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Under a generalized coordinate transformation with inclusion of both mesh velocity 
and acceleration, the gas-kinetic equation is transformed from a physical space to 
a computational space. With the WENO reconstruction, a high-order moving-mesh 
multidimensional gas-kinetic method, with inclusion of both normal and tangential 
derivatives of macroscopic flow variables, is constructed. High-order accurate Navier–Stokes 
solutions are obtained in the current scheme by integrating the numerical fluxes along 
a cell interface and over a whole time step, without using the conventional Gaussian point 
integration for spatial accuracy and Runge–Kutta method for temporal accuracy. For the 
first time, the mesh acceleration has been explicitly accounted for in the flux evaluation. 
Under the generalized coordinate transformation, a three-dimensional moving-mesh gas-
kinetic scheme has been constructed as well. The importance of multi-dimensionality in 
the flux evaluation and mesh movement is illustrated through numerical tests.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In computational fluid dynamics, there exist two coordinate systems to describe flow motions [20]. One is the Eulerian 
system which describes flow motions with time-independent mesh; the other one is the Lagrangian one, where the mesh 
moves with the fluid velocity. Based on the above two descriptions, many numerical methods have been developed. Math-
ematically, these two coordinate systems are proved to be equivalent only in one dimensional case, but are mathematically 
different in multidimensional ones. Numerically, the schemes based on these two coordinate system are fully different in all 
dimensions [12,2,8,28,32,33]. Both descriptions have advantages and drawbacks. Generally, the Eulerian system is relatively 
simple, but it smears contact discontinuities and slip lines badly. On the other hand, the Lagrangian system could resolve 
contact discontinuities sharply, but computation can easily break down due to mesh deformation. For the computation with 
fixed boundaries, the Eulerian system could work effectively. However, in the problems with moving boundaries and bod-
ies, it becomes difficult for the Eulerian method. It becomes favorable to develop moving mesh methods for a deforming 
domain [29]. Currently, there are many moving-mesh methods in literature. One example is the static mesh movement 
method, where a new mesh is generated at each moment according to a pre-defined monitor function and flow variables 
are re-distributed to the new mesh [31,30]. Another one is the dynamical moving-mesh method, in which the mesh moves 
according to mesh velocity, and flow variables are updated automatically inside each time-dependent control volume.

In recent years, a moving-mesh method based on unified coordinate transformation has been developed [11–13]. Under 
such a transformation with a prescribed mesh velocity, fluid dynamic equations can be transformed from a physical space 
(t, x, y) to a computational space (σ , ξ, η), with the inclusion of geometric conservation law to record the mesh deforma-
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tion. As a result, the fluid dynamic equations and geometric evolution equations are coupled in an enlarged system. And 
the flow and geometrical variables can be updated simultaneously. In order to avoid disadvantages of excessive numerical 
diffusion in the Eulerian method and of severe grid deformation in the Lagrangian methods, a dynamical adaptive mesh ve-
locity can be used, and the Eulerian and Lagrangian methods become the limiting cases of the unified scheme. For viscous 
flow simulations, the Navier–Stokes equations become extremely complicated under the unified coordinate transformation 
[17]. Among all previous approaches, a constant mesh velocity within each time step is numerically adopted. In aerody-
namic applications, for the accurate capturing of aerodynamic movement besides the mesh velocity, the inclusion of a mesh 
acceleration may be helpful. For example, for an oscillating airfoil, there is definitely acceleration within each time step if 
the mesh is attached to the surface of the airfoil. Therefore, the development of the moving mesh method with both mesh 
velocity and acceleration deserves investigation.

The gas-kinetic scheme (GKS) based on the Bhatnagar–Gross–Krook (BGK) model [3–5] has been developed systematically 
for the compressible flow computations [34,36,14,19,16,38,25]. The gas-kinetic scheme presents a gas evolution process from 
a kinetic scale to a hydrodynamic scale, where both inviscid and viscous fluxes are recovered from moments of a single 
time-dependent gas distribution function. In discontinuous shock region, the kinetic scale physics, such as particle free 
transport through upwinding, takes effect to construct a crisp and stable shock transition due to its inclusion of highly 
non-equilibrium mechanism in the time-dependent flux function. In smooth flow region, the hydrodynamic scale physics 
corresponding to the multi-dimensional central difference discretization will contribute mainly in the kinetic flux function, 
and accurate Navier–Stokes solution can be obtained once the flow structure is well resolved. With discretization of particle 
velocity space, a unified gas-kinetic scheme (UGKS) has been developed recently for the flow study in entire Knudsen 
number regimes from rarefied to continuum ones [37,26]. Recently, with incorporation of high-order initial reconstruction, 
high-order gas-kinetic schemes for the Navier–Stokes equations have been constructed [22,27]. The flux evaluation in the 
scheme is based on a time evolution of flow variables from an initial piece-wise discontinuous polynomials around a cell 
interface, where high-order spatial and temporal derivatives of a gas distribution function are coupled nonlinearly. Based 
on the unified coordinate transformation [11], a moving-mesh gas-kinetic scheme has been developed in [17]. Under such 
a transformation, the gas-kinetic equation and geometrical conservation laws are combined in an enlarged system. Same as 
Hui’s methods [11,12], both physical and geometrical variables are updated simultaneously. Due to its kinetic nature, the 
scheme presents the Navier–Stokes solutions directly without referring to the complicated Navier–Stokes equations under 
the unified coordinate transformation.

In this paper, for the first time, a generalized coordinate transformation with inclusion of both mesh velocity and mesh 
acceleration will be introduced. With such a coordinate transformation, the gas-kinetic equation will be transformed from 
a physical space to a computational one. The unified coordinate [11,17] transformation without mesh acceleration be-
comes a subset of the current one. With the WENO technique for the initial data reconstruction, a high-order moving mesh 
gas-kinetic scheme will be developed for a deforming control volume with a moving and accelerating cell interface. The 
numerical fluxes are obtained by taking moments of a time-dependent gas distribution function. A few choices have been 
used in the determination of mesh velocity. This scheme is applied to both inviscid and viscous flow computations. Under 
the generalized coordinate transformation, a three-dimensional scheme has been developed as well.

This paper is organized as follows. Section 2 introduces the generalized coordinate transformation. Based on such a trans-
formation, the corresponding kinetic equation in the computational domain is constructed. Section 3 presents the detailed 
formulation of the scheme with both mesh velocity and acceleration. Section 4 includes numerical examples to validate the 
current scheme. The last section is the conclusion.

2. Generalized coordinate transformation

With consideration of both mesh velocity (U g , V g) and acceleration (a, b), a generalized coordinate transformation from 
a physical domain (t, x, y, u, v) to a computational domain (σ , ξ, η, u′, v ′) can be expressed as

dt = dσ

dx = U gdσ + Adξ + Ldη

dy = V gdσ + Bdξ + Mdη (1)

du = adσ + Adu′ + Ldv ′

dv = bdσ + Bdu′ + Mdv ′,

where the geometric variables (A, B, L, M) are defined as

A = ∂x

∂ξ
, B = ∂ y

∂ξ
, L = ∂x

∂η
, M = ∂ y

∂η
. (2)

This transformation will go back to the unified coordinate transformation when the last two equations related to the mesh 
acceleration are absent [11,12]. The inverse of this transformation can be written as
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∂(σ , ξ,η, u′, v ′)
∂(t, x, y, u, v)

= 1

�2

⎛
⎜⎜⎜⎝

�2 0 0 0 0
−I g� M� −L� 0 0
− J g� −B� A� 0 0
−α� 0 0 M� −L�

−β� 0 0 −B� A�

⎞
⎟⎟⎟⎠ , (3)

where � = AM − BL, I g = MU g − LV g , J g = AV g − BU g , α = Ma − Lb, and β = Ab − Ba. Theoretically, based on the 
above transformation, we can transfer the Euler and Navier–Stokes equations from the physical space to the computational 
space. And their formulations will become extremely complicated. Since we are going to develop a moving-mesh gas-kinetic 
scheme, the above coordinate transformation will be used to the gas-kinetic BGK equation.

The BGK model in two-dimensional case can be written as

ft + u fx + v f y = g − f

τ
, (4)

where f is the gas distribution function, g is the corresponding equilibrium state, and τ is the collision time. The collision 
term satisfies the compatibility conditionˆ

g − f

τ
ψd� = 0, (5)

where ψ = (1, u, v, 
1

2
(u2 + v2 + ς2)), d� = dudvdς1 . . .dς K , K is the number of internal degree of freedom, i.e., K =

(4 − 2γ )/(γ − 1) for two-dimensional flows, and γ is the specific heat ratio. With the inverse transformation (3), on 
a moving interface, Eq. (4) can be rewritten as

∂

∂σ
(� f ) + ∂

∂ξ
([(u − U g)M − (v − V g)L] f ) + ∂

∂η
([−(u − U g)B + (v − V g)A] f )

− (Ma − Lb)
∂ f

∂u′ − (Ab − Ba)
∂ f

∂v ′ = g − f

τ
�. (6)

Based on the above transformed BGK equation, both the Euler and the Navier–Stokes equations can be derived using the 
Chapman–Enskog expansion in the moving space, and the formulations will be much more complicated than these without 
mesh acceleration [17]. Fortunately, the numerical scheme for the flow simulation in this paper will be based on the kinetic 
formulation, where the explicit forms of macroscopic equations are not needed.

With both the mesh velocity and acceleration in a physical space, the finite volume scheme in the computational space 
becomes

Q n+1
i j = Q n

ij + 1

�ξ�η

σn+1ˆ

σn

�η
2ˆ

− �η
2

(Fi− 1
2 , j(σ ,η) − Fi+ 1

2 , j(σ ,η))dηdσ

+ 1

�ξ�η

σn+1ˆ

σn

�ξ
2ˆ

− �ξ
2

(Gi, j− 1
2
(σ , ξ) − Gi, j+ 1

2
(σ , ξ))dξdσ , (7)

where Q = (�ρ, �ρU , �ρV , �ρE) are the flow variables with a time-dependent control volume �, Fi+1/2, j and Gi, j+1/2
are corresponding fluxes at ξ and η directions. To update the flow variables, the numerical fluxes need to be evaluated.

3. Moving-mesh gas-kinetic scheme

3.1. Gas-kinetic scheme with mesh velocity only

Without mesh acceleration, the kinetic equation under unified coordinate transformation (1) reduces to the original one 
in [17,12], Eq. (6) can be simplified as

∂

∂σ
(� f ) + ∂

∂ξ
([(u − U g)M − (v − V g)L] f ) + ∂

∂η
([−(u − U g)B + (v − V g)A] f ) = g − f

τ
�. (8)

The related scheme in [17] is summarized in the following.
To construct the numerical fluxes Fi+1/2, j at the interface ξi+1/2 = constant, Eq. (8) can be further simplified. At a cell 

interface, the normal and tangential directions are defined as

n = ∇ξ/‖∇ξ‖ = (M,−L)/S,

t = (L, M)/S,
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where S = √
M2 + L2 is the length of cell interface. The relative velocity projected on the normal direction n and tangential 

direction t can be written as{
ũ = (u − U g)M/S − (v − V g)L/S,

ṽ = (u − U g)L/S + (v − V g)M/S.
(9)

With these notations, the BGK model (8) can be transformed to

∂ f

∂σ
+ ∂(̃u f )

∂ξ̃
+ ∂(̃v f )

∂η̃
= g − f

τ
, (10)

where ξ̃ and η̃ are the distances from a cell interface center in the physical space in the normal and tangential directions. 
For simplicity, in the following part, σ , ξ̃ and η̃ will be denoted as t , ξ and η. In a local moving frame of reference, the 
equilibrium state can be defined by

g = ρ(
λ

π
)

K+2
2 e−λ[(̃u−Ũ )2+(̃v−Ṽ )2+ς2],

where (Ũ , ̃V ) are the macroscopic relative velocities defined as

Ũ = [(U − U g)M − (V − V g)L]/S,

Ṽ = [(U − U g)L + (V − V g)M]/S,

and λ = ρ/2p.
Once the gas distribution function on a moving cell interface is obtained, which will be presented in the next section, 

the numerical fluxes could be obtained by taking moments of the distribution function⎛
⎜⎜⎝

F ρ̃

F ρ̃u
F ρ̃v
F Ẽ

⎞
⎟⎟⎠

i+1/2, j

=
ˆ

ũ

⎛
⎜⎜⎝

1
ũ
ṽ

1
2 (̃u2 + ṽ2 + ς2)

⎞
⎟⎟⎠ f (ξi+1/2, t, ũ, ṽ, ς)dũdṽdς. (11)

In order to update the flow variables inside each time-dependent computational cell, the conservative variables need be to 
updated relative to a common inertia frame of reference. Therefore, we need to transfer the above fluxes which are evaluated 
standing on a moving cell interface (11) to the fluxes in the inertia frame of reference. These transformed time-dependent 
numerical fluxes are given by

Fi+1/2, j =

⎛
⎜⎜⎝

Fρ

Fm

Fn

F E

⎞
⎟⎟⎠

i+1/2, j

=
ˆ

Sũ

⎛
⎜⎜⎝

1
u
v

1
2 (u2 + v2 + ς2)

⎞
⎟⎟⎠ f (ξi+1/2, t, ũ, ṽ, ς)dũdṽdς. (12)

According to Eq. (9), the above fluxes Fi+1/2, j = (Fρ, Fm, Fn, F E ) on the inertia frame of reference can be obtained as 
a combination of the fluxes in the moving frame of reference,⎧⎪⎪⎪⎨

⎪⎪⎪⎩

Fρ = S F ρ̃ ,

Fm = SU g F ρ̃ + (M F ρ̃u + L F ρ̃v),

Fn = S V g F ρ̃ + (−L F ρ̃u + M F ρ̃v),

F E = S F Ẽ + (MU g − LV g)F ρ̃u + (LU g + M V g)F ρ̃v + S

2
[(U 2

g + V 2
g )F ρ̃ ].

(13)

Similarly, the numerical flux Gi, j+1/2 can be constructed as well. With the above numerical fluxes at the cell interface, the 
flow variables inside each deforming control volume can be updated.

3.2. High-order multidimensional fluxes

In this subsection, a high-order multidimensional gas-kinetic solver will be presented based on the high-order initial 
reconstruction which will be given in the next subsection.

With the reconstructed quadratic polynomials for the flow variables, a time-dependent gas distribution function will be 
constructed at a cell interface. The integral solution of BGK equation (10) at the cell interface can be written as

f (ξi+1/2, η, t, ũ, ṽ, ς) = 1

τ

tˆ

0

g(ξ ′, η′, t′, ũ, ṽ, ς)e−(t−t′)/τ dt′ + e−t/τ f0(−ũt, η − ṽt, ũ, ṽ, ς), (14)

where ξi+1/2 = 0 is the location of the cell interface, ξi+1/2 = ξ ′ + ũ(t − t′) and η = η′ + ṽ(t − t′) are the trajectory of 
particles, f0 is the initial gas distribution function and g is the corresponding equilibrium state.
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To construct a high-order multidimensional gas-kinetic solver, the following notations are introduced firstly

a1 = (∂ g/∂ξ)/g,a2 = (∂ g/∂η)/g,� = (∂ g/∂t)/g,

d11 = (∂a1/∂ξ),d12 = (∂a1/∂η) = (∂a2/∂ξ),d22 = (∂a2/∂η),

b1 = (∂a1/∂t) = (∂�/∂ξ),b2 = (∂a2/∂t) = (∂�/∂η),� = (∂�/∂t),

where g is an equilibrium state. The dependence of these coefficients on the particle velocity can be obtained from the 
Taylor expansion of a Maxwellian and has the following form

a1 = a11 + a12ũ + a13 ṽ + a14
1

2
(̃u2 + ṽ2 + ς2),

. . .

� = �1 + �2ũ + �3 ṽ + �4
1

2
(̃u2 + ṽ2 + ς2).

To high-order accuracy, the Taylor expansion for the initial gas distribution function at (ξ, η) = (0, 0) is expressed as

f0(ξ,η, ũ, ṽ, ς) = fG + ∂ fG

∂ξ
ξ + ∂ fG

∂η
η + 1

2

∂2 fG

∂ξ2
ξ2 + ∂2 fG

∂ξ∂η
ξη + 1

2

∂2 fG

∂η2
η2,

where fG is the distribution function, which is fG,E = g for the Euler solutions, and fG,N S = g − τ (̃ugξ + ṽ gη + gt) for the 
Navier–Stokes solutions.

With the reconstructed quadratic polynomial, which will be introduced in next subsection, the initial Navier–Stokes gas 
distribution function on both sides of a cell interface can be expressed as

f0 =
{

f l
0(ξ,η, ũ, ṽ, ς), ξ < 0,

f r
0(ξ,η, ũ, ṽ, ς), ξ > 0,

(15)

where f l
0 and f r

0 are the third-order Taylor expansion for f l
G,N S and f r

G,N S . When f l,r
0 takes the form of f l,r

G,E , the expansion 
corresponds to the Euler solutions.

After determining f0, the equilibrium state g can be constructed with spatial and temporal accuracy being consistent 
with the expansion of f0

g = g0 + ∂ g0

∂ξ
ξ + ∂ g0

∂η
η + ∂ g0

∂t
t + 1

2

∂2 g0

∂ξ2
ξ2 + 1

2

∂2 g0

∂η2
η2

+ 1

2

∂2 g0

∂t2
t2 + ∂2 g0

∂ξ∂η
ξη + ∂2 g0

∂ξ∂t
ξt + ∂2 g0

∂η∂t
ηt, (16)

where g0 is the equilibrium state located at the interface, which can be determined through the compatibility condition (5)¨
ψ̃ g0d�̃ = W0 =

¨

ũ>0

ψ̃ gld�̃ +
¨

ũ<0

ψ̃ grd�̃, (17)

where gl, gr are the corresponding equilibrium states at both side of the cell interface.
Substituting Eq. (15) and Eq. (16) into the integral solution (14), the gas distribution function at cell interfaces can be 

fully determined, where

1

τ

tˆ

0

g (ξ ′, η′, t′, ũ, ṽ, ς)e−(t−t′)/τ dt′

= C1 g0 + C2 g0a1ũ + C2 g0a2 ṽ + C3 g0�

+ 1

2
C4 g0(a

2
1 + d11)̃u2 + C2 g0(a1a2 + d12)̃uη + C4 g0(a1a2 + d12)̃uṽ

+ 1

2
C1 g0(a

2
2 + d22)η

2 + C2 g0(a
2
2 + d22)̃vη + 1

2
C4 g0(a

2
2 + d22)̃v2

+ C6 g0(�a1 + b1)̃u + C3 g0(�a2 + b2)η + C6 g0(�a2 + b2)̃v + 1

2
C5 g0(�

2 + �), (18)

and the coefficients a1,a2, . . . ,�,� are corresponding to the equilibrium state g0 in Eq. (16). For the kinetic part, we have

f0(−ũt, η − ṽt, ũ, ṽ, ς) = f l
0(−ũt, η − ṽt, ũ, ṽ, ς)H (̃u) + f r

0(−ũt, η − ṽt′, ũ, ṽ, ς)(1 − H (̃u)),

where
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e−t/τ f k
0 (−ũt, η − ṽt, ũ, ṽ, ς)

= C7 gk[1 − τ (a1kũ + a2k ṽ + �k)]
+ C8 gk[a1kũ − τ ((a2

1k + d11k )̃u2 + (a1ka2k + d12k )̃uṽ + (�ka1k + b1k )̃u)]
+ C8 gk[a2k ṽ − τ ((a1ka2k + d12k )̃uṽ + (a2

2k + d22k )̃v2 + (�ka2k + b2k )̃v)]
+ C7 gk[a2k − τ ((a1ka2k + d12k )̃u + (a2

2k + d22k )̃v + (�ka2k + b2k))]η
+ 1

2
C9 gk(a

2
1k + d11k )̃u2 + 1

2
C7 gk(a

2
2k + d22k)η

2 + 1

2
C9 gk(a

2
2k + d22k )̃v2

+ C9 gk(a
2
2k + d22k )̃vη + C9 gk(a1ka2k + d12k )̃uη + C9 gk(a1ka2k + d12k )̃uṽ, (19)

where the coefficients a1k, a2k, . . . , �k are corresponding to the equilibrium state gk in Eq. (16), k = l, r. The coefficients 
Ci, i = 1, . . . , 9 are given by

C1 = 1 − e−t/τ , C2 = (t + τ )e−t/τ − τ , C3 = t − τ + τe−t/τ , C4 = −(t2 + 2tτ )e−t/τ ,

C5 = t2 − 2tτ , C6 = −tτ (1 + e−t/τ ), C7 = e−t/τ , C8 = −te−t/τ , C9 = t2e−t/τ .

The superscripts or subscripts of the coefficients a1, a2, . . . , �, � in Eq. (18) and Eq. (19) are omitted for simplicity and they 
are determined by the spatial derivatives of macroscopic flow variables and the compatibility condition [22,27] as follows⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

〈a1〉 = ∂W

∂ξ
, 〈a2〉 = ∂W

∂η
, 〈� + a1ũ + a2 ṽ〉 = 0,

〈a2
1 + d11〉 = ∂2W

∂ξ2
, 〈a2

2 + d22〉 = ∂2W

∂η2
, 〈a1a2 + d12〉 = ∂2W

∂ξ∂η
,

〈(a2
1 + d11)̃u + (a1a2 + d12)̃v + (�a1 + b1)〉 = 0,

〈(a1a2 + d12)̃u + (a2
2 + d22)̃v + (�a2 + b2)〉 = 0,

〈(�a1 + b1)̃u + (�a2 + b2)̃v + (�2 + �)〉 = 0,

(20)

where W is the projected conservative variables, and 〈. . .〉 are the moments of corresponding variables and defined as

〈. . .〉 =
ˆ

g(. . .)ψ̃d�̃,

ψ̃ = (1, ̃u, ̃v, 12 (̃u2 + ṽ2 + ς2)). Substituting Eq. (14) into Eq. (12), the numerical flux across the cell interface in the inertial 
frame can be obtained.

3.3. Reconstruction

The above time evolution solution is based on the high-order initial reconstruction for macroscopic flow variables. For 
the initial reconstruction, the fifth-order WENO scheme [23,15] is adopted to determine the cell interface discontinuities.

To construct the initial distribution f0, the corresponding polynomial for the conservative flow variables in the normal 
direction are obtained as follows. With the cell averaged value W i and the reconstructed variables at two ends of each cell 
W r

i and W l
i , a third-order polynomial inside each cell can be obtained as follows

W i(ξ) = W i + (
∂W

∂ξ
)i(ξ − ξi) + 1

2
(
∂2W

∂ξ2
)i[(ξ − ξi)

2 − 1

12
�ξ2],

where ξ ∈ [ξi−1/2, ξi+1/2]. The first and second order normal derivatives at the cell interface can be determined from the 
above polynomial. Based on the WENO reconstruction of W r

i, j−k, W
l
i+1, j−k, k = −2, . . . , 2 on the tangential direction, the 

tangential and cross derivative terms can be also obtained on both sides of cell interface. With the reconstructed polynomials 
on both sides of the cell interface W i(ξ), W i+1(ξ), the coefficients a1k, a2k, . . . , �k, k = l, r in Eq. (19) can be determined 
according to Eq. (20).

To determine the equilibrium state g across the cell interface, the conservative variables around the cell interface in the 
normal direction can be expanded as

W (ξ) = W0 + S1
i (ξ − ξi) + 1

2
S2

i (ξ − ξi)
2 + 1

6
S3

i (ξ − ξi)
3 + 1

24
S4

i (ξ − ξi)
4,

where W0 is the conservative variables corresponding to the equilibrium state g at the cell interface according to the 
compatibility condition (17). With the following conditionsˆ

I

W (ξ) = W i+k,k = −1, . . . ,2,
i+k
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the polynomial W (ξ) can be fully determined. The tangential and cross derivatives can be constructed based on the WENO 
reconstruction of W0, j−k, k = −2, . . . , 2 on the tangential direction along the cell interface. With the polynomials W (ξ)

across the cell interface, the coefficients a1,a2, . . . ,�,� in Eq. (18) can be also determined according to Eq. (20).
For the smooth flow, the third-order reconstruction can be adopted directly in the computation. The polynomials at both 

sides of cell interface take the same W (ξ), which gives g0 = gl = gr and identical slopes. Consequently, the gas distribution 
function (14) will reduce to the continuous one [27]. The above scheme can be readily extended to three-dimensional flow 
computation [18].

3.4. Gas-kinetic scheme with mesh velocity and acceleration

In this subsection, both mesh velocity (U g , V g) and acceleration (a, b) will be included in the scheme construction. By 
projecting the relative velocity and acceleration in the normal direction n and tangential direction t and according to the 
notations introduced following Eq. (10), the BGK equation with both mesh velocity and acceleration (6) can be written as

∂ f

∂t
+ ∂(̃u f )

∂ξ
+ ∂(̃v f )

∂η
− α̃

∂ f

∂ ũ
− β̃

∂ f

∂ ṽ
= g − f

τ
, (21)

where α̃ = (aM − bL)/S and β̃ = (aL + bM)/S are the corresponding mesh accelerations.
For simple presentation, the directional-splitting flux will be given in this subsection. The integral solution with acceler-

ation at the cell interface [35] can be written as

f (ξi+1/2, t, ũ, ṽ, ς) = 1

τ

tˆ

0

g(ξ ′, t′, ũ, ṽ, ς)e−(t−t′)/τ dt′ + e−t/τ f0(ξi+1/2 − ũt), (22)

where ξi+1/2 = ξ ′ + ũ′(t − t′) − 1
2 α̃(t − t)2 and ̃u = ũ′ − α̃(t − t′).

Because of the acceleration, the particle velocity change needs to be included, as well as the modification of the equilib-
rium gas distribution function along the trajectory. Suppose that a particle moves from ξ ′ to ξ in a short time interval t − t′ , 
the particle velocity will change from to u′ to u = u′ − α̃(t − t′). So due to the particle velocity change, an equilibrium state 
g0 at time t′ can be expressed as

g0(x′, t′, ũ′, ṽ, ς) = ρ(
λ

π
)

K+2
2 e−λ[(̃u′−Ũ )2+(̃v−Ṽ )2+ζ 2]

= ρ(
λ

π
)

K+2
2 e−λ[(̃u−Ũ )2+(̃v−Ṽ )2+ζ 2]e−λ[2(̃u−Ũ )α̃(t−t′)+α̃(t−t′)2]

= g · eλ[−2(̃u−Ũ )α̃(t−t′)−α̃(t−t′)2],

where g is the equilibrium state at time t . Using the Taylor expansion and neglecting the (t − t′)2 order term, the above 
equilibrium state can be expressed as

g0(x′, t′, u′, ς) 
 g[1 − 2λα̃(̃u − Ũ )(t − t′)]. (23)

Based on the reconstructed data and the modified equilibrium state (23), the distribution function (22) can be fully deter-
mined.

Because of the acceleration, the relationship between particle velocity u, v in the inertia reference of frame and ũ, ̃v in 
the moving reference of frame needs to be modified, and we have{

u = U g + (Mũ + Lṽ)/S + at,
v = V g + (−Lũ + M ṽ)/S + bt.

(24)

where U g, V g and a, b are constant within each time step in the computation, and t ∈ [0, �t].
Substituting Eq. (24) into Eq. (12), the numerical fluxes in the inertia frame of reference Fi+1/2, j = (Fρ, Fm, Fn, F E ) can 

be obtained⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Fρ = S F ρ̃ ,

Fm = SU g F ρ̃ + Sat F ρ̃ + (M F ρ̃u + L F ρ̃v),

Fn = S V g F ρ̃ + Sbt F ρ̃ + (−L F ρ̃u + M F ρ̃v),

F E = S F Ẽ + S

2
[(U 2

g + V 2
g )F ρ̃ + 2(U ga + V gb)t F ρ̃ + (a2 + b2)t2 F ρ̃ ]

+ [(MU g − LV g)F ρ̃u + (LU g + M V g)F ρ̃v ] + [(Ma − Lb)t F ρ̃u + (La + Mb)t F ρ̃v ],

(25)

where F ρ̃ , F ρ̃u, F ρ̃v , F Ẽ are the numerical fluxes standing on a moving cell interface, which are obtained by taking moments 
of the time dependent gas distribution function in Eq. (22). Together with the numerical fluxes Gi, j+1/2 in η direction, the 
flow variables inside each deforming control volume can be updated according to Eq. (7).
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3.5. Numerical procedures

The numerical procedure of the moving-mesh gas-kinetic scheme can be summarized as follows:

1. Set the initial cell averaged (ρ, ρU , ρV , ρE) and the geometric variables (A, B, M, L) at each cell center by Eq. (2). 
Then, (�ρ, �ρU , �ρV , �ρE) are calculated for each control volume with � = AM − BL.

2. According to the given mesh velocity (U g , V g) at the cell interface ξ = ξi+1/2, project the flow variables to the local 
coordinate by Eq. (9). The high-order reconstruction is conducted for the projected conservative variables W around the 
cell interface in both normal and tangential directions.

3. With reconstructed data, calculate the numerical fluxes on the moving interface by taking moments of the gas distri-
bution function (14) (without mesh acceleration) or Eq. (22) (with mesh acceleration), and obtain the numerical fluxes 
in the common inertia frame of reference according to Eq. (13) (without mesh acceleration) or Eq. (25) (with mesh 
acceleration).

4. Generate the new mesh according to the mesh velocity at t = tn+1

xn+1
i, j = xn

i, j + U g�tn + 1

2
a
(
�tn)2

,

yn+1
i, j = yn

i, j + V g�tn + 1

2
b
(
�tn)2

,

where U g, V g and a, b are constant within each time step, �tn = tn+1 − tn . If there is no mesh acceleration, both a
and b take the value of 0. With the new mesh, (A, B, L, M) and � are calculated, such as An+1

i, j ,

An+1
i, j = (

xn+1
i+1/2, j − xn+1

i−1/2, j

)
/�ξ.

5. Updated the conservative variables at t = tn+1 by the finite volume scheme (7) with the fluxes in the inertia frame of 
reference.

6. Repeat steps 2 to 5 until the computation stops.

4. Numerical tests

In this section, numerical tests for both inviscid and viscous flow will be presented to validate the scheme. For the 
inviscid flow, the collision time τ takes

τ = ε�t + C | pl − pr

pl + pr
|�t,

where, in this paper, ε = 0.01 and C = 1. For the viscous flow, the local particle collision time is determined by

τ = μ

p
+ C | pl − pr

pl + pr
|�t,

where pl , pr denotes the pressures on the left and right hand sides of a cell interface. Here μ is the dynamic viscous 
coefficient, p is the pressure of the equilibrium state at the cell interface, and C also takes 1. For smooth flow, it will reduce 
to τ = μ

p
. The time step �t is determined according to the CFL condition, and CFL number takes a value of 0.2 in the 

current computations.
The multi-dimensional flux is used for the cases without considering acceleration, and the dimensional-splitting flux is 

only used in the simple wave case.

4.1. Shock tube problem

In this case, we consider the one-dimensional Lax shock tube problem. The initial conditions are given as follows{
(ρ, u, p) = (0.445,1.198,3.528),0 ≤ x < 0.5
(ρ, u, p) = (0.5,0.5,0.571),0.5 ≤ x ≤ 1.

The mesh moves with grid velocity U g = 0.5, uniformly. In the computation, the 100 × 10 mesh is used, which represents 
the initial domain [0, 1] ×[0, 0.1]. Non-reflecting boundary conditions are used in the x and y directions. The distribution of 
density, relative velocity, and pressure of the current scheme at t = 0.1 are presented in Fig. 1 at fixed y = 0.05. Because of 
mesh velocity, the initial physical domain moves to [0.05, 1.05] × [0, 0.1] at t = 0.1. The exact solution of the Lax problem 
is obtained without considering mesh movement. The numerical results agree well with the exact solution.
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Fig. 1. Lax problem: density, relative velocity, and pressure distributions at t = 0.1 with 100 cells. Diamonds: moving-mesh scheme. Green line: exact 
solution. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. The density contour and mesh for the first 2D Riemann problem at t = 0.25.

4.2. Two-dimensional Riemann problem

In this case, two 2D Riemann problems are tested. Both of these two cases were presented in [24]. The initial condition 
for the first problem is

(ρ, u, v, p) =

⎧⎪⎨
⎪⎩

(0.5313,0,0,0.4), x > 0.5, y > 0.5,

(1,0.7276,0,1), x < 0.5, y > 0.5,

(0.8,0,0,1), x > 0.5, y < 0.5,

(1,0,0.7276,1), x > 0.5, y < 0.5.

The initial condition for second case is

(ρ, u, v, p) =

⎧⎪⎨
⎪⎩

(1,0.1,0.1,1), x > 0.5, y > 0.5,

(0.5197,−0.6259,0.1,0.4), x < 0.5, y > 0.5,

(0.8,0.1,0.1,0.4), x > 0.5, y < 0.5,

(0.5197,0.1,−0.6259,0.4), x > 0.5, y < 0.5.

Initially 100 × 100 uniform mesh, which covers the domain [0, 1] × [0, 1], is used for both cases. Non-reflecting boundary 
conditions are used in the x and y directions. The mesh velocity is determined by solving an elliptic solver, which is 
equivalent to optimizing some function [31]. The monitor function ωm takes

ωm =
√

1 + 0.1(|∇ρ|2 + |∇u|2).
Assume that the new mesh is obtained at the n + 1-th time step, the mesh velocity Ug can be determined as follows

Ug = Xn+1
i j − Xn

i j

�t
,

where Xn
i j are the coordinates of the mesh points and �t is the time step. This choice of mesh velocity can be considered 

as an adaptive mesh method. Different from the Lagrangian method, based on the different monitor functions, a smooth 
mesh can be obtained. At the same time, the mesh can be automatically concentrated in the regions with high gradients of 
physical variables, which improve the solution accuracy substantially. Both the density contours and computational mesh of 
these two cases at t = 0.25 are presented in Fig. 2 and Fig. 3. The current results agree well with those in [24]. Especially, 
due to the high-order and multi-dimensionality of the solver, and the adaptive mesh moving procedure, the roll-up can be 
captured effectively in the second case.

4.3. Flow over NACA 0012 airfoil

This case is about the inviscid flow computation of transonic flow passing through a NACA 0012 airfoil. The initial angle 
of attack is αm = 0.016◦ . Around a point on the chord, which is located at the chord with a quarter of chord length from 
the leading point, the airfoil is oscillating and the cycle of oscillation is defined as
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Fig. 3. The density contour and mesh for the second 2D Riemann problem at t = 0.25.

Fig. 4. The initial mesh of NACA 0012 airfoil.

α = αm + α0 sinωt,

where ω is the frequency and α0 = 2.51◦ .
With the above settings, the angular velocity ω around this point is given. In the computation, the whole mesh around 

the airfoil moves with the angular velocity. A 178 × 44 mesh points are used in the computation. The initial computational 
mesh is presented in Fig. 4, which is a C-type structured mesh. The inviscid boundary condition is used on the surface of 
the airfoil, and the inflow and outflow boundary conditions are used in the inlet and outlet respectively. The free stream 
velocity U∞ with a Mach number 0.755 is fixed and parallel to the x-axis, and the reduced frequency ωc/2U∞ = 0.0814. 
The density and pressure distributions at ωt = 4π are presented in Fig. 5. The pressure distribution at the angles of attack 
−2.0◦ and −0.54◦ are given in Fig. 6, with the inclusion of experiment measurements. The numerical results agree well 
with the experiment data [21].

4.4. Viscous flow above an oscillating wall

This case is so-called Stokes’ second problem which describes fluid motion above a flat plate which executes sinusoidal 
oscillations parallel to itself, and the flow is dominated by the viscous shear. The governing equation for the U velocity in 
the y-direction is

∂U

∂t
= ν

∂2U

∂ y2
, (26)

with the boundary conditions
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Fig. 5. The distribution of density and pressure around a NACA 0012 airfoil at ωt = 4π . The left one is the density contour and the right one is the pressure 
contour.

Fig. 6. Pressure distributions on the surface of NACA 0012 airfoil at the angles of attack −2.0◦ and −0.54◦ .

U (0, t) = U0cos(ωt), U (∞, t) = 0.

The exact solution of this problem is

U (y, t) = U0e−y
√

ω/2νcos(ωt − y
√

ω/2ν),

where ν is viscosity coefficient.
The initial flow field is stationary with ρ = 1, p = 1/γ Ma2, γ = 5/3, ν = 0.0005 and ω = 0.1. To simulate this prob-

lem, the Mach number takes a small value of Ma = 0.15. The non-slip adiabatic boundary condition at the plate, the 
non-reflecting boundary condition at top boundary and the periodic boundary condition in the x direction are adopted. 
The 10 × 10, 10 × 20 and 10 × 40 meshes are used in the computations for the initial domain [0, 0.1] × [0, 0.8] and the 
mesh moves with the velocity (U g , V g) = (U wall, 0) uniformly. The mesh could also move with the fluid velocity and it 
will become a Lagrangian method. However, because of the large velocity shear, the mesh will be stretched severely. The 
initial mesh and the numerical results and exact solutions of velocity at ωt = 2.5π, 5π are presented in Fig. 7. Good mesh 
convergence is achieved. The velocity profile can be satisfactorily obtained even with 2 to 3 mesh points in the boundary 
layer due to the third-order accuracy of the current scheme. This case will be difficult for the high-order schemes based on 
the Riemann solvers.
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Fig. 7. The velocity profiles and mesh for an oscillating wall. The velocity profiles with different cell size, where the solid lines are the exact solutions and 
symbols represent the numerical results (left); the initial mesh with �x = 0.01 and �y = 0.02 (right).

Fig. 8. The geometry of three-dimensional cavity flow (left); the stream lines with 65 × 65 mesh for three-dimensional cavity flow in the x–y plane at z = 0
(right).

4.5. Three-dimensional cavity flow

The lid-driven-cavity problem is one of the most important benchmarks for Navier–Stokes solvers, where the fluid is 
bounded by a unit cubic and driven by a uniform translation of the top boundary as shown in Fig. 8 and the domain is 
[−0.5, 0.5] × [−0.5, 0.5] × [−0.5, 0.5]. This case is used to validate three-dimensional scheme with the stationary mesh. 
Early three-dimensional cavity-flow calculations were carried out by De Vahl Davis and Mallinson [7] and Goda [10]. In this 
case, the flow is simulated with Mach number Ma = 0.15 at Reynolds number Re = 1000 and all boundaries are isothermal 
and nonslip. The computation is conducted with 65 × 65 × 65 mesh points inside the cubic. The stream lines in the x–y
plane at z = 0 are presented in Fig. 8. The results of U -velocity along the vertical centerline line, V -velocity along the 
horizontal centerline in the x–y plane with z = 0 and the benchmark data [1] are shown in Fig. 9. The simulation results 
match well with the benchmark data. This test shows that the high-order gas-kinetic scheme is very effective to simulate 
complicated three-dimensional flow. The current accuracy can be hardly achieved from a high-order directional splitting 
method. As a reference, the CPU time for this case with 65 × 65 × 65 points and 100 time steps is 315.364 seconds for 
single core of Intel Core i7-4770 CPU @ 3.40 GHz; meanwhile, the CPU time for 2D cavity flow with 65 × 65 points and 100 
time steps is 1.985 seconds for the same machine.
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Fig. 9. The profiles of U -velocity along the vertical centerline line (left) and V -velocity along the horizontal centerline (right) in the x–y plane at z = 0. The 
reference data is taken from Albensoeder [1].

Fig. 10. The initial mesh for the 3D rotating cavity.

4.6. Flow inside a three-dimensional rotating cavity

In this case, the flow inside a rotating unit cubic cavity is studied. The rotating angular velocity is ω = 1 around z-axis. 
With the account of the largest speed at the cavity wall corresponding to a Mach number 0.1, the viscosity coefficient is 
determined by requiring the Reynolds number Re = 1000. At the beginning, the flow is stationary and it starts to move 
due to the viscous effect from the cavity wall. The third-order reconstruction is adopted in this case. The initial mesh is 
presented in Fig. 10, where 33 × 33 × 33 uniform mesh is used to represent the initial domain of [−0.5, 0.5] ×[−0.5, 0.5] ×
[−0.5.0.5], and non-slip boundary condition is used. In the computation, the mesh moves with the cavity rigidly. Based 
on the same third-order reconstruction, both directional-splitting flux and multidimensional flux will be tested in this case. 
The streamlines and the contour of pressure in the x–y plane at z = 0 and the streamlines in the x–z plane at y = 0 and 
t = 2π and 4π are presented in Fig. 13 from the current multidimensional scheme. Complicated flow patterns appear. The 
U velocity profile at t = 2π , t = 4π , t = 6π and t = 12π in the x–y plane with z = 0 along the vertical centerline are 
presented in Fig. 11. The comparisons of the same velocity profile at t = 2π and t = 4π with the direct splitting solver are 
given in Fig. 12. Due to the absence of tangential derivatives in the flux evaluation in the directional splitting method, the 
directional splitting method has larger numerical dissipation than the multidimensional method.
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Fig. 11. U velocity profile from current scheme at t = 2π , t = 4π , t = 6π and t = 12π in the x–y plane at z = 0 along the vertical centerline.

Fig. 12. U velocity profile at t = 2π and t = 4π along the vertical centerline in the x–y at z = 0. The squares are the profile from the directional-splitting 
method. The diamonds are the profile from the current multidimensional method.

4.7. Simple wave

In this case, the flow inside a tube driven by a piston is simulated [6]. Initially, the piston is located at x = 0 and the 
velocity of piston is 0. It starts to move with constant acceleration a when t > 0.

When the piston recedes from the gas with a < 0, a rarefaction wave originating from the piston will propagate into the 
undisturbed gas with a sound speed c0. The flow motion will be confined in the region x < c0t . The exact solution of this 
problem is

u = − 1

γ

(
c0 − γ + 1

2
at

) + 1

γ

√(
c0 − γ + 1

2
at

)2 − 2aγ
(
x − c0t

)
. (27)

The analytical solutions of velocity u, sound speed c, pressure p, and density ρ are given by

c = c0 + γ − 1

2
u,

p = p0(1 + γ − 1

2

u

c0
)

2γ
γ −1 ,

ρ = ρ0(1 + γ − 1 u
)

2
γ −1 .
2 c0
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Fig. 13. The streamlines and the contours of pressure at the x–y plane at z = 0 (left) and the streamlines at the x–z plane at y = 0 (right) at t = 2π and 
4π for the 3D rotating cavity.

Fig. 14. The mesh of the rarefaction wave case at t = 0.5.

When a piston moves into the gas with a > 0, a compression wave originating from the piston will propagate into the undis-
turbed gas with the sound speed c0 as well. Different from the rarefaction case, with the velocity of the piston increasing, 
the forward characteristics C+ will converge and a discontinuity will be formed. Based on the analysis of characteristics, the 
discontinuity will appear at

t∗ = 2

γ − 1

c0

a
,

x∗ = 2

γ − 1

c2
0

a
.

Before the appearance of the discontinuity, the analytical solutions for the rarefaction and compression waves are the same.
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Fig. 15. The left contours are the numerical results and exact solution of the rarefaction wave at t = 0.5, and the right contours are the numerical results 
and exact solution of the compression wave. The solid lines are the exact solutions and the symbols represent the numerical results.
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Fig. 16. The mesh of the compression wave case at t = 0.5.

In this case, the scheme with the inclusion of mesh acceleration is used in the computation. The initial condition is 
(ρ0, u0, p0) = (1, 0, 1), γ = 5/3, and a two-dimensional 100 ×20 mesh is adopted. In this case, the initial physical domain is 
[0, 1.5] ×[0.0.3]. On the left boundary, the reflecting boundary condition is used, and non-reflecting boundary conditions are 
used on other boundaries. For the rarefaction wave, the acceleration is a = 2. Based on the exact solution, the acceleration 
can be obtained by taking derivative of Eq. (27). The mesh moves according to the analytical solution of fluid velocity and 
acceleration and the mesh distribution at t = 0.5 is presented in Fig. 14. The density, velocity, and pressure, as well as the 
exact solutions, are presented in Fig. 15. The same case is tested by a scheme with mesh velocity without mesh acceleration 
[17]. The L1 error of density in the current scheme can be reduced by 2.924% in comparison to the scheme without mesh 
acceleration. This is a significant amount of error reduction, and the techniques with mesh acceleration may be useful for 
aeroelastic applications.

For the compression case, the mesh moves with the velocity U g = at and an acceleration a = 0.4 uniformly, and the 
mesh is shown in Fig. 16 at t = 0.5. The density, velocity, pressure, and the exact solutions are presented in Fig. 15. In 
comparison with the solution without considering mesh acceleration, the current scheme can reduce the L1 error of density 
by 2.5%.

5. Conclusion

In this paper, a generalized coordinate transformation with mesh velocity and acceleration is proposed. Under such 
a transformation, both mesh velocity and acceleration are used in the construction of the high-order moving-mesh gas-
kinetic scheme, where the physical and geometrical variables are updated simultaneously. In the construction of the 
high-order scheme, the WENO method is used for the initial data reconstruction. With the initial piece-wise quadratic 
polynomials of macroscopic flow variables, a time-dependent gas distribution function is obtained at the moving and accel-
erating cell interface. In the current multidimensional scheme, both normal and tangential spatial derivatives are included 
explicitly in the gas evolution. The flux transports are obtained by taking moments of the time dependent gas distribution 
function, and integrating along a cell interface and over a whole time step. As a result, the current scheme can be efficient 
in comparison with the schemes equipped with Gaussian point integration and Runge–Kutta time stepping. The techniques 
with mesh acceleration may be useful for a delicate flow study, such as the aeroelastic interaction problem, where the mesh 
acceleration has not yet been taken into account [9].

This scheme is tested for both inviscid and viscous flow computations. The mesh velocity can be determined from 
different considerations, such as the mesh movement according to the flow velocity, the boundary velocity, or the mesh 
velocity determined by an elliptic solver. The numerical results are compared with the exact solutions and experimental 
measurements. Under the generalized coordinate transformation, a three-dimensional scheme has been developed as well.
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