
to the hydrodynamic one is used [43], which provides a more con-
sistent physical process for the gas evolution from a discontinuous
initial condition than the well defined Euler and Navier–Stokes
solutions. With the initial piece-wise polynomials of macroscopic
flow variables, a time-dependent gas distribution function is
obtained at the cell interface. With the space and time dependent
gas distribution function, the flux transport along a cell interface
within a time step can be integrated analytically. As a result, the
Gaussian point integration and Runge–Kutta time stepping meth-
ods are not needed in the current scheme. The scheme has been
tested from smooth flow to the flow with discontinuities, and the
numerical results agree well with the exact solutions and bench-
mark data. These tests show that the high-order gas-kinetic
scheme is effective to simulate complicated three-dimensional
flows.
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