
A High-order Navier-Stokes Flow Solver and

Gravitational System Modeling Based on

Gas-kinetic Equation

by

Jun Luo

A Thesis Submitted to

The Hong Kong University of Science and Technology

in Partial Fulfillment of the Requirements for

the Degree of Doctor of Philosophy

in Mathematics

June 2012, Hong Kong



Authorization

I hereby declare that I am the sole author of the thesis.

I authorize the University of Science and Technology to lend this thesis to other

institutions or individuals for the purpose of scholarly research.

I further authorize the University of Science and Technology to reproduce the

thesis by photocopying or by other means, in total or in part, at the request of

other institutions or individuals for the purpose of scholarly research.

Jun Luo

ii



A High-order Navier-Stokes Flow Solver and

Gravitational System Modeling Based on

Gas-kinetic Equation

by

Jun Luo

This is to certify that I have examined the above doctor of philosophy thesis

and have found that it is complete and satisfactory in all respects,

and that any and all revisions required by

the thesis examination committee have been made.

Prof. Kun Xu, Thesis Supervisor

Prof Allen Moy, Head of Department

Department of Mathematics

8 June 2012

iii



Acknowledgment

First and foremost I offer my sincerest gratitude to my supervisor, Prof. Kun Xu,

who has supported me throughout my thesis with his patience, encouragement

and knowledge. His truly scientist intuition has made him as a constant oasis of

ideas and passions in science, which exceptionally inspire and enrich my growth

as a student, a researcher and a scientist want to be. One simply could not wish

for a better or friendlier supervisor.

I gratefully acknowledge Prof. Wei Shyy, Prof. Taku Ohwada, Prof. Kwing-Lam

Chan and Prof. Shing-Yu Leung for their kindness and readiness to serve on my

thesis examination committee.

I do appreciate the fruitful discussions, all the support, kindly suggestions and

warm encouragement given to me by Prof. Xiao-Ping Wang, Prof. Jie-Quan Li,

Prof. Juan-Chen Huang, Prof. Qi-Bing Li, Prof. Ya-Guang Wang and Prof.

Yu-Xin Ren during the period of my postgraduate study.

It is a pleasure to pay tribute also to my collaborators. Miss Na Liu has shown

her great interest in my research and given me great help in the theoretical proof

in one of my works. In the collaboration with Dr. Li-Jun Xuan, I have benefited

from numerous discussions and his encyclopedic knowledge.

In my daily work I have been blessed with many friendly and cheerful fellow

students and friends: Pu-Bing Yu, Song-Ze Chen, Dr. Chang-Qiu Jin, Dr. Hong-

Wei Liu, Dr. Qiao-Lin He, Dr. Cong-Min Wu, Dr. Jie-Wei Liu, Min Gao, Yi Shi,

Rui-Jie Wang, Prof. Qing-Dong Cai, Dr. Kun Liu, Dr. Shu Yu Chen, Xiao-Heng

Xie, Yu Peng, Ang Li. Thanks for making my stay in HKUST a memorable and

enjoyable one, and for many help in both technical and mundane matters.

I would like to thank the Department of Mathematics for providing me with

iv



postgraduate studentship award so I have the valuable opportunity to study

here.

I also wish to express my deep gratitude to my family and in particular my

mother for their forever love, deep caring, continual support, encouragement and

understanding during my study.

Finally, I would like to thank everybody who was important to the successful

realization of thesis, as well as expressing my apology that I could not mention

personally one by one.

v



Contents

Title Page i

Authorization Page ii

Signature Page iii

Acknowledgments iv

Table of Contents vi

Abstract xvii

1 Introduction 1

1.1 Numerical modeling for the simulation of fluid flows . . . . . . . . 1

1.1.1 Direct modeling without solving equations . . . . . . . . . 4

1.1.2 PDE-based modeling . . . . . . . . . . . . . . . . . . . . . 6

1.2 Objectives and organization of the thesis . . . . . . . . . . . . . . 10

2 High-order Gas-kinetic modeling based on BGK equation 12

vi



2.1 Bhatnagar-Gross-Kook(BGK) Model of the Boltzmann Equation . 14

2.2 The Chapman-Enskog expansion of BGK equation . . . . . . . . . 16

2.3 A general framework of high-order gas-kinetic modeling under

gravitational field . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 A high order WENO-gas-kinetic scheme for inviscid and viscous

flow simulation 26

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 High-order gas-kinetic flow solvers . . . . . . . . . . . . . . . . . . 31

3.2.1 The continuous flow solver . . . . . . . . . . . . . . . . . . 34

3.2.2 The discontinuous flow solver . . . . . . . . . . . . . . . . 35

3.2.3 Collision time . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2.4 The coefficients in the distribution function . . . . . . . . 40

3.2.5 Finite volume high order GKS . . . . . . . . . . . . . . . . 42

3.3 The 5th order WENO reconstruction . . . . . . . . . . . . . . . . 42

3.4 Subcell reconstruction of GKS . . . . . . . . . . . . . . . . . . . . 44

3.4.1 The reconstruction of initial subcell flow distributions . . . 44

3.4.2 The reconstruction of equilibrium high-order derivatives . 45

3.5 The 5th order WENO schemes . . . . . . . . . . . . . . . . . . . . 46

3.5.1 Finite difference WENO-Steger-Warming scheme . . . . . 46

3.5.2 Finite volume WENO-Godunov scheme . . . . . . . . . . . 49

vii



3.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.6.1 Problems in 1-D space . . . . . . . . . . . . . . . . . . . . 50

3.6.2 Problems in 2-D space . . . . . . . . . . . . . . . . . . . . 56

3.6.3 Accuracy and computational time . . . . . . . . . . . . . . 85

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4 A well-balanced symplecticity-preserving gas-kinetic scheme for

hydrodynamic equations under gravitational field 90

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.2 A review of gas-kinetic BGK-NS scheme without external forcing

field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.3 Particle transport mechanism across a potential barrier . . . . . . 99

4.4 The symplecticity preserving BGK(SP-BGK) scheme . . . . . . . 102

4.4.1 The gas-kinetic SP-BGK scheme . . . . . . . . . . . . . . 102

4.4.2 Limiting Cases . . . . . . . . . . . . . . . . . . . . . . . . 107

4.5 Theoretical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 108

4.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.6.1 Perturbation of the 1D isothermal equilibrium solution . . 117

4.6.2 Shock tube under gravitational field . . . . . . . . . . . . . 120

4.6.3 One-dimension gas falling into a fixed external potential. . 121

4.6.4 Rayleigh-Taylor instability. . . . . . . . . . . . . . . . . . . 123

viii



4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5 Conclusion and future work 127

5.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

A Formulae of the well-balanced GKS for the hydrodynamic equa-

tions under gravitational field 136

Appendix 136

Bibliography 143

ix



List of Figures

3.1 Lax Riemann problem: the density and pressure distributions at t = 13

with 100 cells. Circle: the 3rd order WENO-GKS-Euler scheme. Delta:

WENO-Godunov scheme . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2 Large density ratio problem: the density, velocity and pressure distri-

butions at t = 12 with 400 and 100 cells. Here, the density and pressure

are the logarithms of the real density and pressure. Figure (d) is the

enlarged part around the shock front in the box with dashed lines (b). 52

3.3 Woodward-Colella blast wave problem: the density and pressure dis-

tributions at t = 3.8 with 400 and 100 cells. Left: the 3rd order

WENO-GKS-Euler. Right: WENO-Godunov scheme. . . . . . . . . . 54

3.4 Shu-Osher shock acoustic-wave interaction: the density distribution at

t = 1.8 with 400 cells. Figure (b) is the enlarged figure of the fast

oscillated part in the box with dashed lines in (a). . . . . . . . . . . . 55

3.5 Mach 3 step problem: the density distribution for different Reynolds

numbers (Re) at t = 4.0 with 120 × 40 mesh points by the 3rd order

WENO-GKS-NS. In each figure, there are 50 contours from 0.5 to 5. . 58

3.6 Mach 3 step problem: the density distribution for different number of

mesh points at t = 4.0 with Re = 1.0e5 by the 3rd order WENO-GKS-

NS. In each figure, there are 50 contours from 0.5 to 5. . . . . . . . . 59

x



3.7 Mach 3 step problem: the density distribution at t = 4.0 with Re =

1.0e5 with 60×20 mesh points by the 3rd order WENO-GKS-NS with-

out separating the numerical and physical collision times in the solution

of the gas distribution function for the flux evaluation. The same col-

lision time of Eq.(3.22) is used in Eq.(3.20). Upper: β = 1.0. Lower:

β = 0.1. In each figure, there are 50 contours from 0.5 to 5. . . . . . . 60

3.8 Mach 3 step problem: the density distribution at t = 4.0 with 120×40

mesh points by the WENO-GKS-Euler (upper one) and the WENO-

SW (lower one). In each figure, there are 50 contours from 0.5 to 5. . . 61

3.9 Mach 3 step problem: the density distribution at t = 4.0 with 60× 20

mesh points by the WENO-GKS-Euler (upper one) and the WENO-

SW (lower one). In each figure, there are 50 contours from 0.5 to 5. . . 62

3.10 Mach 3 step problem: the density distribution at t = 4.0 with 30× 10

mesh points by the WENO-GKS-Euler (upper one) and the WENO-

SW (lower one). In each figure, there are 50 contours from 0.5 to 5. . . 63

3.11 Mach 3 step problem: the density distribution at t = 4.0 with 120×40

mesh points. Upper one: NS solution with Reynolds number 1000 by

the WENO-GKS-Euler. Lower one: Euler solution by the WENO-SW.

In each figure, there are 50 contours from 0.5 to 5. . . . . . . . . . . . 64

3.12 Isentropic periodic vortex propagation: the density distribution at t =

10 (1 period) by the high-order WENO-GKS (WGKS) and the WENO-

SW (WSW). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.13 Isentropic periodic vortex propagation: the density distribution at

t = 100 (10 periods) by the high-order WENO-GKS (WGKS) and

the WENO-SW (WSW). . . . . . . . . . . . . . . . . . . . . . . . . 67

xi



3.14 Shock vortex interaction: the pressure distributions at different time

with Re=1.0e5 by the 3rd order WENO-GKS-NS. In each figure, there

are 60 contours from 0.8 to 1.4. . . . . . . . . . . . . . . . . . . . . 70

3.15 Shock vortex interaction: the pressure distribution for different Reynold-

s number at t=0.6 by the 3rd order WENO-GKS-NS. In each figure,

there are 90 contours from 1.1 to 1.37. . . . . . . . . . . . . . . . . . 71

3.16 Shock vortex interaction: the pressure and velocity (U, V) along the

horizontal symmetric line y=0.5 for different Reynolds number at t=0.8

by the 3rd order WENO-GKS-NS. . . . . . . . . . . . . . . . . . . . 72

3.17 Cavity flow: the streamlines at Re = 1000 calculated by the 3rd order

WENO-GKS-NS. Left: 65× 65 cells. Right: 33× 33 cells. . . . . . . . 73

3.18 Cavity flow: U and pressure distributions along the vertical symmetric

line at x = 0.5 and V and pressure distributions along the horizontal

symmetric line at y = 0.5 with Re = 1.0e3 and Mach number 0.3 by

the 3rd order WENO-GKS-NS. The Ghia’s solution is from [30]. The

reference solution for pressure is the data from [11]. The first row:

along the vertical symmetric line at x = 0.5. The second row: along

the horizontal symmetric line at y = 0.5. . . . . . . . . . . . . . . . . 74

3.19 Cavity flow (Re = 3200, Ma = 0.3): streamlines with 65 × 65 mesh

points. The left one: streamline by the high-order WENO-GKS. The

right one: streamline by the WENO-SW. . . . . . . . . . . . . . . . 76

3.20 Cavity flow at Re = 3200 andMa = 0.3 with 101×101 mesh points. U -

velicity along the vertical symmetric line at x = 0.5 (upper figure) and

V -velocity along the horizontal symmetric line at y = 0.5 (lower figure)

by the high-order WENO-GKS(WGKS) and the WENO-SW(WSW).

The exact solution for velocity is from [30]. . . . . . . . . . . . . . . 78

xii



3.21 Cavity flow at Re = 3200 and Ma = 0.3 with 65 × 65 mesh points.

U -velocity along the vertical symmetric line at x = 0.5 (upper figure)

and V -velocity along the horizontal symmetric line at y = 0.5 (lower

figure) by the high-order WENO-GKS (WGKS) and the WENO-SW

(WSW). The exact solution for velocity is from [30]. . . . . . . . . . . 79

3.22 Cavity flow at Re = 3200 and Ma = 0.3 with 33 × 33 mesh points.

U -velocity along the vertical symmetric line at x = 0.5 (upper figure)

and V -velocity along the horizontal symmetric line at y = 0.5 (lower

figure) by the high-order WENO-GKS (WGKS) and the WENO-SW

(WSW). The exact solution for velocity is from [30]. . . . . . . . . . . 80

3.23 Cavity flow at Re = 3200 andMa = 0.3. The convergence history

of the numerical solution with mesh sizes 65× 65 and 33× 33 by

WENO-SW (WSW) and WENO-GKS (WGKS) schemes. . . . . 81

3.24 Viscous shock tube problem: the density distribution at t = 1.0 with

500 × 250 cells by the WENO-GKS-NS. β = 10−3 in the numerical

collision time (3.22). Different CFL numbers are used in the simulation.

(a) CFL number is 0.7. (b) CFL number is 0.5. In each figure, there

are 30 contours from 1.2 to 120. . . . . . . . . . . . . . . . . . . . . 83

3.25 Viscous shock tube problem: the density distribution at t = 1.0 with

500× 250 cells by the WENO-GKS-NS. CFL number is 0.7. Different

β in the numerical collision time (3.22) is used in the simulation. (a)

β = 10−3. (b) β = 103. In each figure, there are 30 contours from 1.2

to 120. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.1 Reconstruction of the conservative variables at the cell interface. . . . 96

xiii



4.2 The modeling of the initial and equilibrium distribution functions

around the cell interface for the BGK scheme without gravity (left)

and the SP-BGK scheme with a potential jump (right). . . . . . . 98

4.3 The particle’s movement at the interface with a potential jump ϕj <

ϕj+1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.4 Propagation of the pressure perturbation starting from an isothermal

equilibrium solution. Left: η = 0.01; right: η = 0.001. . . . . . . . . . 118

4.5 Convergency rate of the 2nd-order SP-BGK scheme for the pressure

perturbation starting from an isothermal equilibrium solution with η =

0.01 on the left figure, and η = 0.001 on the right figure. . . . . . . . 119

4.6 Density distributions for the shock tube problem under gravitational

field. From the comparison of different schemes, the dissipation of the

SP-BGK scheme is much smaller than the SP-KFVS scheme. . . . . . 120

4.7 Pressure and velocity distributions from the 2nd-order SP-BGK scheme

for the shock tube problem under gravitational field. The shock cap-

turing property of the SP-BGK scheme is clearly shown in this test

case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.8 Density and temperature distributions calculated by 2nd-order SP-

BGK for a gas falling into a fixed external potential in 1-D case. The

right figure shows the temperature oscillation around 0.411958. Accu-

racy 1 and 2 refer to the different accuracy for the numerical integra-

tion of the integrals. Accuracy 1 uses more integration points for the

numerical integral and has higher accuracy than accuracy 2. . . . . . 122

xiv



4.9 Velocity distributions for a gas falling into a fixed external potential in

1-D case. The exact solution should have a zero velocity. The results

from SP-BGK scheme is compared with that of EST-BGK method [94].

The SP-BGK accuracy 1 results are closer to the exact solution. The

SP-BGK scheme is a well-balanced one, where the error is due to the

numerical integration of the integrals. . . . . . . . . . . . . . . . . . 123

4.10 Rayleigh-Taylor instability under gravitational field directed radially

inward. Density contours at time t = 0, 0.8, 1.4, 2.0 are shown in the

four quadrants, starting with the initial data in the upper right corner

and progressing clockwise. . . . . . . . . . . . . . . . . . . . . . . . 124

4.11 Scatter plots of the density for all cells vs. the distance of the cell

center to the origin at different times. The sharp un-perturbed lines

demonstrate the capability of SP-BGK scheme to keep the isothermal

hydrostatic solution. . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.1 Shu-Osher shock acoustic-wave interaction: the density distribution at

t = 1.8. Figure (b) is the enlarged figure of the fast oscillated part in

the box with dashed lines in (a). . . . . . . . . . . . . . . . . . . . . 134

xv



List of Tables

3.1 Space accuracy test for advection of density perturbation by the

WENO-GKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.2 Time accuracy test for advection of density perturbation by the

WENO-GKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.3 Accuracy test for isentropic periodic vortex propagation by the

WENO-GKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.4 Computation Time . . . . . . . . . . . . . . . . . . . . . . . . . . 87

3.5 Average computational time for one time-step . . . . . . . . . . . 88

5.1 Space accuracy test for advection of density perturbation by the

compact GKS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

xvi



A High-order Navier-Stokes Flow Solver and

Gravitational System Modeling Based on

Gas-kinetic Equation

Jun Luo

Department of Mathematics

Abstract

With the rapid development of computational power, the status of the numer-

ical simulation has been changing from an engineering tool to a new scientific

branch, because the applied scope of the numerical simulation has already been

far beyond that of the experiment or theoretical analysis. More and more brand

new physical phenomena and theories have been discovered from the numerical

simulation. In order to make the numerical simulation as an independent scien-

tific branch, the direct modeling on the discretized space is the basic and natural

idea. In this thesis, the direct modelings on the discretized space will be clarified.

A new concept, the PDE-based modeling, will be introduced.

In the simulation of fluid flow, a direct physical description of the flow evolu-

tion on the discretized space is needed. The conservations of mass, momentum

and energy in a control volume are the basic physical laws for a fluid system.

Then, based on various modeling equations, different schemes basically use d-

ifferent methods to model the flux and source terms in the conservation laws.

If a modeling is based on the gas-kinetic equation, we will call it gas-kinetic

scheme(GKS).

xvii



In recent years, high-order numerical methods have been extensively investigat-

ed and widely used in computational fluid dynamics(CFD). In this thesis, the

state-of-the-art WENO-type initial reconstruction and the gas-kinetic gas evo-

lution model will be used in the construction of a high-order multidimensional

GKS for the Navier-Stokes solutions. The spatial and temporal gas evolution

is fully coupled in the newly developed high-order methods. In order to distin-

guish numerical performance due to different flux modeling, the results from the

WENO-Godunov and WENO-Steger-Warming methods will be used for compar-

ison. This study demonstrates that, besides high-order initial reconstruction, an

accurate gas evolution model or flux function in a high-order scheme is important

as well in the capturing of physical solutions. In a real physical flow, the trans-

port, stress deformation, heat conduction, and viscous heating are all coupled in

a single gas evolution process. Therefore, it is preferred to develop such a flux

model with multi-dimensional wave propagation, and un-splitting treatment of

inviscid and viscous terms.

In order to capture the physical evolution of a slowly evolving gravitational

hydrodynamic system, the numerical scheme needs to be an accurate shock cap-

turing scheme for the description of general time-dependent flow evolution, and

to have a well-balanced property to capture the delicate equilibrium balance.

In this thesis, based on the gas-kinetic equation a well-balanced gas-kinetic

symplecticity-preserving BGK (SP-BGK) scheme is developed. In the construc-

tion of such a scheme, the gravitational potential is modeled as a piecewise

constant function inside each cell with a potential jump at the cell interface.

The design of such a scheme fully uses the energy conservation, Liouville’s the-

orem, and the symplecticity preserving property of a Hamiltonian flow, which

play important roles in the description of particles penetration and reflection

from a potential barrier. More importantly, the use of the symplecticity preserv-

ing property is crucial in the evaluation of the moments of a post-interaction

xviii



gas distribution function with a potential jump in terms of the moments of pre-

interaction distribution function. The SP-BGK method is a well-balanced shock

capturing gas-kinetic scheme for the Navier-Stokes equations under gravitational

field.
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Chapter 1

Introduction

1.1 Numerical modeling for the simulation of

fluid flows

In a continuum space and time, the physical laws are well-defined according to the

scale to describe the gas behavior. On different scales, the governing equations

can be the Newton’s laws, the Liouville’s equation, the Boltzmann equation, or

the Navier-Stokes equations. Similarly, a numerical scheme is more or less a

corresponding governing equation in a discretized space and time. Traditionally,

people categorize a numerical scheme as a numerical discretization of a governing

equation of the continuous space and time. For example, the name of numerical

partial differential equations(PDE) is frequently used. However, this kind of

thinking may be problematic, because the scales of the physical modeling of

the governing equations and the scale of the numerical cell size can be totally

different. In order to lay the numerical computation on a solid foundation, we

need to consider the physical modeling on the cell size and time step scale directly.

The basic principle in the construction of a numerical scheme is to give a descrip-
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tion of the physical laws in the discretized space and time. For a fluid system,

regardless of the continuous or discretized space, the physical laws are the basic

mass, momentum, and energy conservations. Therefore, in a discretized space

with a numerical cell Ω, the physical law tells us that the conservative variable

W (x⃗, t) must satisfy the following governing equation∫ tn+1

tn

∫∫
Ω

W (x, t)dx⃗dt = −
∫ tn+1

tn

∫
∂Ω

F (x⃗(s), t)dsdt+

∫ tn+1

tn

∫∫
Ω

S(x⃗, t)dx⃗dt,

(1.1)

where ∂Ω is the boundary of the numerical cell, s is the parameter used to define

∂Ω, F is the flux along the outward normal direction of ∂Ω, S is the source, and

tn is the time at the nth time step. The source term can be body force, such as

gravity, or chemical reaction if we consider different species. The above equation

is exact regardless of the specification of numerical cell size. Theoretically, the

cell size of a discretized space can be arbitrarily defined. Different scale of the

cell size represents different transport phenomena of the fluid evolution. As a

result, a direct modeling of F and S needs to be modeled in the cell size scale

with the corresponding numerical resolution. For example, if the cell size is on

the scale of molecule diameter, the individual particle motion needs to be used

to do the modeling, such as the Molecular Dynamics (MD) method ([50]). If

the cell size comes to a scale of mean free path, the Boltzmann equation will be

an appropriate model to follow the gas evolution. If the numerical cell size of a

discretized space is much large, such as in the scale of hundreds or thousands of

mean free paths, the Navier-Stokes(NS) or Euler equations may be used to do the

modeling. For example, the Godunov method is one of the outstanding modeling

for the interface fluxes through the Riemann solution of the Euler equations [96].

In a discretized space, the direct modeling of a gas evolution with the help of

PDE is a natural way the computational fluid dynamics (CFD) can go. Due to

the limited cell resolution, an initial reconstruction may introduce discontinu-

ities around a cell interface. As a result, even with the cell size in the scale of

2



thousands of particle mean free path, the NS equations will have difficulty to de-

scribe the flow motion starting from such a discontinuity. For example, the heat

conduction and viscous stress may become divergent immediately. A conven-

tional way to overcome this difficulty is to separate the convection and diffusion

processes and treat them with different initial conditions. For the compressible

flow simulations, the use of the Riemann solver for the inviscid flow evolution

becomes the foundation of modern CFD method ([96]). The time evolution from

two linearly distributed states has been further developed in [5]. If our final tar-

get for CFD is to truthfully simulate flow motion instead of solving any specific

governing equation, the validity of the physical process of the Riemann solution

needs to be carefully evaluated. Basically, the Riemann solution is for the de-

scription of equilibrium flow. In a highly non-equilibrium flow regime, such as

inside the numerical shock layer, the use of Riemann solution is questionable

([53]). Even though the cell size can be much larger than the particle mean free

path, due to the introduction of numerical discontinuity, a new scale with zero

thickness appears and this condition requires new gas evolution mechanism to

cope with it. Certainly, the Riemann solution can handle the initial discontinuity

mathematically, but its description is not consistent with what really happens

in the gas evolution. A realistic gas evolution from an initial discontinuity must

be the particle free transport first. Then, the particle collision generates the

pressure waves and dissipative layers. The Euler solution is the limiting case

with infinite number of particle collision, which cannot be achieved in a highly

non-equilibrium numerical shock layer.

In the remaining part of this chapter, we will briefly introduce several popular

methods which do the modeling directly on the discretized space.
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1.1.1 Direct modeling without solving equations

Molecular dynamics (MD) method

The molecular dynamics (MD) method simulates fluid flows by tracking the mo-

tions of all molecules within a region of simulated physical space [36]. There

are three main aspects of a typical molecular dynamics simulation. First of al-

l, the initial state of each molecule is set by probabilistic approach, generally,

molecules are randomly distributed according to certain distribution function-

s for their location, velocity and internal state. Next, some potential energy

functions are needed to determine the force on a fluid molecule from other fluid

or wall molecules. Collisions occur whenever the spacing between any pair of

molecules decreases to the assumed cutoff limit of their force field. Third, we

let all simulated molecules obey the second law of Newtonian mechanics and

solve these dynamic equations by some numerical methods to redistribute the

molecules with new positions and velocities.

Macroscopic flow properties are obtained by averaging procedure from microscop-

ic states of molecules over a chosen space volume. Although the MD method is

widely recognized as a reliable tool to study complex fluid problems, it should be

also noted that the MDmethod is highly inefficient for most practical application-

s in comparison with other numerical methods. As a result, molecular dynamics

is usually limited to flows where the continuum and statistical approaches are

inadequate.

Direct simulation Monte Carlo (DSMC) method

The direct simulation Monte Carlo (DSMC) method is a widely used particle

method as an reliable numerical technique to simulate rarefied, nonequilibrium

gas flows. This method was innovated and mainly developed by Bird [7, 76] based
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on kinetic theories. The fundamental idea of the DSMC method is to track a

large number of statistical representative particles in the computational domain,

each of which represents the extremely enormous number of real gas molecules.

The motion and interactions of each particle are used to modify particle position-

s, velocities, chemical species and so on. The flow information is then sampled

from the microscopic information about the simulated particles. The primary

approximation of the DSMC method is to uncouple the particle streaming and

inter-particle collisions over small time intervals. Particle streaming is modeled

deterministically, whereas the collisions are treated statistically. The spacial cell

size used should be less than the mean free path but much larger than the mean

molecular spacing, and the time step should be smaller than the mean collision

time of gas molecules. Although it is very difficult to fully prove the validity of

the DSMC method by strict mathematical reasoning, it has been demonstrated

by some facts: many DSMC calculations agree well with corresponding experi-

mental data [7, 8]; excellent agreement has been shown in the comparison of the

DSMC with molecular dynamics (MD) method for shock computations [76] and

slip length calculations [64]; it has been shown numerically by many researchers

that the DSMC solutions approach the Navier-Stokes solutions in the limit of

very low Knudsen numbers. The DSMC method is one of the most successful nu-

merical approaches for rarefied gas flows, however, when it is applied to simulate

microscale gas flows, such as flows in MEMS, the statistical scatter associated

with this method prevents its application for many practical flow problems, be-

cause of its huge numerical expense. Although some attempts have been made

to modify this method in order to simulate microscale gas flows with afford-

able computational cost, for example the information preservation (IP) method

[28, 88, 89], the success of these modified methods is still limited at present.
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1.1.2 PDE-based modeling

Numerical methods based on Euler and Navier-Stokes equations

The Euler and Navier-Stokes (NS) equations are the most commonly-used macro-

scopic governing equations for inviscid and viscous fluid flows, respectively. Var-

ious sophisticated numerical methods have been developed based on these gov-

erning equations in the literature, such as the finite volume method, the finite

difference method, the finite element method and many others. Detailed dis-

cussion on these numerical methods for conventional macroscopic conservation

equations can be found in [10, 51, 96, 42, 2].

In the last three decades, numerical algorithms for hyperbolic conservation laws,

e.g. the Euler equations, have been extensively investigated. One of the most

successful algorithms for the hyperbolic conservation laws is the Godunov method

[31], which laid a solid foundation for the development of modern upwind schemes

including MUSCL (Monotone Upstream Scheme for Conservation Laws) [97],

TVD (Total Variation Diminishing) [38, 92, 33], PPM (Piecewise Parabolic

Method) [19], ENO (Essentially Non-Oscillatory) [39, 82] and WENO (Weighted

ENO) [59, 45] schemes. The Godunov scheme was first extended to second-order

by van Leer [97] with the introduction of a limiter to remove spurious numerical

oscillations near steep gradients. Other techniques to eliminate spurious nu-

merical oscillations were also developed, for example the FCT (Flux-Corrected

Transport) methods by Boris et al [9]. Meanwhile, the exact Riemann solver

used in the Godunov method was sometimes replaced by approximate Riemann

solvers [96] for better efficiency.

In recent years, high-order numerical methods capable of handling unstructured

grids for hyperbolic conservation laws are highly sought for effective resolving

complex flow structures with complicated geometries, such as in computational
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aeroacoustics (CAA), direct numerical simulation (DNS) and large-eddy simu-

lation (LES) of turbulence, computational electromagnetics (CEM) and so on.

The current state of the art of high-order methods on unstructured grids includes

the ENO [1] and WENO [40] schemes, the discontinuous Galerkin (DG) meth-

ods [17, 18, 4, 3], the spectral volume (SV) [99, 57, 90] and spectral difference

(SD) [58, 91] methods, to name just a few. A general review of these high-order

methods can be found in [26, 43]. Although great progress has been made for

the numerical methods solving inviscid flow equations, it is a different story for

viscous flows, especially for the convection-dominated problems, for example the

high-speed, high Reynolds number flows. For the Godunov-type methods, since

the Riemann solutions for the NS equations are not available, they cannot be

used for viscous flows with a simple extension. One technique that has been

widely used is to treat the convection and dissipation effects separately, for ex-

ample, for a finite volume scheme, the interface flux from the inviscid part of

the NS equations is obtained by one of the numerical methods developed for

the Euler equations, and the numerical flux corresponding to the viscous part of

the governing equations is calculated by central-differencing approximation with

suitable accuracy requirement. In fact this is not a consistent way and sometimes

makes ambiguity from both physical and mathematical views although it works

well for many applications. Another technique that has been employed in the DG

and SV methods for NS equations is to rewrite the original governing equations

into an enlarged first-order system, then the DG or SV scheme is applied to the

first-order system with carefully chosen numerical fluxes [18, 3, 90] to achieve the

expected order of accuracy. Accordingly, the computational efficiency is reduced

for this treatment, and also the way to determine the numerical fluxes of the

enlarged system seems to be lack of physical foundation, except for the inviscid

part.
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Gas-kinetic equation based methods

In general, kinetic methods for CFD are constructed based on the Boltzmann

equation, as opposed to conventional CFD methods based on direct discretiza-

tions of the Navier-Stokes equations. Two distinctive features of kinetic methods

immediately appear. First, kinetic methods can include extended hydrodynam-

ics beyond the validity regime of the Navier-Stokes equations, because they are

based on kinetic theory. It is known that the Boltzmann equation provides

the theoretical connection between hydrodynamics and the underlying micro-

scopic physics. Kinetic methods are often called mesoscopic methods for they

act between the macroscopic conservation laws and the corresponding molecular

dynamics. And second, the Boltzmann equation is a first-order integro-partial-

differential equation with a linear advection term, while the Navier-Stokes equa-

tion is a second-order partial-differential equation with a nonlinear advection

term. The nonlinearity in the Boltzmann equation resides in its collision term,

which is local. This feature may lead to some computational advantages [98].

For these reasons, kinetic methods have attracted some interest recently. Due to

their mesoscopic nature, kinetic methods are particularly appealing in modeling

and simulations of complex fluids (cf. [48] and references therein).

Many attempts to directly solve the Boltzmann equation have been carried out,

however, it is still a challenge to resolve a full non-equilibrium distribution func-

tion for general gas flows based on the current computational capabilities. One

major problem in doing this is that a large number of elements or nodes are

required to store the velocity distribution function in the phase space. Another

difficulty is the evaluation of the collision term which involves a large number of

operations. Therefore, direct solutions of the Boltzmann equation have been lim-

ited to simple flow geometries for monatomic gases. The first successful method

for directly solving the Boltzmann equation was introduced in a series of papers

by Nordsieck, Hicks and Yen [112]. They dealt with one-dimensional steady flow
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problems, and employed a conventional finite difference technique to discretize

the Boltzmann equation with a Monte Carlo sampling technique for the collision

term. Recently, Ohwada et al [85, 66] proposed another approach to solve the

Boltzmann equation, which was also a finite difference method with the collision

integral computed efficiently and accurately by their numerical kernel method.

However, application of this method so far is limited to 1-D flow problems.

In recent years, the lattice Boltzmann method (LBM) has developed into an

alternative and promising numerical scheme for simulating fluid flows and mod-

eling physics of fluids ([78, 60, 61, 34, 113]). The scheme is particularly successful

in fluid flow applications involving interfacial dynamics. The basic premise for

using these simplified kinetic-type methods for macroscopic fluid flows is that the

macroscopic dynamics of a fluid is the result of the collective behavior of many

microscopic particles in the system and that the macroscopic dynamics is not

sensitive to the underlying details in microscopic physics ([47]). By developing a

simplified version of the kinetic equation, one avoids solving complicated kinetic

equations such as the full Boltzmann equation, and one avoids following each

particle as in molecular dynamics simulations. But, LBM is only valid for near

incompressible flows and it is hard to simulate the flows which involve heat.

The gas-kinetic finite volume scheme (GKS) has been successfully proposed and

developed for both inviscid and viscous flow simulations in the past decades

[102, 56, 103, 111, 46]. Theoretically, the GKS does not target to solve accurately

the gas kinetic BGK model ([6]), but uses the kinetic equation to do the modeling

around a cell interface. In the GKS evolution, the whole process from particle free

transport to the NS or Euler solution construction has been recovered. Which

flow regime the gas evolution will represent depends on the ratio of time step to

the particle collision time. In the smooth flow region, based on the Chapman-

Enskog expansion, a time evolving gas distribution function corresponding to

the NS solution or Euler solution can be obtained accurately by the GKS. In the
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discontinuity region, when the physical solution cannot be well resolved by a cell

resolution, theoretically it is not necessary to know the precise ”macroscopic”

governing equations here, because there is not a precise definition of the amount

of numerical dissipation needed. But, in such a region the gas evolution process

should follow a path which is consistent with the physical one, such as keeping

a non-equilibrium dissipative mechanism in a numerical shock layer [53].

In the following chapters, the formulation of the GKS will be presented and the

comparison with other methods will be given in detail.

1.2 Objectives and organization of the thesis

As stated before, there are a lot of advantages of the modeling based on gas-

kinetic equation. So, the first objective of this thesis is to give a general frame-

work for the gas evolution modeling based on the gas-kinetic equation. In chapter

2, after reviewing some basic gas-kinetic theories, the general framework will be

introduced. Theoretically, by using this framework, any high-order gas-kinetic

scheme under external forcing field can be obtained.

The second objective of this thesis is the development of high-order multidimen-

sional gas kinetic schemes for the NS solutions. In chapter 3, the state-of-the-art

WENO-type initial reconstruction and the gas-kinetic modeling are used in the

construction of such schemes. As a result, the spatial and temporal gas evolution

is fully coupled in the current high-order methods. In order to distinguish numer-

ical performance due to different flux modeling, the results from the finite vol-

ume WENO-Godunov method and the finite difference WENO-Steger-Warming

methods will also be used for comparison. This study demonstrates that both

the high-order initial reconstruction and high-order gas evolution are important

in the design of a valid high-order numerical scheme.
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The third objective of this thesis is to introduce a well-balanced scheme for the

hydrodynamic system under the gravitational field (see chapter 4). In order to

design such a scheme, the gravitational potential is specially modeled as a piece-

wise discontinuous function in space and the symplecticity preserving property

of a Hamiltonian flow is used in the description of particles penetration and

reflection from a potential barrier. A few theorems are proved for this scheme,

which include the necessity to use an exact Maxwellian for keeping the isothermal

hydrostatic state, the total mass and energy (the sum of kinetic, thermal, and

gravitational ones) conservation, and the well-balanced property of the scheme

to keep an isothermal hydrostatic state during the process of particle transport

and collision. Many numerical examples are presented to validate the new well-

balanced scheme.

In the last chapter, after summarizing the current work, we will briefly introduce

possible new directions of the further development of high-order GKS.
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Chapter 2

High-order Gas-kinetic modeling

based on BGK equation

The most popular way to describe flow motion is based on macroscopic eqautions,

such as the Euler, Navier-Stokes, Burnett, or high-order hydrodynamic equations

supplied by the equation of state. The gas kinetic theory is another type of flow

description coming from microscopic considerations. The fundamental quantity

in this description is the particle distribution function f(x⃗, u⃗, t), which gives a

time-dependent number density of molecules in the six-dimensional phase space

(x⃗, u⃗) = (x, y, z, u, v, w). The evolution equation for the gas-distribution function

f can be constructed, for example the well-known Boltzmann equation. Physi-

cally, the gas kinetic equation provides more information about the gas flow and

has larger applicable regime than the macroscopic counterpart.

The development of numerical schemes based on the gas-kinetic theory for com-

pressible flow simulations began in the 1960ś. The Chu’s method [16], based

on gas-kinetic Bhatnagar-Gross-Kook (BGK) model [6], with discretized particle

velocity space, is one of the earliest kinetic methods used for shock tube cal-

culations. Another kinetic scheme used in early 70ś is the beam scheme [77],
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which approximates the gas distribution function as three delta functions in one-

dimensional (1-D) case and the transport is based on the collisionless Boltzmann

equation. Numerically, the beam scheme is almost identical to the flux vector

splitting (FVS) scheme of Steger-Warming [86]. Unfortunately, the beam scheme

is only known in the astrophysical society in the 70ś. In the past three decades,

many researchers have contributed to gas-kinetic schemes. A partial list includes

Reitz [72], pullin [71], Deshpande [22], Elizarova and Chetverushkin [27], and

many others.

The Boltzmann equation with vanishing collision term is called collisionless

Boltzmann equation. The flux evaluation of most kinetic schemes introduced

above is based on the collisionless Boltzmann equation, the so-called Kinetic Flux

Vector Splitting (KFVS) scheme. In the past decade, the gas-kinetic methods

based on BGK Model [102, 109, 103, 111] have also been developed to model the

gas evolution process more precisely. The schemes of this class are named BGK-

type schemes in order to distinguish them from other Boltzmann-type schemes

based on the collisionless Boltzmann equation. The BGK-type schemes take into

account particle collisions in the whole gas evolution process or flux evaluation

process at a cell interface within a time step, from which a time-dependent gas

distribution function and the resulting numerical fluxes at the cell interface can

be obtained. Due to the intrinsic connection between the BGK model and viscous

governing equations, the BGK method gives Navier-Stokes solutions directly in

smooth regions. In the discontinuous regions, the scheme provides a delicate

dissipative mechanism to get a stable and crisp shock transition, and the scheme

becomes a shock capturing method. Since the gas evolution process in the BGK

scheme is a relaxation process from a non-equilibrium state to an equilibrium

one, it is expected that the entropy condition is satisfied in the BGK method. In

this chapter, a general framework of the construction of a high-order gas-kinetic

scheme based on BGK equation will be introduced. Theoretically, under this
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framework, arbitrarily high-order GKS can be designed even under gravitational

field.

2.1 Bhatnagar-Gross-Kook(BGK) Model of the

Boltzmann Equation

Usually, we do not know the explicit form of the gas distribution function f in

the highly non-equilibrium flow regions, such as that inside a strong shock layer.

What we know is the dynamical evolution of the distribution function f , the

so-called Boltzmann equation,

ft + u⃗ · ∇f + a⃗ · ∇u⃗f = Q(f, f). (2.1)

Here f is the gas distribution function, ∇f is the gradient of f with respect to x⃗,

∇u⃗f is the gradient of f with respect to u⃗. a⃗ is the acceleration on the particles

due to the external forcing field. Q(f, f) is the collision operator. From the

physical constraints of the conservation of mass, momentum and energy during

particle collisions, the following compatibility condition has to be satisfied,∫∫∫
Q(f, f)ψαdudvdwdξ = 0, α = 1, 2, 3, 4, 5 (2.2)

where dξ = dξ1dξ2...dξK , and K is the number of degrees of internal freedom,

i.e., K = (5 − 3γ)/(γ − 1) for 3-D flow, K = (4 − 2γ)/(γ − 1) for 2-D flow and

K = (3− γ)/(γ − 1) for 1-D flow, γ is the specific heat ratio, and

ψ = (ψ1, ψ2, ψ3, ψ4, ψ5)
T = (1, u, v, w,

1

2
(u2 + v2 + w2 + ξ2))T

are the conservative moment vector. The relation between the macroscopic quan-

tities, mass density ρ, momentum density (ρU, ρV, ρW ), and energy density ρE,

and the distribution function f is

W =

∫∫∫
ψfdudvdwdξ, (2.3)

14



where W = (ρ, ρU, ρV, ρW, ρE)T and (U, V,W ) is the macroscopic velocity of the

fluid.

In the Boltzmann equation (2.1), the advection term on the left hand side always

drives f away from local equilibrium distribution; the collision term on the right

hand side Q(f, f) pushes f back to equilibrium. Although, Q(f, f) does not

change the local mass, momentum and energy, it does re-distribute particles

in the phase space (u⃗, ξ), subsequently change the transport coefficients of the

particle system, e.g., viscosity and heat-conductivity. The real flow evolution is

governed by the competition and balance between the convection and collision

terms. The viscosity and heat conduction coefficients can be properly determined

through the determination of particle collision time.

The collision term Q(f, f) of the Boltzmann equation is very complicated. Any

attempt to solve the Boltzmann equation analytically to a particular flow prob-

lem will encounter many difficulties. If the system to be considered is not too far

away from equilibrium, the difficulties can be reduced when use the linearized

version of Boltzmann equation. However, with the linearized Boltzmann equa-

tion, further simplification is still involved in obtaining solutions for problems

of interest. Due to these reasons, Bhatnager, Gross, and Krook introduced a

simplified model of the Boltzmann equation which simplifies the collision term

by a relaxation process. This relaxation model between non-equilibrium and e-

quilibrium states is referred to as the BGK model, which was introduced in 1945

([6]).

The BGK model is to replace the collision term of Boltzmann equation by a

relaxation term (g − f)/τ , where τ is the particle collision time. Therefore, the

BGK equation is

ft + u⃗ · ∇f + a⃗ · ∇u⃗f =
g − f

τ
, (2.4)

where g is the equilibrium distribution function approached by f .
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Similar to (2.2), f and g satisfy the conservation constraint,∫∫∫
(g − f)ψαdudvdwdξ = 0, α = 1, 2, 3, 4, 5, (2.5)

at any point in space and time. In this thesis, g is a Maxwellian distribution

function, i.e.,

g = ρ

(
λ

π

)K+N
2

eλ((u−U)2+(v−V )2+(w−W )2+ξ2), (2.6)

where λ equals to m
2kT

, m is the molecular mass, k is the Boltzmann constant, T

is the temperature, and N is the dimension of the space.

2.2 The Chapman-Enskog expansion of BGK e-

quation

In a series of papers published between 1911 and 1917, Sydney Chapman and

David Enskog independently described a method to get the general solutions

to the Boltzmann equation ([37, 32, 67]). The method is the Chapman-Enskog

(CE) expansion. Here, we will use a simple but identical way to explain the CE

expansion of BGK equation.

Assume that

f(x⃗, t, u⃗, ξ) = Φ0(x⃗, t, u⃗, ξ) + τΦ1(x⃗, t, u⃗, ξ) + τ 2Φ2(x⃗, t, u⃗, ξ) + · · · (2.7)

is the solution of BGK equation (2.4). Then put the solution back to the equation

and compare the terms with the same order of τ , we can directly get

Φ0 = g, Φ1 = −(gt + u⃗ · ∇g + a⃗ · ∇u⃗g),

Φ2 = gtt + u⃗ · ∇[2gt + (u⃗ · ∇g) + (⃗a · ∇u⃗g)] + a⃗ · ∇u⃗[2gt + (u⃗ · ∇g) + (⃗a · ∇u⃗g)],

· · · .

Because of the constraint (2.5), it is easy to see∫∫
Φndudvdwdξ = 0, n ≥ 1. (2.8)
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A truncation solution to a certain order of τ in (2.7) corresponds to a macro-

scopic hydrodynamic system. The corresponding relation can be found by an

integration of the BGK equation (2.4) under the constraints (2.5), i.e.,∫∫
(ft + u⃗ · ∇f + a⃗ · ∇u⃗f)ψαdudvdwdξ = 0, α = 1, 2, 3, 4, 5. (2.9)

If f = g, (2.9) is exactly Euler system. So, we call f = g the Euler distribution

function. The NS system can be gotten when f = g − τ(gt + u⃗ · ∇g + a⃗ · ∇u⃗g)

in (2.9), So, it is called NS distribution function. Furthermore, the Burnnet

and Super-Burnett system can also be recovered sequently when the truncation

solutions in (2.7) contain higher order terms of τ . In this thesis, we only focus

on Euler and NS systems. The derivation of NS system from (2.9) also gives

the relation between the particle collision time and macroscopic variables, i.e.,

τ = µ/p, where µ is the dynamical viscosity and p is the pressure. From the

CE expansion, in order to validate the NS distribution function, the particle

collision time is small in comparison with the macroscopic time scale, i.e., the

hydrodynamic scale. Therefore, the length scale L of the flow should be much

larger than the mean free path l of the molecules for the NS system, i.e.,

Kn =
l

L
<< 1,

where Kn is defined as the Knudsen number. In most compressible flow prob-

lems, we face the calculation of shock and boundary layers. For the shock waves

and boundary layers, the characteristic length scales are different. For example,

in a boundary layer, the significant length scale is the thickness of the boundary

layer,

L ∼ 1

Re1/2
,

where Re is the Reynolds number. On the other hand, for a shock wave the

thickness of the shock structure is the characteristic length scale,

L ∼ 1

Re
.
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2.3 A general framework of high-order gas-kinetic

modeling under gravitational field

In the above section, it seems a general solution of the BGK equation is ob-

tained. But, for the numerical modeling purpose, the general solution can not

be used directly. The reasons are the followings. Firstly, the solution from the

CE expansion is a global solution. It is impossible to get the global equilibrium

distribution function g(x⃗, t, u⃗, ξ) at any point in time and space since even the

exact distributions of the macroscopic variables are not known precisely. Sec-

ondly, after the initial reconstruction in a numerical simulation, the macroscopic

variables usually are not continuous at a numerical cell interface. The differ-

entiation has no definition at the cell interface. So, the direct use of a general

solution of a differential equation at the cell interface is not applicable. What we

need to do is to figure out what is really happening at the cell interface and use

the general solution locally to do the modeling. This is the so-called PDE-based

modeling.

In this section, a general framework of the high-order gas-kinetic modeling under

gravitational field in 1-D case will be given. The 1-D case formulation already

contains all basic and important ideas for the construction of high-order gas-

kinetic schemes.

Distribution function at the cell interface

Here, we specially choose the external forcing field to be the gravitational field.

The acceleration of the particles exerted by the gravitational field is −ϕx, where

ϕ is the gravitational potential. The BGK equation in this case is

ft + ufx − ϕxfu =
g − f

τ
, (2.10)
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and the global NS distribution function is

f(x, t, u, ξ) = g(x, t, u, ξ)−τ [gt(x, t, u, ξ)+ugx(x, t, u, ξ)−ϕxgu(x, t, u, ξ)]. (2.11)

Under the gravitational field, the characteristic curve beginning at (x0, u0) can

be described as  x = x0 + ut+ 1
2
ϕxt

2,

u = u0 − ϕxt,
(2.12)

therefore, the integral solution of (2.10) is

f(x, t, u, ξ) = 1
τ

∫ t

0
e−(t−t′)/τg(x′, t′, u′, ξ)dt′

+e−t/τf0(x− ut− 1
2
ϕxt

2, u+ ϕxt, ξ),
(2.13)

where x′ = x − u(t − t′) − 1
2
ϕx(t

2 − t′2) and u′ = u + ϕx(t − t′), and f0(x, u, ξ)

is the initial distribution function. Not like the NS distribution function (2.11),

the integral solution is the exact solution of BGK equation, which is valid in

any case. After the construction of f0 and g around a cell interface, the integral

solution (2.13) gives the distribution function at the cell interface.

Before constructing f0 and g, we introduce some notations first. Assume g̃(x, t, ξ)

is any Maxwellian equilibrium distribution function, we can define

g0 = g̃(0, 0, u, ξ), a = ( ∂g̃
∂x

/
g̃)
∣∣
(0,0,u,ξ)

, A = (∂g̃
∂t

/
g̃)
∣∣
(0,0,u,ξ)

, d = ∂a
∂x

∣∣
(0,0,u,ξ)

,

b = ∂a
∂t

∣∣
(0,0,u,ξ)

= ∂A
∂x

∣∣
(0,0,u,ξ)

, B = ∂A
∂t

∣∣
(0,0,u,ξ)

, η = ( ∂g̃
∂u

/
g̃)
∣∣
(0,0,u,ξ)

,

θ = ∂η
∂x

∣∣
(0,0,u,ξ)

, Θ = ∂η
∂t

∣∣
(0,0,u,ξ)

, ϕx0 = ϕx(0), ϕxx0 = ϕxx(0), ϕxt0 = ϕxt(0).

The direct calculation shows that

Λ = Λ1 + Λ2u+ Λ3
1

2
(u2 + ξ2), Λ = a, b, d, A, B,

and

η = −2[λ(u− U)]|(0,0).
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If the macroscopic variables and their derivatives are known at (x, t) = (0, 0),

then from (2.8), all the above variables can be gotten from the following equa-

tions.

θ = −2[λx(u− U)− λUx]|(0,0)
∂W
∂x

|(0,0)

 → θ, < a >= ∂W
∂x

|(0,0) → a,

< a2 + d >= ∂2W
∂x2 |(0,0) → d, < au+ A− ϕx0η >= 0 → A,

∂W
∂t

|(0,0) =< A >

Θ = −2[λt(u− U)− λUt]|(0,0)

 → Θ,

< (a2 + d)u+ Aa+ b− (aϕx0η + ϕxx0η + ϕx0θ) >= 0 → b,

< (Aa+ b)u+ A2 +B − (Aϕx0η + ϕxt0η + ϕx0Θ) >= 0 → B,

(2.14)

where < · · · >=
∫∫

g0(· · · )ψdudξ, g0 is the Maxwellian distribution function

corresponding to W (0, 0) = (ρ, ρU, ρE)|(0,0), and ψ = (1, u, 1
2
(u2 + ξ2))T in 1-D

case.

For a NS solution, the initial distribution function f0 at the cell interface x = 0

is a Taylor expansion of the NS distribution function (2.11) around the interface.

Because of the reconstructed discontinuity of macroscopic variables at a cell

interface after the reconstruction, for a 3rd order scheme, the initial distribution

function can be written as

f0(x, u, ξ) =

 f l
0(x, u, ξ), x < 0,

f r
0 (x, u, ξ), x > 0,

(2.15)
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where

f l,r
0 (x, u, ξ) = gl,r0 [1− τ(Al,r + al,ru− ϕx0η

l,r)]

+gl,r0 [al,r − τ(((al,r)2 + dl,r)u+ Al,ral,r + bl,r)

+τ(al,rϕx0η
l,r + ϕxx0η

l,r + ϕx0θ
l,r)]x

+1
2
gl,r0 ((al,r)2 + dl,r)x2.

(2.16)

From the information of macroscopic variables, i.e., W l and W r at the left and

right sides of the cell interface, all the above unknown coefficients can be calcu-

lated by the same way in (2.14).

Assume the local equilibrium distribution function g is

g(x, t, u, ξ) = ḡ + ḡāx+ ḡĀt+ 1
2
ḡ(ā2 + d̄)x2 + 1

2
ḡ(Ā2 + B̄)t2 + ḡ(Āā+ b̄)xt.

(2.17)

Because of Eq.(3.3), at (x, t) = (0, 0) we have

W̄ =

∫∫
ḡψdudξ =

∫∫
u>0

f l
0(0, u, ξ)ψdudξ +

∫∫
u<0

f r
0 (0, u, ξ)ψdudξ, (2.18)

where W̄ = (ρ̄, (ρ̄Ū), (ρ̄Ē))T is the macroscopic variables corresponding to the

interface Maxwellian distribution ḡ. We can reconstruct the slopes of W̄ at the

cell interface by using the information of the neighboring cells. Then, similarly,

all coefficients in (2.17) can be gotten from (2.14).

Finally, from the integral solution (2.13), the distribution function at the cell

interface can be constructed.

Distribution function inside a cell

Since all flow variables are continuous inside each cell, we don’t need to use the

integral solution to construction the distribution function. The local distribution

function inside each cell can be obtained from the Taylor expansion of the NS

distribution function around the cell center. In the ith cell, the distribution
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function becomes

f i(x, t, u, ξ) = gi[1− τ(Ai + aiu− ϕxiη
i)]

+gi[ai − τ(((ai)2 + di)u+ Aiai + bi) + τ(aiϕxiη
i + ϕxxiη

i + ϕxiθ
i)]x

+gi[Ai − τ((Aiai + bi)u+ (Ai)2 +Bi) + τ(Aiϕxiη
i + ϕxtiη

i + ϕxiΘ
i)]t

+1
2
gi[(ai)2 + di]x2 + 1

2
gi[(Ai)2 +Bi]t2 + gi(Aiai + bi)xt,

(2.19)

where gi is the Maxwellian distribution function corresponding to the cell center

macroscopic variables W i, ϕxi = ϕx(xi), ϕxxi = ϕxx(xi), ϕxti = ϕxt(xi), and

x = xi is the cell center. All other coefficients in (2.19) can be gotten from the

slopes of macroscopic variables at the cell center by equations in (2.14).

Finite volume gas-kinetic scheme

By integrating the BGK equation (2.10) on (xi−1/2, xi+1/2) × (tn, tn+1), we can

get the finite volume scheme to update the cell-average conservative variables in

the ith cell, i.e.,

W n+1
i = W n

i + 1
∆xi

∫ tn+1

tn

[
Fi−1/2(t)− Fi+1/2(t)

]
dt

+ 1
∆xi

∫ tn+1

tn

∫ xi+1/2

xi−1/2
Si(x, t)dxdt,

(2.20)

where W n
i is the cell averaged conservative variables in the ith cell at the nth

time step, Fi−1/2(t), Fi+1/2(t) are the fluxes at the cell interfaces, Si(x, t) is the

source term inside the cell, and ∆xi = xi+1/2 − xi−1/2. At each cell interface, the

flux is evaluated as

F (t) =

∫∫
uψf(x, t, u, ξ)dudξ, (2.21)

where f is the distribution function at the cell interface. In the ith cell, the

source term is

Si(x, t) =

∫∫
ψϕx(x)f

i
u(x, t, u, ξ)dudξ, (2.22)

where f i is the distribution function inside that cell.
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A 3rd order time accuracy of the GKS is directly obtained in (2.20) because the

fluxes and source term are time-dependent.

Remarks

1. The general framework of the GKS gives a NS solver for hydrodynamic e-

quations under gravitational field, where the inviscid and viscous terms are fully

coupled. It is hard to develop such a NS scheme based on the macroscopic equa-

tions directly. In the following chapters, we will show how accurate and robust

the NS solver given by the GKS is. In the above solutions, an Euler solver can

be found as a limiting case of the NS solver when the physical collision time is

zero.

2. A well-balanced scheme for hydrodynamic equations under gravitational field

is defined as a scheme which can converge an isolated system to a hydrostatic

solution

λ = constant, ρ(x⃗) = e−2λϕ(x⃗), p(x⃗) =
1

2λ
ρ(x⃗), (U, V ) = (0, 0), (2.23)

and keep this solution of the gravitational system forever.

Since the general GKS is too complicated, it is very hard to prove its well-

balanced property. Even we can prove that the general GKS can keep the hy-

drostatic solution (2.23), but numerically, such a hydrostatic solution can be

hardly reconstructed exactly with piecewise polynomials if the potential is not

constant in that cell, not to mention keeping it. Although we can not prove

the well-balanced property of the general GKS, with an acceptable error, it still

works very well in the numerical simulation of a gravitational system. In [94],

after some simplification of the general GKS, a 2nd order GKS for gravitational

system has been designed. The numerical results are much better than those

from other operator splitting methods.

3. With all the above consideration, in chapter 4, we will introduce an exact well-
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balanced gas-kinetic scheme with specific distribution of gravitational potential.

In order to simplify the gas distribution function in each cell and also avoid the

error produced in the initial reconstruction, firstly, we model the gravitational

potential field as a piecewise constant function, i.e., gravitational potential is

constant inside each cell with possible potential jump at a cell interface. Thus,

there is no potential effect inside each cell. The characteristic curves become

much simpler since ϕx = 0, so does the integral distribution function (2.13). And,

for the hydrostatic solution, all the macroscopic variables are constants inside

each cell, which is easily reconstructed. In the above model, all gravitational

potential effects will be considered at the cell interface because of the potential

jump there. Then, at the cell interface, the energy conservation, Liouville’s

theorem, and the symplecticity preserving property of a Hamiltonian flow will

be used in the description of particles penetration and reflection from a potential

barrier. The scheme is very sophisticated and is the first well-balanced shock

capturing gas-kinetic scheme for the NS equation.

4. If there is no external forcing field (⃗a = (0, 0, 0) or ϕ(x) =constant), the

general framework is much simpler. And the GKS introduced above becomes a

high-order scheme for hydrodynamic equations without external forcing field.

5. In a numerical scheme, the highest resolution to describe flow is the cell

size. The numerical dissipation is necessary in order to cope with the cell size

resolution. As explained in [103], there are two kinds of numerical dissipation, one

is the kinematic dissipation which comes from the initial reconstruction, and the

other one is the dynamical dissipation which is given by the physical mechanism

of the scheme to construct the fluxes. In GKS, starting from a discontinuity,

the flow behavior depends on the ratio between the time passed and particle

collision time. The integral solution (2.13) describes such a relaxation process

from the molecule free transport to the equilibrium state formation. In order

to add the dynamical dissipation, a numerical collision time should be defined
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with the consideration of cell size resolution and artificial discontinuous jumps.

The detailed definition of numerical collision time will be shown in the following

chapters.
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Chapter 3

A high order WENO-gas-kinetic

scheme for inviscid and viscous

flow simulation

This chapter concerns the development of high-order multidimensional gas kinet-

ic schemes for the Euler and Navier-Stokes solutions. In the current approach,

the state-of-the-art WENO-type initial reconstruction and the gas-kinetic gas

evolution model are used in the construction of the schemes. As a result, the

spatial and temporal gas evolution is fully coupled in the current high-order

methods. In order to distinguish numerical performance due to different flux

modeling, the results from the finite volume WENO-Godunov method and the

finite difference WENO-Steger-Warming scheme(WENO-SW) will also be used

for comparison.
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3.1 Introduction

Computational Fluid Dynamics has made great progress in 1970s and 1980s due

to the development of the concept of the nonlinear limiter and the characteris-

tic wave decomposition of the Euler equations. Due to its accuracy, robustness,

and efficiency, the 2nd-order schemes become the working horses in almost al-

l practical engineering applications at the current stage. On the other hand,

as the increasing of computer power and the requirement for accurate solutions

for more challenging problems, such as compressible turbulent flow and aero-

acoustics, high-order methods become good choices. A direct extension of the

concept of nonlinear limiter to high-orders is the reconstruction schemes of essen-

tially non-oscillatory (ENO) and weighted essentially non-oscillatory (WENO)

methods [39, 59, 45]. There are two versions of WENO schemes: finite difference

or finite volume. For the rectangular mesh, the main advantage of the finite

different framework is that multi-dimensional calculations do not increase the

complexity of the algorithm and the computational cost is much lower than the

finite volume version. As tested, a finite volume WENO scheme is usually 4

times more expensive in 2D compared with a finite difference WENO method.

With the same order of accuracy, the finite volume scheme needs many flux cal-

culations at the Gaussian points on a cell interface. Therefore, in the simple

geometry and when WENO schemes are applicable, the finite different version is

the top choice. The most widely used WENO scheme is the fifth order WENO

method [45]. In comparison with other high-order methods, such as DG, the

WENO scheme is much more robust and reliable.

The main steps of finite difference WENO scheme are the WENO reconstruction

for the fluxes at the cell interface and the Runge-Kutta time stepping to update

the flow variables. In the WENO reconstruction, a stencil-weighted technique

is used to avoid cross-shock interpolation so as to reduce spurious oscillations.
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Instead of choosing the smoothest stencil out of many candidates to get the rth

order accuracy in the ENO reconstruction, the WENO uses a convex combination

of all candidates by assigning a smoothness-dependent weight to each stencil and

results in a (2r− 1)th order accuracy. The WENO reconstruction is much more

accurate, efficient and stable than the ENO reconstruction.

To the current stage, the WENO schemes have found wide applications. The

general impression is that the WENO scheme is not sensitive to the fluxes used,

such as Lax-Friedrichs or Steger-Warming. The full accuracy of the scheme main-

ly depends on the order of the WENO reconstruction. One of the main purpose

of this chapter is actually to question the above statement and test how impor-

tance a flux function can play in a high-order scheme. It turns out that besides

the high-order initial reconstruction the flux modeling plays an essential role to

capture the accurate flow evolution, such as to reduce the sensitive dependence

of the solution on the initial reconstruction, and to identify the correct dynamic

interaction, especially in a barely resolved flow region. An inaccurate flux may

not introduce problem in a well-resolved flow region, because the flux consistency

plays a dominant role here, but may give inaccurate solution in under-resolved

case. Currently, in order to increase the accuracy of the WENO scheme, many

attempts have tried to actually develop the hybrid schemes, where the WENO

is used in the discontinuous region and high-order compact scheme is used in

the smooth region ([73, 54]). The aim of the hybrid scheme is to develop a

method which could make a smooth transition between the upwind and central

difference method, because the fundamental basis of the Riemann solver or flux

splitting contradicts with the flow physics in the smooth region, especially in the

capturing of coupled space and time evolution. In the smooth region, the tra-

ditional central difference approximation with Cauchy-Kowalevskaya technique

is far more appropriate to describe flow evolution than upwind concept. The

Riemann solver or flux splitting is a low order dynamic model, which is needed
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to model discontinuous flow in order to introduce enough dissipation. And this

amount of dissipation is closely related to the initial jump at the cell interface.

Therefore, the difference among high-order schemes becomes the comparison of

high-order reconstructions, since the interface jump is the only freedom many

high-order schemes are able to control. Unfortunately, there is no principle to

design such an optimal and universal interface jump, and this kind of research

will be endless. In order to get out of this dilemma, the use of a dynamic evo-

lution model, which could make a smooth transition between the upwind and

central difference scheme, is necessary. For a second order scheme, we have such

dynamic models, which are the generalized Riemann solver and the gas-kinetic

scheme ([5, 53]). For high-order methods, theoretically we need to continue this

kind of approach and provide a gas evolution from a high-order initial WENO

reconstruction.

In the past decades, a gas-kinetic scheme (GKS) based on the kinetic equation

has been developed for the modeling of gas evolution process starting from a

discontinuity ([102, 103, 65]). Theoretically, the GKS does not target to solve

accurately the gas kinetic BGK model ([6]), but uses the kinetic equation to do

the modeling around a cell interface. In the GKS evolution, the whole process

from particle free transport to the NS or Euler solution construction has been

recovered. Which flow regime the gas evolution will represent depends on the

ratio of time step to the particle collision time. In the smooth flow region, based

on the Chapman-Enskog expansion, a time evolving gas distribution function

corresponding to the NS solution or Euler solution can be obtained accurately by

the GKS. In the discontinuity region, when the physical solution cannot be well

resolved by a cell resolution, theoretically it is not necessary to know the precise

”macroscopic” governing equations here, because there is not a precise definition

of the amount of numerical dissipation needed. But, in such a region the gas

evolution process should follow a path which is consistent with the physical one,
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such as keeping a non-equilibrium dissipative mechanism in a numerical shock

layer [53]. The advantage of the GKS is that the flux function makes a smooth

transition from upwind (kinetic scale) to central difference (hydrodynamic scale),

which is important in the designing of a high-order scheme.

In this chapter, we are going to combine the successes of both WENO reconstruc-

tion and the gas evolution model of GKS, and design a scheme called WENO-

gas-kinetic scheme (WENO-GKS) for the NS and Euler systems. Different from

the traditional WENO scheme, the WENO technique is only used in the initial

reconstruction of the conservative flow variables at a cell interface. After high-

order reconstruction, a space and time dependent gas distribution function is

obtained along the tangential direction of a cell interface, from which the nu-

merical flux is evaluated and used in a finite volume scheme. In GKS, there

is no need to use the Runge-Kutta time stepping and Gaussian points along a

cell interface for the flux evaluation. In the current scheme, all high-order spa-

tial derivatives participate in the construction of fluxes, where space and time

evolution are fully coupled. This is different from the arbitrary high-order fi-

nite volume schemes introduced in [23, 24, 25]. For these schemes, based on the

macroscopic equations, in order to get the time dependent fluxes, another local

implicit space-time discontinuous Galerkin finite element scheme is used to get

the time dependent variables in each cell. Furthermore, the viscous and inviscid

parts in a flow motion are indistinguishable in the GKS.

In order to evaluate the contribution of a flux function on the performance of

high-order schemes, the numerical solutions of other WENO schemes will be

compared with that of the WENO-GKS. The test cases are carefully chosen in

order to test the accuracy, the shock-capturing ability, the robustness, and the

stability of the schemes. In order to eliminate the numerical error due to the

complicated geometry, all tests are conducted in rectangular meshes. For the

inviscid flow computations, the numerical performance of the current WENO-
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GKS will be compared with the finite volume WENO-Godunov method, where

the exact Riemann solver of the Euler equations is used for the flux construction.

But, because there is no exact Riemann solver for the NS equations and the using

of many Gaussian points in high dimension cases is very expansive, so we will use

other finite difference WENO schemes as comparison in the viscous cases or 2-D

cases. In all WENO schemes we tested, the finite difference WENO method with

Steger-Warming flux splitting gives the best result. The detailed formulation of

this WENO scheme is presented in section 3.5.1.

The 5th-order WENO reconstruction is used on the characteristic variables for

the WENO schemes, and the same WENO reconstruction is used in the WENO-

GKS on the conservative variables. The reason we use conservative variables for

the WENO-GKS is that the scheme is not sensitive to the variable used in the

reconstruction.

3.2 High-order gas-kinetic flow solvers

The gas-kinetic BGK equation in 2-D is

ft + u⃗ · ∇f =
g − f

τ
, (3.1)

where f is the gas distribution function and g is the equilibrium distribution

function approached by f , ∇f is the gradient of f with respect to x⃗, x⃗ = (x, y),

and u⃗ = (u, v) is the particle velocity. The particle collision time τ is related

to the viscosity and heat conduction coefficients, i.e., τ = µ/p where µ is the

dynamic viscosity coefficient and p is the pressure. The relation between the

macroscopic quantities, mass density ρ, momentum density (ρU, ρV ), and energy

density ρE, and the distribution function f is

W =

∫∫∫
ψfdudvdξ, (3.2)
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where W = (ρ, ρU, ρV, ρE)T , (U, V ) is the macroscopic velocity of the fluid,

ψ = (ψ1, ψ2, ψ3, ψ4)
T = (1, u, v,

1

2
(u2 + v2 + ξ2))T ,

dξ = dξ1dξ2...dξK , and K is the number of degrees of internal freedom, i.e.,

K = (4 − 2γ)/(γ − 1) for 2-D flow and γ is the specific heat ratio. Since the

mass, momentum, and energy are conserved during particle collisions, f and g

satisfy the conservation constraint,∫∫∫
(g − f)ψαdudvdξ = 0, α = 1, 2, 3, 4, (3.3)

at any point in space and time. The integral solution of (3.1) is

f(x⃗, t, u⃗, ξ) =
1

τ

∫ t

0

g(x⃗′, t′, u⃗, ξ)e−(t−t′)/τdt′ + e−t/τf0(x⃗− u⃗t, u⃗, ξ), (3.4)

where x⃗′ = x⃗− u⃗(t− t′) is the particle trajectory. The solution f in (3.4) solely

depends on the modeling of f0 and g.

In the modeling of f0, a proper choice for continuous flow is the Chapman-Enskog

expansion of the kinetic equation (3.1) for the NS solution. If the flow is smooth

enough, the Chapman-Enskog expansion gives a global solution

fG(x⃗, t, u⃗, ξ) = g(x⃗, t, u⃗, ξ) + τΦ1(x⃗, t, u⃗, ξ) + τ 2Φ2(x⃗, t, u⃗, ξ) + · · · . (3.5)

By truncating the solution to different order of τ , we can get different approx-

imated solutions. If we put these different solutions into BGK equation (3.1)

and integrate it using (3.2), many well-known macroscopic equations can be re-

covered. The relations between the approximated solutions and the macroscopic

equations are [67],

fG(x⃗, t, u⃗, ξ) = g(x⃗, t, u⃗, ξ) +O(τ) ↔ Euler equations,

fG(x⃗, t, u⃗, ξ) = g(x⃗, t, u⃗, ξ) + τΦ1(x⃗, t, u⃗, ξ) +O(τ 2) ↔ Navier-Stokes equations,

fG(x⃗, t, u⃗, ξ) = g(x⃗, t, u⃗, ξ)+τΦ1(x⃗, t, u⃗, ξ)+τ
2Φ2(x⃗, t, u⃗, ξ)+O(τ

3) ↔ Burnett equations.
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· · · · · ·

In this chapter, we only consider the Euler and NS distribution functions, which

can be denoted as

fEu(x⃗, t, u⃗, ξ) = g(x⃗, t, u⃗, ξ), (3.6)

fNS(x⃗, t, u⃗, ξ) = g(x⃗, t, u⃗, ξ)− τ [gt(x⃗, t, u⃗, ξ) + u⃗ · ∇g(x⃗, t, u⃗, ξ)], (3.7)

with

Φ1(x⃗, t, u⃗, ξ) = −[gt(x⃗, t, u⃗, ξ) + u⃗ · ∇g(x⃗, t, u⃗, ξ)].

In the numerical simulation, due to the limited cell resolution, the flow cannot

be continuous on the whole computational domain. Therefore, a smooth global

solution is invalid. Instead, we can use the Taylor expansion around the cell

interface at t = 0 to get the local distribution function. Assume the center of

the cell interface is at x⃗ = (0, 0). The 3rd order local distribution function is

fL(x⃗, t) = fG(0, 0, 0) +
∂fG
∂x

∣∣
(0,0,0)

x+ ∂fG
∂y

∣∣
(0,0,0)

y + ∂fG
∂t

∣∣
(0,0,0)

t

+1
2
∂2fG
∂x2

∣∣
(0,0,0)

x2 + 1
2
∂2fG
∂y2

∣∣
(0,0,0)

y2 + ∂2fG
∂x∂y

∣∣
(0,0,0)

xy

+1
2
∂2fG
∂t2

∣∣
(0,0,0)

t2 + ∂2fG
∂x∂t

∣∣
(0,0,0)

xt+ ∂2fG
∂y∂t

∣∣
(0,0,0)

yt.

(3.8)

Here, we only expand the distribution in the physical space, and the variables

(u⃗, ξ) in velocity space do not appear. Without losing generality, assume the

x-direction is the normal direction and the y-direction is the tangential direction

of the cell interface. For a 3rd-order scheme, the fluxes along a cell interface

cannot be assumed as a constant. We eventually need integrate the fluxes along

this cell interface. If the flow is continuous along the cell interface, the expansion
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of the distribution function becomes

f(0, y, t) = fL(0, y, t)

= fG(0, 0, 0) +
∂fG
∂y

∣∣
(0,0,0)

y + ∂fG
∂t

∣∣
(0,0,0)

t+ 1
2
∂2fG
∂y2

∣∣
(0,0,0)

y2

+1
2
∂2fG
∂t2

∣∣
(0,0,0)

t2 + ∂2fG
∂y∂t

∣∣
(0,0,0)

yt.

(3.9)

Here, we can only use fL to model f0 in the integral solution (3.4) at the cell

interface. When fG = fEu or fG = fNS, the Euler or NS solvers can be con-

structed. For convenience, we introduce some notations before presenting details

of the BGK flow solver.

g0 = g(0, 0, 0), a1 = ( ∂g
∂x

/
g)
∣∣
(0,0,0)

, a2 = (∂g
∂y

/
g)
∣∣
(0,0,0)

, A = (∂g
∂t

/
g)
∣∣
(0,0,0)

,

d11 =
∂a1
∂x

∣∣
(0,0,0)

, d22 =
∂a2
∂y

∣∣
(0,0,0)

, d12 =
∂a1
∂y

∣∣
(0,0,0)

= ∂a2
∂x

∣∣
(0,0,0)

,

b1 =
∂a1
∂t

∣∣
(0,0,0)

= ∂A
∂x

∣∣
(0,0,0)

, b2 =
∂a2
∂t

∣∣
(0,0,0)

= ∂A
∂y

∣∣
(0,0,0)

, B = ∂A
∂t

∣∣
(0,0,0)

.

Here g0 is the Maxwellian distribution function corresponding to the macroscopic

variables W = (ρ, (ρU), (ρV ), (ρE))T at x⃗ = (0, 0). The equilibrium states is

g0 = ρ

(
λ

π

)K+2
2

eλ((u−U)2+(v−V )2+ξ2), (3.10)

where λ equals to m/2kT , m is the molecular mass, k is the Boltzmann constant,

and T is the temperature.

3.2.1 The continuous flow solver

If the flow is continuous at the numerical cell interface, (3.9) gives the continuous

flow solver.
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Continuous gas-kinetic Euler flow solver: fG = fEu = g and

f(0, y, t, u⃗, ξ) = g0[1+ a2y+At+
1

2
(a22+ d22)y

2+
1

2
(A2+B)t2+(Aa2+ b2)yt]. (3.11)

Continuous gas-kinetic NS flow solver: fG = fNS = g − τ(ugx + vgy + gt) and

f(0, y, t, u⃗, ξ) = g0[1− τ(a1u+ a2v +A)]

+g0[a2 − τ((a1a2 + d12)u+ (a22 + d22)v +Aa2 + b2)]y

+g0[A− τ((Aa1 + b1)u+ (Aa2 + b2)v +A2 +B)]t

+1
2g0(a

2
2 + d22)y

2 + 1
2g0(A

2 +B)t2 + g0(Aa2 + b2)yt.

(3.12)

3.2.2 The discontinuous flow solver

Usually, after reconstruction, there is a discontinuity at the numerical cell in-

terface. The local distribution functions (3.8) are different on different side of

the cell interface. If t > 0, the separate local expansion of the distribution func-

tions cannot be correct because the particles from one side of the cell interface

will across the cell interface and interact with the particles from the other side.

Therefore, we can only use these local distribution functions to get the initial

distribution function f0 in the integral solution (3.4), such as

f0(x⃗, u⃗, ξ) =


f l
0(x⃗, u⃗, ξ) = f l

L(x⃗, 0, u⃗, ξ), x < 0,

f r
0 (x⃗, u⃗, ξ) = f r

L(x⃗, 0, u⃗, ξ), x > 0,

(3.13)

where f l
L and f r

L are the local distribution functions at the left and right sides

of the cell interface, which have the same form as that in (3.8) but corresponds

to the left and right macroscopic variables respectively. For the modeling of the
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local equilibrium distribution function g, we can also use the Taylor expansion

on the global equilibrium distribution and get

g(x⃗, t, u⃗, ξ) = ḡ + ḡā1x+ ḡā2y + ḡĀt+ 1
2
ḡ(ā1

2 + d̄11)x
2

+1
2
ḡ(ā2

2 + d̄22)y
2 + ḡ(ā1ā2 + d̄12)xy +

1
2
ḡ(Ā2 + B̄)t2

+ḡ(Āā1 + b̄1)xt+ ḡ(Āā2 + b̄2)yt,

(3.14)

where ḡ is the Maxwellian corresponding to the equilibrium macroscopic state

W̄ = (ρ̄, (ρ̄Ū), (ρ̄V̄ ), (ρ̄Ē))T . Because of Eq.(3.3), at (x⃗, t) = (0, 0, 0) we have∫∫∫
ḡψdudvdξ = W̄

=
∫∫∫

u>0
f l
0(0, u⃗, ξ)ψdudvdξ +

∫∫∫
u<0

f r
0 (0, u⃗, ξ)ψdudvdξ.

(3.15)

After the modeling of f0 and g, the time and tangential variable dependent

distribution function at the cell interface is given by the integral solution (3.4).

The difference between the Euler and NS solver is the following. First, f l
L and f r

L

are different from f l
G and f r

G due to Eq.(3.6) and Eq.(3.7). Second, the integral

solution must go back to the continuous one if the flow is continuous at the cell

interface even with separate reconstruction. Since the integral solution of the

BGK model does not correspond to any specific macroscopic governing equation,

in order to recover the Euler or NS solutions, some terms in the integration

solution ∫ t

0

g(x⃗′, t′, u⃗, ξ)e−(t−t′)/τdt′,

has to be selectively removed. Actually, the terms that have been deleted are

the terms which begin to appear in the higher order Chapman-Enskog expansion.

Hence, for the Euler solver we need to delete the viscous terms as well. Finally,

the time dependent distribution function along the cell interface is

f(0, y, t, u⃗, ξ) =
1

τ

∫ t

0

g(−ut′, y−vt′, t′, u⃗, ξ)e−(t−t′)/τdt′+e−t/τf0(−ut, y−vt, u⃗, ξ).

(3.16)
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The detailed expressions of the two terms in the above solution for the NS solver

are given below.

1
τ

∫ t
0 g(−ut′, y − vt′, t′, u⃗, ξ)e−(t−t′)/τdt′

= C1ḡ + C2ḡā1u+ C1ḡā2y + C2ḡā2v + C3ḡĀ+ 1
2C4ḡ(ā1

2 + d̄11)u
2

+1
2C1ḡ(ā2

2 + d̄22)y
2 + C2ḡ(ā2

2 + d̄22)vy +
1
2C4ḡ(ā2

2 + d̄22)v
2

+C2ḡ(ā1ā2 + d̄12)uy + C4ḡ(ā1ā2 + d̄12)uv +
1
2C5ḡ(Ā

2 + B̄)

+C6ḡ(Āā1 + b̄1)u+ C3ḡ(Āā2 + b̄2)y + C6ḡ(Āā2 + b̄2)v,

(3.17)

and

e−t/τf0(−ut, y − vt, u⃗, ξ) =


e−t/τf l

0(−ut, y − vt, u⃗, ξ), u > 0,

e−t/τf r
0 (−ut, y − vt, u⃗, ξ), u < 0,

(3.18)

where

e−t/τf l,r
0 (−ut, y − vt, u⃗, ξ)

= C7g
l,r
0 [1− τ(al,r1 u+ al,r2 v +Al,r)]

+C8g
l,r
0 [al,r1 u− τ(((al,r1 )2 + dl,r11)u

2 + (al,r1 al,r2 + dl,r12)uv + (Al,ral,r1 + bl,r1 )u)]

+C7g
l,r
0 [al,r2 − τ((al,r1 al,r2 + dl,r12)u+ ((al,r2 )2 + dl,r22)v +Al,ral,r2 + bl,r2 )]y

+C8g
l,r
0 [al,r2 v − τ((al,r1 al,r2 + dl,r12)uv + ((al,r2 )2 + dl,r22)v

2 + (Al,ral,r2 + bl,r2 )v)]

+1
2C9g

l,r
0 ((al,r1 )2 + dl,r11)u

2 + 1
2C7g

l,r
0 ((al,r2 )2 + dl,r22)y

2 + C8g
l,r
0 ((al,r2 )2 + dl,r22)vy

+1
2C9g

l,r
0 ((al,r2 )2 + dl,r22)v

2 + C8g
l,r
0 (al,r1 al,r2 + dl,r12)uy + C9g

l,r
0 (al,r1 al,r2 + dl,r12)uv.

(3.19)
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In the above functions,

C1 = 1− e−t/τn , C2 = (t+ τ)e−t/τn − τ, C3 = t− τ + τe−t/τn ,

C4 = (−t2 − 2τt)e−t/τn , C5 = t2 − 2τt, C6 = −τt(1 + e−t/τn),

C7 = e−t/τn , C8 = −te−t/τn , C9 = t2e−t/τn .

(3.20)

We change some τ to be τn in the above coefficients. Because, the terms with τn

only control the weights in the combination of f0 and g, so τn is the numerical

collision time. But, τ is the physical collision time which satisfies τ = µ/p,

where µ is the dynamical viscosity and p is the pressure. When τ = 0, the above

formulae give the Euler flow solvers. We will explain more about the two collision

time in section 3.2.3.

In short, both the Euler and NS solvers can be gotten from the gas-kinetic scheme.

After using the 5th order WENO reconstruction, we call themWENO gas-kinetic

Euler scheme(WENO-GKS-Euler) and WENO gas-kinetic NS scheme(WENO-

GKS-NS).

3.2.3 Collision time

In a numerical simulation, a discretized space holds a limited amount of infor-

mation. The numerical dissipation is necessary in order to cope with the cell size

resolution. As explained in [103], there are two kinds of numerical dissipation,

one is the kinematic dissipation which comes from the reconstruction, and the

other one is the dynamical dissipation which is given by the physical mechanism

of the scheme to construct the fluxes. In GKS, starting from a discontinuity, the

flow behavior depends on the ratio between the time passed and particle colli-

sion time. The integral solution (3.16) describes such a relaxation process from
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the molecule free transport to the equilibrium state formation. From (3.20), the

term that controls the relaxation process is e−t/τn , and this is coming from the

numerical discontinuity. Therefore, in order to add the dynamical dissipation,

the numerical collision time τn is defined with the consideration of cell size reso-

lution and artificial discontinuous jumps. The collision time τ appeared in other

places in keeps its physical value. To distinguish different collision time is due to

the following consideration. A high-order scheme is very sensitive to the initial

reconstruction, especially for these methods with space-time evolution coupling.

Even though any discontinuity is a numerical side effect, we need to treat them

physically in its dynamics, but on the numerical scale.

For the Euler solutions, theoretically the particle collision time should approach

to zero in order to keep the equilibrium state everywhere. As a result, the

only terms left in (3.16) will be these related to the equilibrium one, which has

the similar mechanism as the Riemann solver. However, the molecules in any

flow system have limited mean free path and particle collision time. The Euler

equations are an idealized ”model”, not a physical reality. The Euler solution is

achieved only in the limiting case of t/τ → ∞. Physically, the particle collision

time τ equals to the mean free path over particle speed. In a discretized space,

due to the limited cell resolution, the infinite resolution of the Euler solution

can never be obtained. The cell resolution can be taken into account with the

generalization of the particle mean free path concept. For the Euler solution,

which has no characteristic scale, the mean free path can be assumed to be

proportional to the cell size. Hence, for inviscid flows, the numerical collision

time can be defined as

τn = α∆x
√
λ̄+ β∆x

√
λ̄|pl − pr|/(pl + pr), (3.21)

where α and β are two constant parameters, λ̄ is given in the equilibrium state ḡ,

and pl and pr are the pressure jump at the cell interface in the initial reconstruct-

ed data. The reason for the above construction is the following. For inviscid flow,
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as mesh size goes to zero, τn will go to zero as well, and the GKS converges to

the Euler solutions. In comparison with flux vector splitting scheme, with the

above definition of particle collision time there may have many particle collisions

within a time step. In other words, the numerical dissipation introduced in the

above formulation is much less than that in the flux vector splitting method. In

the well-resolved flow without initial discontinuities, due to the small value of τn

the gas will converge to the equilibrium state quickly. However, in the dissipative

shock region, the numerical particle collision time takes a much large value so

as to capture the non-equilibrium effect, which is dynamically similar to the real

physical process inside a shock layer. This is equivalent to enlarging the physical

shock thickness to the cell size scale, which needs the both particle transport and

collision mechanism, but with a enlarged particle collision time.

For the NS solutions, the physical collision time τ is related to the dynamical

viscosity µ. Therefore, there are two collision times here. One is the physical

one, which describe the property of flow and construct physical flow structure.

The other is the numerical one to enlarge the physical structure to at least the

cell size scale. With the same consideration for the numerical shock region, the

physical collision time τ and the numerical one τn for the NS scheme are defined

as,

τ = µ/p̄,

τn = µ/p̄+ β∆x
√
λ̄|pl − pr|/(pl + pr),

(3.22)

where p̄ is the pressure corresponding to the equilibrium state ḡ.

3.2.4 The coefficients in the distribution function

The last question about the modeling of the distribution function is to get the

coefficients, i.e., al1, a
r
1, ā1, · · · , Al, Ar, Ā, · · · . From the definition, these coeffi-

cients are the derivatives of equilibrium distribution function at the cell interface.
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Since the equilibrium distribution function at the cell interface is Maxwellian,

it has a one-to-one correspondence with the macroscopic variables. After initial

reconstruction, we can get the macroscopic variables and their spatial deriva-

tives at the left and right sides of the cell interface respectively. From (3.15),

the macroscopic variables of the equilibrium state can be gotten. Use the in-

formation of the neighboring cells, the spatial derivatives of the equilibrium s-

tate can also be constructed. To sum up, the essential question is how to get

the coefficients (a1, a2, · · · , A, B), when the corresponding macroscopic variables

W = (ρ, (ρU), (ρV ), (ρE))T and their spatial derivatives are available.

From [102] or [103], a coefficient Λ can be always written as Λ = (Λ1,Λ2,Λ3,Λ4) ·

ψ. Assume g0 is the Maxwellian corresponding to W , and

< · · · >=
∫∫∫

g0(· · · )ψdudvdξ,

then all the coefficients can be gotten by the following formulae which are directly

derived from the conservation constraints (3.3), such as

< a1 >= ∂W
∂x → a1, < a2 >= ∂W

∂y → a2,

< a21 + d11 >= ∂2W
∂x2 → d11, < a22 + d22 >= ∂2W

∂y2
→ d22, < a1a2 + d12 >= ∂2W

∂x∂y → d12,

< a1u+ a2v +A >= 0 → A,

< (a21 + d11)u+ (a1a2 + d12)v +Aa1 + b1 >= 0 → b1,

< (a1a2 + d12)u+ (a22 + d22)v +Aa2 + b2 >= 0 → b2,

< (Aa1 + b1)u+ (Aa2 + b2)v +A2 +B >= 0 → B.
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3.2.5 Finite volume high order GKS

For a finite volume scheme, the fluxes across a cell interface need to be evaluated

in order to update the cell-average conservative flow variables. In the GKS, the

fluxes are defined by

F =

∫∫∫
uψfdudvdξ, (3.23)

where the fluxes F = (Fρ, FρU , FρV , FρE)
T depend on the gas distribution func-

tion f in (3.16) at the cell interface. For a rectangular cell bounded by the

straight lines, x = xi−1/2, x = xi+1/2, y = yj−1/2 and y = yj+1/2, the update of

the cell-average conservative variables Wij from time step tn to tn+1 becomes

W n+1
ij =W n

ij +
1

∆xi∆yj

∫ tn+1

tn

∫ 1
2
∆xi

− 1
2
∆xi

[
Fj−1/2(t, x)− Fj+1/2(t, x)

]
dxdt

+ 1
∆xi∆yj

∫ tn+1

tn

∫ 1
2
∆yj

− 1
2
∆yj

[
Fi−1/2(t, y)− Fi+1/2(t, y)

]
dydt,

(3.24)

where Fj−1/2(t, x), Fj+1/2(t, x), Fi−1/2(t, y), Fi+1/2(t, y) are the fluxes at the four

cell interfaces respectively, ∆xi = xi+1/2 − xi−1/2 and ∆yj = yj+1/2 − yj−1/2.

Note for each cell interface, the flux depends on the location along the interface.

Because the fluxes depend on time and the location along the cell interface, with

the cell interface integration the finite volume GKS here automatically has the

3rd order accuracy in both space and time. The accuracy of the finite volume

GKS depends on the accuracy of Taylor expansion in (3.8). After increasing the

accuracy of the Taylor expansion, an even higher-order accurate scheme can be

designed.

3.3 The 5th order WENO reconstruction

The 5th order WENO reconstruction on a uniform rectangular mesh is the same

as that presented in [80].
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Assume that Q is the variable to be reconstructed. Q̄i is the cell averaged value

in the ith cell. Ql
i and Q

r
i are the two pointwise values reconstructed at the left

and right interfaces of the ith cell. The 5th WENO reconstruction is defined as,

Qr
i =

2∑
s=0

wsq
(s)
i , Ql

i =
2∑

s=0

w̃sq̃
(s)
i ,

where

q
(0)
i = 1

3
Q̄i +

5
6
Q̄i+1 − 1

6
Q̄i+2, q

(1)
i = −1

6
Q̄i−1 +

5
6
Q̄i +

1
3
Q̄i+1,

q
(2)
i = 1

3
Q̄i−2 − 7

6
Q̄i−1 +

11
6
Q̄i,

q̃
(0)
i = 11

6
Q̄i − 7

6
Q̄i+1 +

1
3
Q̄i+2, q̃

(1)
i = 1

3
Q̄i−1 +

5
6
Q̄i − 1

6
Q̄i+1,

q̃
(2)
i = −1

6
Q̄i−2 +

5
6
Q̄i−1 +

1
3
Q̄i,

ws =
αs∑2
p=0 αp

, αs =
ds

(ϵ+ βs)2
, w̃s =

α̃s∑2
p=0 α̃p

, α̃s =
d̃s

(ϵ+ βs)2
, s = 0, 1, 2,

β0 =
13
12
(Q̄i − 2Q̄i+1 + Q̄i+2)

2 + 1
4
(3Q̄i − 4Q̄i+1 + Q̄i+2)

2,

β1 =
13
12
(Q̄i−1 − 2Q̄i + Q̄i+1)

2 + 1
4
(Q̄i−1 − Q̄i+1)

2,

β2 =
13
12
(Q̄i−2 − 2Q̄i−1 + Q̄i)

2 + 1
4
(Q̄i−2 − 4Q̄i−1 + 3Q̄i)

2,

d0 = d̃2 =
3

10
, d1 = d̃1 =

3

5
, d2 = d̃0 =

1

10
.

In this chapter, in order to distinguish the effect of ϵ on the numerical solution,

we also try to use another ϵ. In the numerical tests, ”EPS1” means ϵ = 10−6

and ”EPS2” refers to ϵ = 10−2.

For the high-order WENO-GKS, the reconstruction is directly applied on the

conservative flow variables. The reason is that the reconstruction on the con-

servative or characteristic variables will not effect the numerical solution much
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for the WENO-GKS. However, for the WENO-Godunov and WENO-SW, it is

better to use the characteristic variables for the accuracy and robustness purpose.

3.4 Subcell reconstruction of GKS

Based on these pointwise values gotten in section 3.3, a corresponding 3rd order

subcell reconstruction for the GKS is presented here.

3.4.1 The reconstruction of initial subcell flow distribu-

tions

When the pointwise variables at both sides of a cell interface are obtained, we

still need to construct subcell flow distributions inside each control volume, such

as their high-order derivatives, in order to use them to get the time-dependent

flux function. Assume

V (x) = Vi + S1
i (x− xi) +

1

2
S2
i (x− xi)

2, x ∈ [xi−1/2, xi+1/2],

where xi is the cell center, xi−1/2 and xi+1/2 are the left and right interfaces of

the ith cell, Vi, S
1
i and S2

i are three unknowns. From the three conditions

1

xi+1/2 − xi−1/2

∫ xi+1/2

xi−1/2

= V̄i, V (xi−1/2) = V l
i , V (xi+1/2) = V r

i ,

we have

Vi =
3

2
V̄i −

1

4
(V l

i + V r
i ), S

1
i =

V r
i − V l

i

xi+1/2 − xi−1/2

, S2
i =

6[(V l
i + V r

i )− 2V̄i]

(xi+1/2 − xi−1/2)2
.

So, the derivatives of V (x) at the cell interface can be easily obtained from the

above reconstruction.
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3.4.2 The reconstruction of equilibrium high-order deriva-

tives

The equilibrium state at the cell interface can be obtained from (3.15). In order

to get high-order equilibrium distribution function, we need to reconstruct the

high-order derivatives of equilibrium state at the cell interface. Assume, Vi+1/2 is

any variable in equilibrium state, and in a small vicinity of xi+1/2, the distribution

is expanded as

V̄ (x) = Vi+1/2 + S̄1
i+1/2(x− xi+1/2) +

1
2
S̄2
i+1/2(x− xi+1/2)

2 + 1
6
S̄3
i+1/2(x− xi+1/2)

3

+ 1
24
S̄4
i+1/2(x− xi+1/2)

4.

From the conditions

1
xi+5/2−xi+3/2

∫ xi+5/2

xi+3/2
= V̄i+2,

1
xi+3/2−xi+1/2

∫ xi+3/2

xi+1/2
= V̄i+1,

1
xi+1/2−xi−1/2

∫ xi+1/2

xi−1/2
= V̄i,

1
xi−1/2−xi−3/2

∫ xi−1/2

xi−3/2
= V̄i−1,

we can determine all S̄n, (n = 1, 2, 3, 4). But for the 3rd order fluxes, we only

need to keep S̄1 and S̄2. If the mesh is uniform, then

S̄1 =
− 1

12
(V̄i+2−V̄i−1)+

5
4
(V̄i+1−V̄i)

∆x
,

S̄2 =
− 1

8
(V̄i+2+V̄i−1)+

31
8
(V̄i+1+V̄i)− 15

2
Vi+1/2

(∆x)3
,

where ∆x = xi+1/2 − xi−1/2 for any i.

Because the high-order derivatives directly participate in the construction of

the GKS, GKS is not sensitive to the interface values. Therefore, in order to

keep high-order accuracy at the extreme points, we don’t impose the monotone

condition in the initial reconstruction of GKS.
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3.5 The 5th order WENO schemes

In this thesis, we compare the results of WENO-GSK with the results of two

WENO schemes respectively in 1-D and 2-D cases. In 1-D cases, because all the

cases are about Euler system, the results are compared with those of the finite

volume WENO-Godunov scheme, where the exact Riemann solver is used for

flux evaluation ([96]). In 2-D cases, since there are cases about NS system, and

also because of the consideration of the computational efficiency, we choose a

popular and robust finite difference WENO scheme, the finite difference WENO-

Steger-Warming scheme (WENO-SW), as comparison. In the following, we will

briefly introduce these two schemes.

3.5.1 Finite difference WENO-Steger-Warming scheme

The WENO-SW solves the hydrodynamic equations

Wt + F (W )x +G(W )y = F v(W,Wx,Wy)x +Gv(W,Wx,Wy)y, (3.25)

where W is the conservative variables, F and G are the inviscid fluxes, and F v

and Gv are the viscous fluxes. For a finite-difference scheme, we need to construct

both inviscid and viscous fluxes at the cell interface.

The WENO scheme in this chapter is the 5th order finite-difference WENO-

Steger-Warming scheme, where the Steger-Warming splitting ([86]) is used to

obtain the inviscid fluxes at the cell interface.

Inviscid flux reconstruction

The x-direction flux F can be decomposed as

F = RΛL, (3.26)
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where Λ = diag[λ1, λ2, ..., λn] is the matrix with diagonal eigenvalues of ∂F/∂W ,

R is the right eigenvector matrix and L is the left one, n is the number of the

equations. Then, F can be split according to

F = F+ + F−. (3.27)

In the Steger-Warming splitting,

F± = RΛ±L, Λ = Λ+ + Λ−. (3.28)

and

Λ± = diag[λ±1 , λ
±
2 , ..., λ

±
n ] with λ±i =

λi ±
√
λ2i + ε

2
(i = 1, · · · , n), (3.29)

where ε is a small constant. In our simulation, ε = 1.0e− 3.

For the construction of the numerical x-direction flux F̂i+1/2,j at the cell interface

(xi+1/2, yj) of the cell (i, j), we use the following steps.

1. Splitting the fluxes Fi+l,j(l = −2, · · · , 3) in the surrounding cells to F±
i+l,j(l =

−2, · · · , 3) using the Steger-Warming splitting.

2. Use the variable Wi+1/2,j = (Wi,j +Wi+1,j)/2 to calculate the left and right

eigenvector matrix Li+1/2,j and Ri+1/2,j at the cell interface.

3. Change the conservative fluxes F±
i+l,j(l = −2, · · · , 3) to the characteristic

fluxes F̃±
i+l,j(l = −2, · · · , 3) by

F̃±
i+l,j = Li+l/2,jF

±
i+l,j (l = −2, · · · , 3).

4. Use the 5th order WENO reconstruction (see section 3.3) on the characteristic

fluxes F̃±
i+l,j(l = −2, · · · , 3) to get the characteristic flux F̃±

i+1/2,j at the cell

interface, and calculate the final characteristic flux F̃i+1/2,j = F̃+
i+1/2,j + F̃−

i+1/2,j.

5. Get the conservative fluxes at the cell interface by

F̂i+1/2,j = Ri+1/2,jF̃i+1/2,j.

The y-directional numerical flux Ĝi,j+1/2 at the cell interface (xi, yj+1/2) can be

gotten in a similar way.
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Viscous flux reconstruction

The viscous fluxes F v and Gv are related to the derivatives of flow variables. For

the NS equations, we need to calculate Tx, Ux, Uy, Vx and Vy in order to get

the x-direction viscous flux F v, where T is the temperature, U is the x-direction

velocity, and V is the y-direction velocity. So, the basic step is to construct the

derivatives of a variable q.

Firstly, in each cell (i, j), we use a 6th-order central difference to calculate the

derivative, i.e.,(
∂q

∂x

)
i,j

=
45(qi+1,j + qi−1,j)− 9(qi+2,j − qi−2,j) + qi+3,j − qi−3,j

60∆x
. (3.30)

Then, with all the derivatives, we can calculate the x-directional and y-directional

viscous fluxes F v
i,j and Gv

i,j in each cell. Finally, the numerical viscous fluxes at

the cell interfaces can be calculated by the 6th order central interpolation

F̂ v
i+1/2,j =

37(F v
i,j + F v

i+1,j)− 8(F v
i−1,j + F v

i+2,j) + F v
i−2,j + F v

i+3,j

60
,

Ĝv
i,j+1/2 =

37(Gv
i,j +Gv

i,j+1)− 8(Gv
i,j−1 +Gv

i,j+2) +Gv
i,j−2 +Gv

i,j+3

60
.

(3.31)

Time evolution

The final numerical fluxes at the cell interface are denoted as

F̂i+1/2,j = F̂i+1/2,j − F̂ v
i+1/2,j,

Ĝi,j+1/2 = Ĝi,j+1/2 − Ĝv
i,j+1/2.

(3.32)

With the above numerical fluxes, we can get the increment

∆Wi,j =
F̂i+1/2,j − F̂i−1/2,j

∆x
+

Ĝi,j+1/2 − Ĝi,j−1/2

∆y
. (3.33)
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A 3rd-order TVD Runge-Kutta method is used to finish the time evolution,

W
(1)
i,j =W n

i,j −∆t∆Wi,j(W
n),

W
(2)
i,j =

3

4
W n

i,j +
1

4
[W

(1)
i,j −∆t∆Wi,j(W

(1))],

W
(n+1)
i,j =

1

3
W n

i,j +
2

3
[W

(2)
i,j −∆t∆Wi,j(W

(2))].

(3.34)

3.5.2 Finite volume WENO-Godunov scheme

Based on the Euler equations, the exact Riemann solver is the most accurate

solution which describes a flow evolution from an initial jump at the cell in-

terface. Therefore, in order to powerfully verify that WENO-GKS can give a

very accurate and robust Euler solver, for the Euler system, the solutions of

the WENO-GKS-Euler is compared with the solutions of the WENO-Godunov

scheme in 1-D cases, where the exact Riemann solver is used for the flux evalua-

tion ([96]), and a Runge-Kutta multistage method (3.34) is adopted for the 3rd

order time accuracy. In 2-D cases, the finite volume WENO-Godunov method

needs reconstruction and calculates fluxes at each Gaussian integration point

along a numerical cell interface in order to keep the high-order accuracy in tan-

gential direction ([95]). The work load of the 2-D case is quadrupled using the

3rd order WENO-Godunov scheme in comparison with the 1-D case. Therefore,

in the high-dimensional cases, the most popular WENO scheme is the finite d-

ifference one. Also, most 2-D cases are about NS system in this thesis. But,

until now, there is no exact Riemann solver of the NS equations. So, we will not

bother to use WENO-Godunov scheme in 2-D cases.
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3.6 Numerical examples

This is the first attempt to combine WENO reconstruction and GKS. In order to

reduce the mesh size effects on the simulation results, uniform structured meshes

are used in all test cases.

For the Euler system in 1-D cases, the solutions of the WENO-GKS-Euler is

compared with the solutions of the WENO-Godunov scheme, where the exact

Riemann solver is used for the flux evaluation ([96]), and a Runge-Kutta multi-

stage method is adopted for the 3rd order time accuracy. We also test the 2-D

cases for both Euler and NS systems using the WENO-GKS and WENO-SW.

In all comparison, the CFL numbers are the same for both schemes in the same

case.

3.6.1 Problems in 1-D space

All the 1-D cases are about the Euler solutions. In the WENO-GKS-Euler,

α = 0.0001 and β = 0.0001 in (3.21) are used in all 1-D test cases except

β = 0.01 for the ”large density ratio problem”. In all calculations, the CFL

number is 0.6 for both WENO-GKS-Euler and WENO-Godunov scheme.

1-D Riemann problem

We consider two Riemann problems here. The initial conditions are the follow-

ings.

a. Riemann problem proposed by Lax on [49]:

(ρ, U, p) =

 (0.445, 0.698, 3.528), 0 ≤ x < 50,

(0.5, 0, 0.571), 50 ≤ x ≤ 100.
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Figure 3.1: Lax Riemann problem: the density and pressure distributions at t = 13

with 100 cells. Circle: the 3rd order WENO-GKS-Euler scheme. Delta: WENO-

Godunov scheme

b. Large density ratio problem proposed on [93]:

(ρ, U, p) =

 (10000, 0, 10000), 0 ≤ x < 30,

(1, 0, 1), 30 ≤ x ≤ 100.

Figure 3.1 shows the solutions from the WENO-GKS-Euler andWENO-Godunov

scheme. Both methods work very well for the shock tube problem. Figure 3.2

shows slight deviation between the WENO-GKS-Euler and WENO-Godunov

results. Due to the controlling of numerical dissipation through the parameter β
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Figure 3.2: Large density ratio problem: the density, velocity and pressure distri-

butions at t = 12 with 400 and 100 cells. Here, the density and pressure are the

logarithms of the real density and pressure. Figure (d) is the enlarged part around the

shock front in the box with dashed lines (b).
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in (3.21), the WENO-GKS presents a more accurate Euler solutions even though

it does not use the Riemann solution at all. For the Euler solutions, theoretically,

there is no any physical dissipation. But, numerical dissipation is necessary to

control the oscillation due to the limited cell resolution. With the adoption

of two constant states, the use of the exact Riemann solver seems introduce

larger dissipation than the WENO-GKS-Euler, where the spatial and temporal

evolution is fully coupled.

Woodward-Colella blast wave problem

The blast wave problem was originally proposed in [101]. The computational

domain is [0, 100] with reflected boundary condition on both ends. The initial

flow field is stationary with unit density and different pressure

p =


1000, 0 ≤ x < 10,

0.01, 10 < x ≤ 90,

100, 90 < x ≤ 100.

The density and pressure distributions at t = 3.8 with different number of cells

are shown in figure 3.3. From the density distribution, WENO-GKS-Euler works

a little bit better than WENO-Godunov.

Shu-Osher shock acoustic-wave interaction

This problem is the interaction of a moving shock with smooth density fluctuation

([82]). The computational domain is [-5,5] and the flow field is initialized as

(ρ, U, p) =

 (3.857134, 2.629369, 10.33333), x < −4,

(1 + 0.2sin(5x), 0, 1), x ≥ −4.

The computed density profile at t = 1.8 is shown in figure 3.4. Again, the

WENO-GKS-Euler works a little bit better than the WENO-Godunov. The

region circled by a dashed line in figure (b) seems to have large discrepancy

between the numerical and exact solution. But, it should be noticed that there
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Figure 3.3: Woodward-Colella blast wave problem: the density and pressure distribu-

tions at t = 3.8 with 400 and 100 cells. Left: the 3rd order WENO-GKS-Euler. Right:

WENO-Godunov scheme.
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Figure 3.4: Shu-Osher shock acoustic-wave interaction: the density distribution at

t = 1.8 with 400 cells. Figure (b) is the enlarged figure of the fast oscillated part in

the box with dashed lines in (a).

are only 4 or 5 cells in this region, which is not enough to resolve both shock and

acoustic waves. Therefore, the order of the reconstruction here from WENO can

be much reduced. Later, in the last chapter, based on a new reconstruction, a

much better result calculated by the same GKS will be shown in figure 5.1. A

small overshoot happens around the local extremes in the results of WENO-GKS-

Euler, due to the absence of the monotonic constraint in the reconstruction. The

monotone condition is used to control the oscillation, but somehow it reduces the

order of accuracy. Since the WENO-GKS-Euler contains the information of high-

order derivatives, it is not so sensitive to the initial interface values. The WENO-

GKS-Euler is still a robust scheme without imposing monotone condition.

Based on the 1-D Euler solutions, we can conclude that WENO-GKS-Euler is

as good as WENO-Godunov scheme in all cases. Due to the smaller amount of

numerical dissipation, the GKS-Euler solutions may be closer to the analytical

Euler solutions than those calculated by the exact Riemann solver in some tough

cases.
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3.6.2 Problems in 2-D space

Some of the 2-D cases are about the NS solutions. It is not easy to physically

extend WENO-Godunov scheme to the NS system because of the lack of the

”Riemann” solution for the NS equations. Therefore, we choose the finite differ-

ence WENO-Steger-Warming scheme as comparison. CFL number 0.3 is used

for the first two cases. For the periodic vortex propagation and the cavity flow

simulation, the flows are smooth, there is no reason to introduce the numerical

dissipation, so β = 0.0001 and CFL number 0.5 are used.

Mach 3 step problem

The Mach 3 step problem was first proposed by Woodward and Colella on [101].

The computational domain is [0, 3]× [0, 1]. A step with height 0.2 is located at

x = 0.55. The upstream velocity is (U, V ) = (3, 0). The adiabatic slip Euler

boundary condition is implemented at all boundaries. ϵ = 10−6 in the 5th order

WENO reconstruction.

The results for different Reynolds number (Re) and different number of cells are

given in figure 3.5 and 3.6. β = 1000 is used in (3.22). From figure 3.5, it is easy

to see that the WENO-GKS-NS is a NS solver. The combination of the 5th order

WENO reconstruction and the 3rd order GKS-NS flux presents high resolution

solutions. For high order schemes, it is hard to control post-shock oscillations.

But in our scheme we can enlarge the numerical collision time to well control the

oscillation around shock. Because of the separation between the numerical and

the physical collision time as stated in section 3.2.3, a smooth flow transition can

be obtained around a shock, see figure 3.6. Since the relaxation term depends on

the cell size through the numerical collision time, even with different cell size the

same results can be obtained. In order to further validate the advantage of the

present two collision time model, we also include two solutions calculated with a

single particle collision time as in [55]. In the single particle collision time model,

56



all the τ appears in the scheme equals to τn in (3.22). When a single collision

time is used everywhere, the flow distributions may become sensitive to the value

used. Figure 3.7 shows two solutions on the same mesh but with different values

of β. When β is small, there is much noise around the shock front. But, with

a large β, the solution seems go to a solution with smaller Reynolds number.

In other words, the physical solution is poisoned by the the numerical collision

time. So, it seems effective to distinguish the collision time into a numerical and

a physical one in the gas kinetic scheme. We believe that this is important for

any high-order NS flow solver if both oscillation free and accurate viscous flow

solution need to be captured.

For the Euler solutions of this case, as explained in [101], the corner of the step

is the center of a rarefaction fan and it is a singular point of the flow. The

flows will be seriously affected by the large numerical errors generated just in

the neighborhood of this singular point. Almost for all WENO schemes, in order

to get better results, a special treatment introduced in [101] has been applied.

Or, a refined mesh is used around the corner. In order to avoid confusion and

compare the results of the WENO-GKS and the WENO-SW truthfully, there

is no special treatment anywhere in this case. In the WENO-GKS, α = 0 and

β = 100 for numerical collision time in (3.21).

Figures 3.8, 3.9 and 3.10 present the numerical solutions for both WENO-SW

and WENO-GKS at different number of mesh points, i.e., 120 × 40, 60 × 20,

and 30 × 10. All these results are consistent with the flow structures in [101].

Based on the these figures, the WENO-SW gives a large tilted Mach stems above

the step, and the WENO-GKS presents a much straight and short ones. After

a few shock reflections, the shock fronts of the WENO-SW get smeared and

disappeared at the 30 × 10 mesh case. But, for the WENO-GKS, the shock

reflection can be seen clearly in the coarse mesh case. This illustrates that

WENO-SW has large numerical dissipation in comparison with WENO-GKS. In
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Figure 3.5: Mach 3 step problem: the density distribution for different Reynolds

numbers (Re) at t = 4.0 with 120× 40 mesh points by the 3rd order WENO-GKS-NS.

In each figure, there are 50 contours from 0.5 to 5.
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Figure 3.6: Mach 3 step problem: the density distribution for different number of

mesh points at t = 4.0 with Re = 1.0e5 by the 3rd order WENO-GKS-NS. In each

figure, there are 50 contours from 0.5 to 5.
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Figure 3.7: Mach 3 step problem: the density distribution at t = 4.0 with Re = 1.0e5

with 60 × 20 mesh points by the 3rd order WENO-GKS-NS without separating the

numerical and physical collision times in the solution of the gas distribution function

for the flux evaluation. The same collision time of Eq.(3.22) is used in Eq.(3.20).

Upper: β = 1.0. Lower: β = 0.1. In each figure, there are 50 contours from 0.5 to 5.
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Figure 3.8: Mach 3 step problem: the density distribution at t = 4.0 with 120 × 40

mesh points by the WENO-GKS-Euler (upper one) and the WENO-SW (lower one).

In each figure, there are 50 contours from 0.5 to 5.
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Figure 3.9: Mach 3 step problem: the density distribution at t = 4.0 with 60 × 20

mesh points by the WENO-GKS-Euler (upper one) and the WENO-SW (lower one).

In each figure, there are 50 contours from 0.5 to 5.
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Figure 3.10: Mach 3 step problem: the density distribution at t = 4.0 with 30 × 10

mesh points by the WENO-GKS-Euler (upper one) and the WENO-SW (lower one).

In each figure, there are 50 contours from 0.5 to 5.
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Figure 3.11: Mach 3 step problem: the density distribution at t = 4.0 with 120× 40

mesh points. Upper one: NS solution with Reynolds number 1000 by the WENO-

GKS-Euler. Lower one: Euler solution by the WENO-SW. In each figure, there are 50

contours from 0.5 to 5.
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order to understand why the WENO-SW has a tilted Mach stem above the step,

we tested the WENO-GKS for the NS Solution with Reynolds number 1000, but

with the Euler boundary condition. Figure 3.11 shows the comparison of WENO-

SW for the inviscid flow and WENO-GKS for the viscous flow. It seems that

the solution given by the WENO-SW is more close to a viscous solution. This

proves again that a high level of numerical dissipation exists in the WENO-SW.

Isentropic periodic vortex propagation

This is a test for the Euler solutions as well. It is a very good test case for the

accuracy of high-order schemes (see [80, 54]). The initial condition is given by

(U(x, x, 0), V (x, y, 0)) = (1, 1) + κ
2π
e0.5(1−r2)(−ȳ, x̄),

T (x, y, 0) = 1− (γ−1)κ2

8γπ2 e1−r2 , S(x, y, 0) = 1,

where the temperature T and the entropy S are related to the density ρ and the

pressure p by

T =
p

ρ
, S =

p

ργ
,

and (x̄, ȳ) = (x − 5, y − 5), r2 = x̄2 + ȳ2, and the vortex strength κ = 5. The

computational domain is [0, 10] × [0, 10]. The periodic boundary condition is

used at both directions.

The numerical results with 80 × 80 and 40 × 40 cells at t = 10 (1 period) and

t = 100 (10 periods) are shown in figures 3.12 and 3.13 for both WENO-SW and

WENO-GKS. In order to understand the dependence of the WENO reconstruc-

tion function ϵ on the accuracy of the numerical solution, we tested this case

with two different ϵ, which are EPS1 (ϵ = 10−6) and EPS2 (ϵ = 10−2). Theoret-

ically, the large value of ϵ presents a reconstruction with more equally weights

for different stencils. For a smooth flow, a small ϵ makes the reconstruction to

reduce to a 3rd order scheme. A larger ϵ balances the weights of different sten-

cils and make the reconstruction to be more closer to the 5th order. As shown
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Figure 3.12: Isentropic periodic vortex propagation: the density distribution at t = 10

(1 period) by the high-order WENO-GKS (WGKS) and the WENO-SW (WSW).
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Figure 3.13: Isentropic periodic vortex propagation: the density distribution at t =

100 (10 periods) by the high-order WENO-GKS (WGKS) and the WENO-SW (WSW).
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in figures 3.12 and 3.13, for such a smooth flow, in general, the reconstruction

with EPS2 give more accurate and less dissipative results than that from EP-

S1 for both WENO-SW and WENO-GKS. At the same time, for both meshes

the results from WENO-GKS are more accurate than these from WENO-SW,

especially at a mesh size 40 × 40 and t = 100, see figure 3.13. At time t = 10

and 40× 40 mesh points, see figure 3.12, EPS1 introduces numerical dissipation

and presents undershoot for both WENO-SW and WENO-GKS. However, with

EPS2, the WENO reconstruction introduces overshoot for both schemes. But,

in both cases due to the dynamical flux of the gas-kinetic scheme, WENO-GKS

could increase the undershoot and decrease the overshoot in comparison with

WENO-SW. In other words, the WENO-GKS has a better capacity to drive the

solution in the correct direction due to the participation of the subcell flow dis-

tribution in the construction of the dynamical flux function. More specifically,

the gas-kinetic flux function does not only depend on the flow variables at the

cell interface, but takes into account the whole curves around the interface.

Based on the above tests, we can clearly realize that even though the gas-kinetic

scheme is not solving the inviscid Euler equations directly, it gives accurate

inviscid solution. In general, the numerical dissipation of the gas-kinetic scheme

is less than the schemes based on the Riemann solvers, since the GKS can make

a smooth transition from the upwind to the central difference. This is one of the

reason for the numerical dissipation reduction in GKS in the smooth flow region.

Shock vortex interaction

This is a problem which was presented in [13] and [45]. On the computational

domain [0, 2]× [0, 1], a stationary shock front is positioned at x = 0.5. The left

upstream state is (ρ, U, V, p) = (M2,
√
γ, 0, 1), where γ is the specific heat ratio

and M is the Mach number. A small vortex is a perturbation on the mean flow

with the velocity (U, V ), temperature (T = p/ρ) and entropy (S = ln p
ργ
), where
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the perturbation is

Ũ = κη eµ(1−η2)sinθ, Ṽ = −κη eµ(1−η2)cosθ, T̃ = −(γ − 1)κ2e2µ(1−η2)

4µγ
, S̃ = 0,

where η = r/rc, r =
√

(x− xc)2 + (y − yc)2, (xc, yc) = (0.25, 0.5) is the center

of the vortex, κ and µ control the strength and decay rate of the vortex, and rc

is the critical radius. Here, we choose κ = 0.3, rc = 0.05 and µ = 0.204.

In our tests, the gas is a diatomic molecule, i.e. γ = 1.4. β = 1 is used in (3.22).

The number of cells is 200 × 101. The reflected boundary condition is used on

the top and bottom boundaries. The evolution of the flow with Re = 1.0e5 is

given in figure 3.14. The pressure distributions for different Reynolds number

at t = 0.6 are shown in figure 3.15. We also give the detailed data for different

Reynolds number at t = 0.8 along the horizontal symmetric line y = 0.5 (see

figure 3.16) as a reference solution.

Cavity flow

The cavity flow at low Mach number is a standard test case for validating in-

compressible or low speed NS flow solvers. Since the benchmark solution is from

incompressible NS equations, in order to avoid kinematic dissipation ([107, 35]),

most simulations in the past are based on either the methods for the incompress-

ible equations or the artificial compressibility methods, where a continuous initial

reconstruction across a cell interface is assumed. GKS and WENO schemes are

all shock capturing flow solvers and they are focusing on the compressible flow

simulation. For a compressible flow solver, the cell interface discontinuity may

generate large numerical dissipation. The cavity case is a challenge for any com-

pressible flow solver, which includes GKS and WENO scheme. Here, we are going

to use the same WENO-GKS, which is applicable to the compressible flow with

shocks, to the cavity simulation directly. For the WENO-SW, the traditional in-

viscid and viscous operator splitting technique will be used. In the WENO-GKS,

since the flow is smooth here, there is no reason to introduce the numerical dissi-
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Figure 3.14: Shock vortex interaction: the pressure distributions at different time

with Re=1.0e5 by the 3rd order WENO-GKS-NS. In each figure, there are 60 contours

from 0.8 to 1.4.
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Figure 3.15: Shock vortex interaction: the pressure distribution for different Reynolds

number at t=0.6 by the 3rd order WENO-GKS-NS. In each figure, there are 90 contours

from 1.1 to 1.37.
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Figure 3.16: Shock vortex interaction: the pressure and velocity (U, V) along the

horizontal symmetric line y=0.5 for different Reynolds number at t=0.8 by the 3rd

order WENO-GKS-NS.

72



X

Y

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

X

Y

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

Figure 3.17: Cavity flow: the streamlines at Re = 1000 calculated by the 3rd order

WENO-GKS-NS. Left: 65× 65 cells. Right: 33× 33 cells.

pation, so β = 0.0001 in (3.22). The flow simulated has Mach number Ma = 0.3

and γ = 1.4 in the WENO-GKS.

The fluid is bounded by a unit square and is driven by a uniform translation

of the top boundary. All the boundaries take isothermal and non-slip boundary

condition.

Firstly, we test a cavity flow with the Reynolds number Re = 1000. Figure 3.17

shows the stream traces of the flow calculated with 64 × 64 and 32 × 32 mesh

points. The results of U -velocity and pressure along the vertical symmetric line

at x = 0.5 and V -velocity and pressure along the horizontal symmetric line at

y = 0.5 are shown in figure 3.18. The benchmark solution is from [30]. And the

reference solution for pressure is from the data in [11]. As shown in figure 3.18,

even with 64 × 64 cells, the simulation results match the exact solutions very

well. This can be hardly achieved for a shock capturing scheme, especially for

the schemes based on the direct splitting method. Our multidimensional WENO-

GKS can be further improved if the dissipation from the WENO reconstruction

can be decreased with the reduction of reconstructed jumps at the cell interface.
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Figure 3.18: Cavity flow: U and pressure distributions along the vertical symmetric

line at x = 0.5 and V and pressure distributions along the horizontal symmetric line

at y = 0.5 with Re = 1.0e3 and Mach number 0.3 by the 3rd order WENO-GKS-NS.

The Ghia’s solution is from [30]. The reference solution for pressure is the data from

[11]. The first row: along the vertical symmetric line at x = 0.5. The second row:

along the horizontal symmetric line at y = 0.5.
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Then, we test another cavity flow with the Reynolds number Re = 3200, and

the results are compared with the results of WENO-SW. In order to get the

best results for the WENO-SW, we tested many boundary condition treatments

and found out that the following reconstruction gives good results. The special

treatment is the following. The temperature and velocities are given directly

since the boundary is isothermal and nonslip. Other data at the boundary is

extrapolated from the flow. For the WENO-SW, the three interfaces from the

boundary are specially treated. For the first interface, a 3rd-order extrapolation

is used to reconstruct the convection conservative fluxes. For the second one, a

4th-order interpolation is used to reconstruct the convection conservative fluxes.

For the third one, a 5th-order upwind interpolation is used to reconstruct the

convection characteristic fluxes. We use a 4th-order interpolation to reconstruct

the viscous fluxes at all of the three interfaces. For the WENO-GKS, the bound-

ary treatment is relatively simple. A 5th-order extrapolation for the conservative

variables is used at the boundary.

For the cavity flow simulations, we used three set of meshes, which are 101×101,

65 × 65, and 33 × 33 for both schemes. Figure 3.19 shows the distributions of

streamline for both schemes with a mesh of 65 × 65 points. Except around the

upper left corner, the streamlines from both WENO-SW and WENO-GKS are

close to each other.

The results of U -velocity along the vertical symmetric line at x = 0.5 and V -

velocity along the horizontal symmetric line at y = 0.5 with different mesh sizes

are compared in detail. Figure 3.20 shows U and V velocity distribution for a

mesh with 101× 101 points. The benchmark solution is from [30, 87]. As shown

in this figure, the results from both WENO-SW and WENO-GKS are consistent

with the reference solutions. The solution with EPS1, for better shock capturing,

is more dissipative than those with EPS2, for more equally weighted stencils in

the reconstruction. This is clearly seen in the V-velocity for the WENO-SW.
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Figure 3.19: Cavity flow (Re = 3200,Ma = 0.3): streamlines with 65×65 mesh points.

The left one: streamline by the high-order WENO-GKS. The right one: streamline by

the WENO-SW.

The WENO-GKS solutions are less sensitive to the values of ϵ. At such a refined

mesh, it is hard to distinguish the two solutions from WENO-GKS. The overall

solutions from WENO-GKS are closer to the benchmark ones than the WENO-

SW results.

As the mesh points number reduces to 65 × 65, the results from both scheme

are shown in figure 3.21. As seen in this figure, the distinction between the

results from different schemes and different ϵ becomes much clear. Same as

figure 3.20, the value EPS1 presents more dissipative results for the WENO-SW

than that using EPS2. Both results from WENO-SW with EPS1 and EPS2

are worse than the corresponding ones from WENO-GKS. This figure confirms

the previous conclusion that the WENO-GKS has less numerical dissipation than

WENO-SW. The WENO-SW is more sensitive to the initial reconstructions with

different ϵ.

Figure 3.22 shows the results with a mesh of 33 × 33 points. Even though the

solution from WENO-SW deteriorates quickly, the general conclusion is the same
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as that from the previous figures. It is surprising that with EPS2, even with such

a coarse mesh the WENO-GKS can present very accurate solution. A small ϵ,

i.e., EPS1 for the shock capturing, does introduce more numerical dissipation,

such as reducing the peak V velocity around the left boundary for both schemes.

But, the boundary layer thickness of WENO-GKS is still correct. The solutions

inside the cavity can be kept much better by the WENO-GKS.

Theoretically, the cavity flow should reach a steady-state solution, where the

solution differences at time (t − δt) and t should become smaller and smaller

as t increases, and δt is a fixed time interval. Hence, we can check the time-

convergence rate of a scheme in this case. Figure 3.23 shows the error defined

by

Error(t) =

∑
i,j |ρ(xi, yj, t)− ρ(xi, yj, t− 10)|

N
,

where ρ is the density, N is the total number of mesh points. For the WENO-

GKS, the error decreases continuously with 65× 65 mesh points. But, it keeps a

constant value around 10−6 in the case with 33× 33 mesh points. The WENO-

SW has a much larger error than WENO-GKS. For WENO-SW, the error from

33× 33 mesh points is smaller than that from 65× 65 mesh points. The possible

reason is that the dissipation of WENO-SW is closely related to the cell size and

a coarse mesh has large dissipation to remove the oscillation. With a mesh size

33×33, the error from the WENO-SW keeps increasing with the time increasing.

The main reason for the good performance of gas kinetic scheme is that it gives

a NS solution directly from a single initial reconstruction without splitting the

inviscid and viscous terms. For the WENO-SW, the two flux constructions are

based on two different initial flow condition. At a refined mesh, the initial data

for the construction of inviscid and viscous terms in the WENO-SW are close to

each other, and the results become acceptable. However, as the mesh points are

reduced, the initial data for the inviscid and viscous terms can be very different

from each other for the WENO-SW due to their different construction. As a
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Figure 3.20: Cavity flow at Re = 3200 and Ma = 0.3 with 101 × 101 mesh points.

U -velicity along the vertical symmetric line at x = 0.5 (upper figure) and V -velocity

along the horizontal symmetric line at y = 0.5 (lower figure) by the high-order WENO-

GKS(WGKS) and the WENO-SW(WSW). The exact solution for velocity is from [30].
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Figure 3.21: Cavity flow at Re = 3200 and Ma = 0.3 with 65 × 65 mesh points.

U -velocity along the vertical symmetric line at x = 0.5 (upper figure) and V -velocity

along the horizontal symmetric line at y = 0.5 (lower figure) by the high-order WENO-

GKS (WGKS) and the WENO-SW (WSW). The exact solution for velocity is from

[30].
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Figure 3.22: Cavity flow at Re = 3200 and Ma = 0.3 with 33 × 33 mesh points.

U -velocity along the vertical symmetric line at x = 0.5 (upper figure) and V -velocity

along the horizontal symmetric line at y = 0.5 (lower figure) by the high-order WENO-

GKS (WGKS) and the WENO-SW (WSW). The exact solution for velocity is from

[30].
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Figure 3.23: Cavity flow at Re = 3200 and Ma = 0.3. The convergence history

of the numerical solution with mesh sizes 65 × 65 and 33 × 33 by WENO-SW

(WSW) and WENO-GKS (WGKS) schemes.

result, the inconsistency of the evolution model from two different initial data

prevents the WENO-SW from converging. To get a consistent operator splitting

approach for the inviscid and viscous terms for the NS equations is a challenge

problem for any high-order scheme, especially in the regions where the flow

structure can be barely resolved. This problem will persist because we can never

claim that in any practical flow simulation all flow structures can be well-resolved.

Therefore, the scheme with a physical consistent treatment, like the gas-kinetic

method, may play an important role for the development of reliable and accurate

high-order schemes.

The cavity case clearly demonstrates the superiority of the WENO-GKS over the

WENO-SW. Even though it is more expensive, the WENO-GKS is much more

accurate and robust. Certainly, there are many 5th WENO schemes. The scheme

we tested here may not be an optimal one. In order to reduce a systematic error

due to a biased selection of WENO schemes, we tested other WENO methods in
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[79, 41]. The method we used in this chapter is actually better than these ones

in the literature when an equally distributed mesh is used. In papers [79, 41],

the cavity solutions from other WENO schemes are presented.

2-D viscous shock tube problem

This is a 2-D viscous shock tube problem studied in [20, 21] and [83]. An ideal gas

is at rest inside a 2-D box 0 ≤ x, y ≤ 1. Initially, a membrane is located at x = 0.5

which separates two different states of the gas. At time zero the membrane is

removed and wave interaction occurs. Here, we solve the NS equations for this

problem with non-slip boundary conditions at the adiabatic walls.

The dimensionless initial states are

(ρ, p) =

 (120, 120/γ), 0 ≤ x < 0.5,

(1.2, 1.2/γ), 0.5 < x ≤ 1,

where γ = 1.4. The Prandtl number is 0.73 and Reynolds number is 1000. The

reference Mach number is 1. The sound speed is also 1. Due to the symmetry of

the flow in the vertical direction, only half of the shock tube is calculated.

As shown in figure 3.24, the complicated flow structures, such as the shock,

boundary layer, vortex and their interaction, are well captured by the WENO-

GKS. The result with a larger CFL number seems have higher resolution, because

a larger domain with reconstructed initial data participates in the modeling of

the time-dependent flux. This is very different from many other schemes which

only use the two cell interface values to do the modeling. As we know, even with

an advanced reconstruction scheme, the pointwise values are less reliable than a

whole curve, especially for the high-order reconstruction.

Figure 3.25 shows that this test case is not sensitive to the numerical collision

time, because all flow structures are almost resolved in such a NS calculation

and the shock is not very strong. When the cell size is not so small, the kine-

matic dissipation provided in the initial reconstruction is enough to generate an
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Figure 3.24: Viscous shock tube problem: the density distribution at t = 1.0 with

500×250 cells by the WENO-GKS-NS. β = 10−3 in the numerical collision time (3.22).

Different CFL numbers are used in the simulation. (a) CFL number is 0.7. (b) CFL

number is 0.5. In each figure, there are 30 contours from 1.2 to 120.
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Figure 3.25: Viscous shock tube problem: the density distribution at t = 1.0 with

500×250 cells by the WENO-GKS-NS. CFL number is 0.7. Different β in the numerical

collision time (3.22) is used in the simulation. (a) β = 10−3. (b) β = 103. In each

figure, there are 30 contours from 1.2 to 120.
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oscillation-free solution.

3.6.3 Accuracy and computational time

We test the order of accuracy of the WENO-GKS in the following two cases.

Case 1: Advection of density perturbation

The initial condition is set to be ρ(x) = 1 + 0.2sin(πx), U(x) = 1 and p(x) = 1.

The computational domain is [0, 2]. The periodic boundary condition is adopted

and thus the analytic solution is ρ(x, t) = 1 + 0.2sin(π(x − t)), U(x, t) = 1

and p(x, t) = 1. In the WENO-BGK-Euler, α = 1.0e − 10 and β = 1.0e − 3

for the numerical collision time (3.21). The error of the density is computed

at t=2. Firstly, we test the space accuracy. In this test, CFL=0.1. The error

and convergence rate of the density are shown in table 3.1. Even we only claim

that the fluxes is 3rd order, but with the 5th order WENO reconstruction, the

WENO-GKS can have super-convergent property.

Table 3.1: Space accuracy test for advection of density perturbation by the

WENO-GKS

Grid L∞error Order L1 error Order L2 error Order

400 1.3041E-10 5.0072 7.4726E-11 4.9106 8.3469E-11 4.9250

200 4.1978E-09 5.1508 2.2494E-09 4.9791 2.5362E-09 4.9906

100 1.4902E-07 5.0447 7.0935E-08 4.9986 8.0582E-08 5.0389

50 4.9200E-06 4.8398 2.2673E-06 5.0468 2.6500E-06 5.0443

20 4.1499E-04 4.3064 2.3112E-04 4.3670 2.6952E-04 4.3152

10 8.2093E-03 - 4.7681E-03 - 5.3641E-03 -

For the time accuracy, we test it for the different CFL numbers with the uniformly

800 cells. The results are shown in table 3.2. The 3rd order time accuracy can
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be achieved by the GKS because of the fully coupled space and time evolution.

Table 3.2: Time accuracy test for advection of density perturbation by the

WENO-GKS

CFL(average time step) L∞error Order L1 error Order L2 error Order

CFL=0.2(∆t = 2/9292) 1.7462E-11 2.8953 1.1962E-11 2.8116 1.3133E-11 2.8275

CFL=0.4(∆t = 2/4646) 1.2999E-10 2.9961 8.4047E-11 2.9689 9.3183E-11 2.9714

CFL=0.6(∆t = 2/3098) 4.3757E-10 2.9976 2.7979E-10 2.9871 3.1061E-10 2.9871

CFL=0.8(∆t = 2/2323) 1.0365E-09 - 6.6098E-10 - 7.3401E-10 -

Case 2: Isentropic periodic vortex propagation

All the conditions in this case are the same as before. The error of the density

is computed at t=10, namely one time period. The data in table 3.3 show that

the WENO-GKS has the 3rd order accuracy in 2-D case.

Table 3.3: Accuracy test for isentropic periodic vortex propagation by the

WENO-GKS

Grid L∞error Order L1 error Order L2 error Order

160 1.4623E-04 3.3187 1.4062E-05 2.7553 2.3348E-05 2.9730

80 1.4593E-03 4.1410 9.4961E-05 4.0237 1.8336E-04 4.2697

40 2.5739E-02 3.0280 1.5442E-03 2.8164 3.5360E-03 2.9508

20 2.0999E-01 - 1.0879E-02 - 2.7343E-02 -

The numerical results of the 3rd order WENO-GKS has been compared with

that of the WENO-Godunov scheme in section 3.6.1 for Euler solutions. In table

3.4, we compare the computation time of different schemes for some 1-D test

cases. Since the WENO-Godunov scheme must use the Runge-Kutta process to

get time accuracy, it needs to repeat the reconstruction and calculation of fluxes

three times within a time step in order to get a 3rd order time accuracy. Even
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though the calculation of fluxes by the WENO-GKS is much more complex, the

computation time is not as long as many people think of. Furthermore, in 2-D

cases, the WENO-Godunov method needs reconstruction and calculates fluxes at

each Gaussian integration point along a numerical cell interface in order to keep

the high-order accuracy in tangential direction ([95]). The work load of the 2-D

case is quadrupled using the 3rd order WENO-Godunov scheme in comparison

with the 1-D case. However, the WENO-GKS directly uses the higher order

derivatives. The fluxes calculation along the interface in the tangential direction

can be evaluated analytically. There is no need to reconstruct and calculate fluxes

many times within a time step. So, we can expect a high computation speed-up

for theWENO-GKS in multidimensional cases in relative to theWENO-Godunov

method.

Table 3.4: Computation Time

CPU time(seconds) WENO-GKS(3rd order) WENO-Godunov

Large density ratio(400cells) 3.8532 1.7160

Large density ratio(100cells) 0.2184 0.1560

Blast wave(400cells) 8.8765 3.8220

Shock acoustic-wave

interaction(400cells) 3.6348 1.7004

We also compare the efficiency in the cavity simulation for WENO-GKS and

WENO-SW. The results are shown in table 3.5. As shown in the table, the

WENO-GKS is about 4 times slower than the WENO-SW. This shows that the

speed of WENO-GKS is similar to the finite volume WENO scheme. As shown

in [81], the computational cost of the finite volume WENO scheme is indeed

at least 4 times more expansive than the finite difference one in two dimension

simulation. So, the computational efficiency of GKS is acceptable.
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Table 3.5: Average computational time for one time-step

CPU time(seconds) WENO-GKS WENO-SW

33× 33 cells 1.8776e-002 4.3276e-003

65× 65 cells 7.4369e-002 1.6433e-002

3.7 Conclusion

In this chapter, the WENO reconstruction and the gas-kinetic gas evolution

model are combined in developing the WENO-GKS scheme for the Euler and

Navier-Stokes solutions. The GKS closely couples the high-order multidimen-

sional spatial reconstruction and its time evolution. In the 2D case, a direct

integration of the flow transport at the normal direction along a cell interface

can be obtained explicitly. Therefore, the accuracy in both space and time is

automatically kept. There is no need to use the Runge-Kutta multistage and

different Gaussian point integration in the WENO-GKS. Therefore, among the

high-order schemes the GKS may not be a very expensive one, especially for the

NS solutions.

Many numerical tests have been used to validate the newly developed scheme.

The performance of the WENO-GKS and WENO-Godunov method is compared

for in 1-D inviscid cases. The accuracy of the WENO-GKS and WENO methods

is comparable in most test cases, maybe slightly better performance for the

WENO-GKS in tough test cases.

The performance of WENO-GKS for the NS solution is remarkable. Because of

the introduction of numerical and physical particle collision time, the NS solution

obtained by the WENO-GKS method is very stable and reliable, which seems

reduce the mesh size effect to a minimum level in the capturing of both crisp

shock front transition and smooth flow distributions in the overall computational
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domain. The WENO-GKS couples invscid and viscous fluxes in a single flux

evaluation. However, the WENO scheme separates the treatment of inviscid

and viscous terms. As a consequence, the WENO scheme is more sensitive to

the boundary treatment. In our tests, the operator-splitting discretization of

inviscid and viscous terms makes the WENO-SW be sensitive to the initial data

reconstruction, and prevents the WENO-SW scheme from converging to the

steady state solution, especially in the coarse mesh case.

Based on the current comparison, the general conclusion is the following. Besides

high-order initial reconstruction, an accurate gas evolution model or flux function

in a high-order scheme is important as well in the capturing of physical solutions.

In a real physical flow, the transport, stress deformation, heat conduction, and

viscous heating are all coupled in a single gas evolution process. Therefore, it is

preferred to develop such a flux model with multi-dimensional wave propagation,

and un-splitting treatment of inviscid and viscous terms.
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Chapter 4

A well-balanced

symplecticity-preserving

gas-kinetic scheme for

hydrodynamic equations under

gravitational field

A well-balanced scheme for an isolated gravitational hydrodynamic system is

defined as a scheme which exactly preserves an isothermal hydrostatic solution.

In this chapter, a well-balanced gas-kinetic symplecticity-preserving BGK (SP-

BGK) scheme is developed. In the construction of the scheme, the gravitational

potential is modeled as a piecewise constant function inside each cell with a

potential jump at the cell interface. In the process of designing such a scheme,

the energy conservation, Liouville’s theorem, and the symplecticity preserving

property of a Hamiltonian flow play important roles in the description of particles

penetration and reflection from a potential barrier. More importantly, the use of
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the symplecticity preserving property is crucial in the evaluation of the moments

of a post-interaction gas distribution function with a potential jump in terms of

the moments of pre-interaction distribution function. The SP-BGK method is

the first well-balanced shock capturing gas-kinetic scheme for the Navier-Stokes

equation. A few theorems are proved for this scheme, which include the necessity

to use an exact Maxwellian for keeping the isothermal hydrostatic state, the

total mass and energy (the sum of kinetic, thermal, and gravitational ones)

conservation, and the well-balanced property of the SP-BGK scheme to keep an

isothermal hydrostatic state during the process of particle transport and collision.

Many numerical examples are presented to validate the SP-BGK scheme.

4.1 Introduction

Generally, macroscopic flow equations with source terms can be written as

U⃗t +∇ · F (U⃗) = S, (4.1)

where U⃗ is the vector of conservative flow variables with corresponding fluxes

F (U⃗) and S is the source term. There is an intrinsic steady state solution due

to the balance between the flux gradient and source term of equations (4.1), i.e.,

∇ · F (U⃗) = S. (4.2)

The above steady state solution depends on the expression and the boundary

condition of the system. The scheme which could keep the above steady state

solution may not be a well-balanced scheme, because a well balanced scheme

should be a scheme which drives an isolated gravitational system to an isother-

mal hydrostatic solution and keeps the solution forever. The designing principle

of a well-balanced scheme is not to impose the condition (4.2) directly. It should

be an accurate unsteady state flow solver, but it settles the system down to the

isothermal hydrostatic solution. For an isolated gravitational system, the only

91



hydrostatic solution should be an isothermal one, which can be explained micro-

scopically. The distribution function of an isolated system under a gravitational

field will finally become a steady equilibrium one. Since the collision term will

not affect the equilibriums state, the Boltzmann equation goes to

u⃗ · ∇f −∇ϕ · ∇u⃗f = 0, (4.3)

where f is the gas distribution function, u⃗ is the particle velocity, ϕ is the external

gravitational potential, ∇f and ∇u⃗f are the gradients of f with respect to x⃗ and

u⃗ respectively. The general solution of (4.3) is

f(x⃗, u⃗) = F(ϕ+
1

2
u⃗2), (4.4)

where F is an arbitrary function and u⃗2 is the square of the magnitude of u⃗.

This equilibrium solution clearly shows that the gas of the whole system has the

same temperature, because the temperature becomes a constant multiplier for

the function ϕ+ 1
2
u⃗2.

Macroscopically, it may directly use the equation (4.2) to judge a scheme to

be a well-balanced one or not. However, for the gas dynamic equations, this

condition is not sufficient. A well-known steady state solution from (4.2) is

the solution with the barotropic equation of state p = p(ρ). For example, the

barotropic equation is used to construct a stellar interior solution all the time.

But, a scheme with the capability to keep the barotropic solution may not be

a well-balanced scheme. The barotropic relation used inside stellar interior is a

approximation. The benefit of this simplification is the ignorance of the energy

equation. In order to sustain the barotropic relationship, the energy cannot

be conserved at all, such as there needs continuous energy supply from the solar

nuclear energy with convection. But, a well-balanced scheme is related to capture

the solution of an isolated system with the full consideration of mass, momentum

and energy. If any fluid element in an isolated system undergoes a motion with

barotropic relationship, such as an adiabatic expansion or contraction with p =

92



Cργ, the fluid element will have different temperature (due to p = ρRT ) from

its surrounding gas in the new position. As a result, the heat conduction takes

effect. According to the second law of thermodynamics, the entropy increases

inside an isolated system due to heat conduction, and the system will eventually

evolve into an isothermal solution with the maximum amount of entropy for the

system. Therefore, for an isolated system the isothermal solution is the only

solution which can exist forever.

In order to capture the physical solution of a slowly evolving gravitational hydro-

dynamic system, the numerical scheme needs to be an accurate shock capturing

scheme as well for the description of general time-dependent gas evolution, and to

have a well-balanced property. A well-balanced scheme requires a precise balance

between the transport and gravitational source effect in the Boltzmann equation.

It is certainly true that the schemes in [52, 114, 12] are well-balanced ones. But,

the successes in these schemes are mainly based on its reconstruction technique,

where the well-balanced solution is directly used from the starting point, such as

to explicitly enforce the balance (4.2) of the Euler equations with gravitational

source term even in the description of non-hydrostatic situation. For an arbi-

trary initial condition for an isolated gravitational system, these schemes cannot

capture the accurate time evolution of the system and settle the system to a final

correct hydrostatic isothermal solution. For a time-dependent solution, eq.(4.2)

cannot be satisfied and used directly. In [68, 14], the well-balanced property of

Roe scheme is imposed through the connection between discontinuous states. For

some hydrodynamic equations, e.g., the Navier-Stokes equations, it is very hard

to find such a path to connect two different states. By using the approximate

path, these schemes can not be exactly well-balanced.

In the past years, a gas-kinetic BGK scheme has been successfully developed

for compressible Euler and Navier-Stokes equations without gravitational field

([102, 103]). The main part of the BGK scheme is to find a gas distribution
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function f at a cell interface. Physically, the gravitational forcing effect will

change the particle trajectory. Theoretically, it shouldn’t have much difficulty

for the gas-kinetic scheme to include the gravitational effect in the modification of

the time evolution of a gas distribution function through the particle acceleration

and deceleration. Along this line, a gas kinetic scheme (GKS) for a gravitational

system has been developed in [94]. This scheme much improves the solution

in comparison with operator splitting method. However, mathematically, the

use of a piecewise linear gravitational potential inside each cell makes the exact

solution complicated and a simplification of the particle trajectory in [94] makes

the scheme different from a well-balanced one. So, the novelty of this chapter is

to design a well-balanced scheme with the consideration of particle transport and

collision across a potential barrier for hydrodynamic equations under piecewise

constant gravitational potential field. At the same time, the new scheme is still

accurate in capturing any time-dependent gas evolution solution. Dynamically,

in the well-balanced situation, the balance between the transport and external

forcing effect in the particle movement is so delicate. As shown in this chapter,

the use of an exact Maxwellian distribution function becomes necessary to design

such a scheme. Also, the use of the symplecticity property of a Hamiltonian

flow and Liouville’s theorem are important in the correct description of particle

penetration, reflection, and deformation across a potential barrier. In a previous

paper [110], following the approach of Perthame and Simeoni for the shallow

water equations [69], a well-balanced kinetic flux vector splitting scheme for

gravitational Euler equations has been developed. However, in [110], only a

few low-order moments of a gas distribution function are needed, and these

moments can be intuitively guessed. In order to extend the above scheme to high-

order accuracy and to solve the Navier-Stokes equations, much more high-order

moments of a gas distribution function have to be evaluated for a post-interaction

gas distribution function with a potential barrier. In order to systematically

evaluate their moments, the use of the symplecticity property of a Hamiltonian
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particle system is necessary.

The chapter is organized as follows. Section 4.2 gives a brief review of previous

BGK scheme without external forcing field. In section 4.3, the basic physical

principles about the particle interaction with a potential barrier are presented.

Section 4.4 shows the construction of a symplecticity preserving BGK scheme

for the gravitational gas dynamic system using the particle transport mechanism

derived in the previous section. Section 4.5 is about the theoretical analysis of

the schemes, such as the necessity of using an exact Maxwellian and the well-

balanced property. Section 4.6 shows the numerical tests. The last section is the

conclusion.

4.2 A review of gas-kinetic BGK-NS scheme

without external forcing field

The BGK equation without external forcing field in 2-D is

ft + u⃗ · ∇f =
g − f

τ
, (4.5)

where f is the gas distribution function and g is the equilibrium state approached

by f , ∇f is the gradient of f with respect to x⃗, x⃗ = (x, y), and u⃗ = (u, v) is

the particle velocity. The particle collision time τ is related to the viscosity

and heat conduction coefficients, i.e., τ = µ/p where µ is the dynamic viscosity

coefficient and p is the pressure. The relation between the macroscopic quantities,

mass density ρ, momentum density (ρU, ρV ), and energy density ρE, and the

distribution function f is

W =

∫∫∫
ψfdudvdξ, (4.6)

where W = (ρ, ρU, ρV, ρE)T , (U, V ) is the macroscopic velocity of the fluid,

ψ = (ψ1, ψ2, ψ3, ψ4)
T = (1, u, v,

1

2
(u2 + v2 + ξ2))T ,
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Figure 4.1: Reconstruction of the conservative variables at the cell interface.

dξ = dξ1dξ2...dξK , and K is the number of degrees of internal freedom, i.e.,

K = (4 − 2γ)/(γ − 1) for 2-D flow and γ is the specific heat ratio. Since mass,

momentum, and energy are conserved during particle collisions, f and g satisfy

the conservation constraint,∫∫∫
(g − f)ψαdudvdξ = 0, α = 1, 2, 3, 4, (4.7)

at any point in space and time. The integral solution of (4.5) is

f(x⃗, t, u⃗, ξ) =
1

τ

∫ t

0

g(x⃗′, t′, u⃗, ξ)e−(t−t′)/τdt′ + e−t/τf0(x⃗− u⃗t, u⃗, ξ), (4.8)

where x⃗′ = x⃗− u⃗(t− t′) is the particle trajectory. The solution f in (4.8) solely

depends on the modeling of f0 and g.

For a finite volume scheme, the fluxes across a cell interface need to be evaluated

in order to update the cell-average conservative flow variables. In the BGK

scheme, the fluxes are defined by

F =

∫∫∫
uψfdudvdξ, (4.9)

where F = (Fρ, FρU , FρV , FρE)
T , which depends on the gas distribution function

f in (4.8) at the cell interface. Locally, around the cell interface, x⃗j+1/2 =

(xj+1/2, yi), with the assumption of the x-direction as the normal direction and

y-direction as the tangential direction, a solution in this local coordinate can be

obtained.

By using the MUSCL-type limiter, a discontinuous reconstruction of the macro-

scopic flow variables can be obtained around the cell interface (see fig.4.1). The
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initial gas distribution function f0 in (4.8) on both sides of a cell interface can

be constructed as

f l
0(x⃗, u⃗, ξ) = gl0(1 + al(x− xj+1/2) + bl(y − yi)− τ(alu+ blv + Al)), x ≤ xj+1/2,

f r
0 (x⃗, u⃗, ξ) = gr0(1 + ar(x− xj+1/2) + br(y − yi)− τ(aru+ brv + Ar)), x > xj+1/2,

(4.10)

where the Chapman-Enskog expansion up to the Navier-Stokes order has been

used in the above initial reconstruction. Here gl0 and gr0 are the corresponding

Maxwellians toW l = (ρl, (ρU)l, (ρV )l, (ρE)l)
T andW r = (ρr, (ρU)r, (ρV )r, (ρE)r)

T

at both sides of the interface. The Maxwellian distribution function correspond-

ing to W = (ρ, (ρU), (ρV ), (ρE))T has the form

g = ρ

(
λ

π

)K+2
2

eλ((u−U)2+(v−V )2+ξ2), (4.11)

where λ is equal tom/2kT ,m is the molecular mass, k is the Boltzmann constant,

and T is the temperature. The equilibrium distribution functions around the cell

interface can be modeled as

gl(x⃗, t, u⃗, ξ) = glj+1/2(1 + al(x− xj+1/2) + b
l
(y − yi) + A

l
t), x ≤ xj+1/2,

gr(x⃗, t, u⃗, ξ) = grj+1/2(1 + ar(x− xj+1/2) + b
r
(y − yi) + A

r
t), x > xj+1/2.

(4.12)

In the case without external forcing term, glj+1/2 and g
r
j+1/2 in the above equation

are the same, i.e., glj+1/2 = grj+1/2 (see fig.4.2), which can be obtained using the

conservation constraint (4.7) at x⃗ = x⃗j+1/2 and t→ 0,

∫∫∫
glj+1/2ψdudvdξ =

∫∫∫
grj+1/2ψdudvdξ =Wj+1/2

=
∫∫∫

u>0
f l
0(x⃗j+1/2, u⃗, ξ)ψdudvdξ +

∫∫∫
u<0

f r
0 (x⃗j+1/2, u⃗, ξ)ψdudvdξ.

(4.13)

Therefore, at the cell interface the final distribution function can be fully deter-

mined using the integral solution (4.8). The final distribution function can be

97



Figure 4.2: The modeling of the initial and equilibrium distribution functions

around the cell interface for the BGK scheme without gravity (left) and the

SP-BGK scheme with a potential jump (right).

written as

f(x⃗j+1/2, t, u⃗, ξ) =

 f l(x⃗j+1/2, t, u⃗, ξ) u ≥ 0,

f r(x⃗j+1/2, t, u⃗, ξ) u < 0,

=



1
τ

∫ t

0
gl(x⃗j+1/2 − u⃗(t− t′), t′, u⃗, ξ)e−(t−t′)/τdt′

+e−t/τf l
0(x⃗j+1/2 − u⃗t), u ≥ 0,

1
τ

∫ t

0
gr(x⃗j+1/2 − u⃗(t− t′), t′, u⃗, ξ)e−(t−t′)/τdt′

+e−t/τf r
0 (x⃗j+1/2 − u⃗t), u < 0,

(4.14)

which is used to evaluate the fluxes

F l
j+1/2(t) = F r

j+1/2(t)

=
∫∫∫

u>0
uf l(x⃗j+1/2, t, u⃗, ξ)ψdudvdξ +

∫∫∫
u<0

uf r(x⃗j+1/2, t, u⃗, ξ)ψdudvdξ.

(4.15)

The update of the cell-average conservative variables becomes

W n+1
j =W n

j + 1
∆x

∫ tn+1

tn

[
F r
j−1/2(t)− F l

j+1/2(t)
]
dt

+ 1
∆y

∫ tn+1

tn

[
F r
i−1/2(t)− F l

i+1/2(t)
]
dt,

(4.16)

where F l
j−1/2(t) ... F

r
i+1/2(t) are the fluxes at the center of the cell interfaces.
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The definitions and constructions of all parameters related to the spatial and

temporal slopes, such as a, b and A, can be found in [102] and [103].

In summary, at the cell interface x⃗j+1/2 we can construct the equilibrium dis-

tribution functions glj+1/2 and grj+1/2 from initial distribution f l
0 and f r

0 . Also,

we can find fluxes F l
j+1/2(t) and F r

j+1/2(t) from the integral solution f l and f r.

Without external forcing field, all the particles running into the cell interface

can freely cross it. Therefore, the equilibrium states and fluxes at the interface

have unique values, i.e., glj+1/2 = grj+1/2 and F l
j+1/2(t) = F r

j+1/2(t) (see the left

figure of fig.4.2). In the next section, we will discuss how the potential jump

affects the transport of the particles at the cell interface, such as the penetra-

tion and reflection from a potential barrier. As a result, the potential jump at

the cell interface imposes glj+1/2 ̸= grj+1/2 (see the right figure of fig.4.2) and

correspondingly F l
j+1/2(t) ̸= F r

j+1/2(t).

4.3 Particle transport mechanism across a po-

tential barrier

In this chapter, the gravitational potential ϕ is modeled as a piecewise constant

function inside each cell. With ϕj in jth-cell and ϕj+1 in (j+1)th cell, there exists

a potential jump or barrier at the cell interface. The associated physical impact

of the potential jump on a gas distribution function next to it is the reflection or

penetration of the particles. For a numerical cell j with x ∈ [xj−1/2, xj+1/2], the

fluxes at the two ends of this control volume needs to be evaluated, i.e.,F r
j−1/2(t)

and F l
j+1/2(t). At any end of a control volume, the particles of the corresponding

distribution function are coming from different regions, i.e., the same cell or the

neighboring cell after the interaction with a potential jump. Also,the reflection

and penetration process happens instantaneously at the interface since the dis-
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tribution function is defined adjacent the potential barrier. Therefore, once a

time-dependent gas distribution function next to the potential barrier is given,

the post-interaction distribution function with potential barrier effect can be e-

valuated simultaneously. The potential barrier only affects normal velocity of

the particles and its moments, so in this section we only consider distribution

functions with 1-D velocity. The results obtained in this section will be used for

the construction of symplecticity-preserving scheme.

For a gas distribution function f(u) next to a potential barrier, the interaction

with the potential jump changes the particle velocity from u to u′, and the dis-

tribution function becomes f(u′). We use the following three physical principles

to find the relation between the velocity moments of f(u′) and f(u).

a. Hamiltonian preserving property: the Hamiltonian function H of a

particle remains constant, i.e.,

H =
1

2
u2 + ϕ(x). (4.17)

This is the energy conservation for a particle movement under a conservative po-

tential field. Since we only consider the interaction of a particle with a potential

barrier at an instant of time, there is no collision between particles. Therefore,

the energy conservation for individual particle is precisely conserved,

1

2
u2 + ϕ =

1

2
(u′)2 + ϕ′, (4.18)

from which the relation between u and u′ can be obtained.

b. Liouville’s theorem: the probability density of a particle in phase space

keeps a constant along its trajectory,

f(u′) = f(u). (4.19)

In other words, the particle is not lost or created during its impact with the

potential barrier.
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c. The symplecticity preserving property: a Hamiltonian phase flow has∫∫
D′
dx′du′ =

∫∫
D

dxdu, (4.20)

where D′ and D are the phase volume of particle movement.

During the impact of the particles with the potential barrier, we specially chose

D = (u1, u2)× (ut1, ut2), then D = (u′1, u
′
2)× (u′t1, u

′t2), eq.(4.20) goes to∫ u′
2

u′
1

u′du′ =

∫ u2

u1

udu. (4.21)

This relationship is the most important one to be used in the construction of the

connection between moments of f(u′) and f(u). Therefore, the scheme presented

in this chapter is called symplecticity-preserving scheme.

With the above three physical principles, we can derive the relationship between

the nth-order velocity moments of f(u′) and that of f(u). From (4.19) and (4.21),

we first have ∫ u′
2

u′
1

f(u′)u′du′ =

∫ u2

u1

f(u)udu. (4.22)

Since eq.(4.18) gives u′ as a function of u, i.e., u′ = u′(u), a general formulation

can be obtained

nth-order u moment =

∫ u′
2

u′
1

f(u′)(u′)ndu′ =

∫ u2

u1

f(u)(u′(u))n−1udu, (4.23)

which connects the moments of the distribution functions before and after im-

pacting with a potential barrier at an instant of time.
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Figure 4.3: The particle’s movement at the interface with a potential jump ϕj < ϕj+1.

4.4 The symplecticity preserving BGK(SP-BGK)

scheme

4.4.1 The gas-kinetic SP-BGK scheme

With the adaptation of piecewise constant gravitational potential inside each

cell, i.e., ϕj inside the jth cell, there is a potential jump at the cell interface

x⃗j+1/2. The distribution function f still satisfies the equation (4.5) inside each

cell due to the constant potential. Therefore, a similar framework used in the

construction of the BGK-NS scheme can be extended here to design the SP-BGK

scheme. The initial distribution function is the same as (4.10). After getting the

equilibrium states from the initial distribution function, the integral solution

(4.14) is also valid before considering the effect of the potential jump. But,

now, we need to modify the distribution functions (4.10) and (4.14) in order to

implement the effect of the potential jump on the equilibrium states construction

and the final fluxes evaluation. Due to the potential jump at the cell interface,

the construction of equilibrium state at different side of a cell interface needs

take into account all particle collisions from the same cell and from neighboring

cells. The particle transport mechanism presented in the last section has to be

used to evaluate the moments for the particle from different regions seperately.

The potential jump gives a critical speed Uc =
√
2|ϕj − ϕj+1|, which provides a

threshold for the particle movement. Because of the potential jump, not all the

particles running into the cell interface could go through it freely. Some may be
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reflected due to lack of enough kinetic energy to overcome the potential barrier

(see fig.4.3). For these particles passing through the cell interface, their momen-

tum and energy are changed due to particle acceleration during the transport

process.

Without losing generality, we only discuss the case for ϕj < ϕj+1 in this subsec-

tion. Similarly, all the formulae for the case ϕj > ϕj+1 can be obtained. Let’s

assume a general gas distribution at a cell interface before the interaction with

the potential jump is

f(x⃗j+1/2, t, u⃗, ξ) =

 fj(x⃗j+1/2, t, u⃗, ξ), u ≥ 0,

fj+1(x⃗j+1/2, t, u⃗, ξ), u < 0.
(4.24)

After interaction with the potential jump, the above distribution functions change

to f l
j+1/2(t, u⃗, ξ) and f

r
j+1/2(t, u⃗, ξ) at the left and right hand sides of the cell in-

terface respectively,

f l
j+1/2(t, u⃗, ξ) =


fj(x⃗j+1/2, t, u⃗, ξ), u > 0,

f̃j(x⃗j+1/2, t, u⃗, ξ), 0 ≥ u > −Uc,

f j+1(x⃗j+1/2, t, u⃗, ξ), u ≤ −Uc,

(4.25)

and

f r
j+1/2(t, u⃗, ξ) =

 f j(x⃗j+1/2, t, u⃗, ξ), u ≥ 0,

fj+1(x⃗j+1/2, t, u⃗, ξ), u < 0.
(4.26)

The definition of the above distribution functions is from the following consid-

eration (see fig.4.3). Because of the potential jump, it only affects the normal

particle velocity, u. In (4.25), f̃j is the distribution function of the reflected

particle in the jth cell with the original distribution function fj and positive

particle velocity less than Uc. f j+1 is the distribution function of the particle in

the jth cell coming from the (j + 1)th cell with the original distribution func-

tion fj+1 and negative particle velocity. The particle has been accelerated in the

negative normal direction after passing through the cell interface. Also, f j is the

distribution function of the particle in the (j + 1)th cell coming from the jth
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cell with the original distribution function fj and positive particle velocity high-

er than Uc. The particle gets decelerated in the positive normal direction after

passing through the cell interface. Therefore, the effect of the potential jump

redistributes the original distribution function on both sides, but the moments

of the post-interaction distribution function and the original ones are related

through the physical principles introduced in section 4.3.

Due to the gravitational jump, the main difference between the SP-BGK and

BGK-NS schemes is the evaluation of the equilibrium states at both sides of a

cell interface, where the corresponding macroscopic variables have to be evalu-

ated based on the moments of distribution functions, which come from different

regions. Firstly, the initial gas distribution function f0, i.e., fj(x⃗j+1/2, t, u⃗, ξ) =

f l
0(x⃗j+1/2 − u⃗t, u⃗, ξ) and fj+1(x⃗j+1/2, t, u⃗, ξ) = f r

0 (x⃗j+1/2 − u⃗t, u⃗, ξ), changes ac-

cording to (4.25) and (4.26), from which two sets of conservative flow variables

at different sides of the cell interface can be obtained,

W l
j+1/2 =

∫∫∫∞
−∞ f l

j+1/2(t = 0, u⃗, ξ)ψdudvξ

=
∫∫∫ +∞

0
fj(x⃗j+1/2, t = 0, u⃗, ξ)ψdu

+
∫∫∫ 0

−Uc
f̃j(x⃗j+1/2, t = 0, u⃗, ξ)ψdudvdξ

+
∫∫∫ −Uc

−∞ f j+1(x⃗j+1/2, t = 0, u⃗, ξ)ψdudvdξ,

(4.27)

and

W r
j+1/2 =

∫∫∫∞
−∞ f r

j+1/2(t = 0, u⃗, ξ)ψdudvξ

=
∫∫∫ +∞

0
f j(x⃗j+1/2, t = 0, u⃗, ξ)ψdudvdξ

+
∫∫∫ 0

−∞ fj+1(x⃗j+1/2, t = 0, u⃗, ξ)ψdudvdξ,

(4.28)
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from which, two Maxwellians glj+1/2 and grj+1/2 in the equilibrium states (4.12)

can be fully determined. Then, following the method used in the develop-

ment of BGK-NS scheme [103], the integral gas distributions at the left and

right hand sides of a cell interface, i.e., f l and f r in (4.14), can be obtained.

Then, choosing the integral solutions as the original distribution functions, i.e.,

fj(x⃗j+1/2, t, u⃗, ξ) = f l(x⃗j+1/2, t, u⃗, ξ) and fj+1(x⃗j+1/2, t, u⃗, ξ) = f r(x⃗j+1/2, t, u⃗, ξ),

and considering their interactions with the potential jump, these distribution

functions are modified according to (4.25) and (4.26), from which the corre-

sponding fluxes at different sides of the cell interface can be determined:

F l
j+1/2(t) =

∫∫∫ +∞
−∞ uf l

j+1/2(t, u⃗, ξ)ψdudvdξ

=
∫∫∫ +∞

0
ufj(x⃗j+1/2, t, u⃗, ξ)ψdu+

∫∫ 0

−Uc
uf̃j(x⃗j+1/2, t, u⃗, ξ)ψdudvdξ

+
∫∫∫ −Uc

−∞ uf j+1(x⃗j+1/2, t, u⃗, ξ)ψdudvdξ,

(4.29)

and

F r
j+1/2(t) =

∫∫∫ +∞
−∞ uf r

j+1/2(t, u⃗, ξ)ψdudvdξ

=
∫∫∫ +∞

0
uf j(x⃗j+1/2, t, u⃗, ξ)ψdudvdξ

+
∫∫∫ 0

−∞ ufj+1(x⃗j+1/2, t, u⃗, ξ)ψdudvdξ.

(4.30)

In general, glj+1/2 ̸= grj+1/2 and F l
j+1/2 ̸= F r

j+1/2. At end, we can use (3.24) to

update the cell-average conservative variables.

In the above formulae (4.27), (4.28), (4.29) and (4.30), we need to find the nth

order velocity moments of the modified distribution functions, f̃j, f j+1 and f j

in terms of the moments of the original distribution functions fj, fj+1 and fj

respectively by (4.23).

a. The nth-order normal velocity moments of f̃j
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Recall that f̃j is the distribution function of the reflected particle in the jth

cell. Assume that the normal particle velocity is u before the reflection, and the

distribution of the particle before reflection is fj(u) with 0 < u < Uc. After its

reflection, its velocity becomes u′ and u′ = −u, and (4.23) gives∫ 0

−Uc

f̃j(u
′)(u′)ndu′ =

∫ 0

Uc

fj(u)u(−u)n−1du =

∫ Uc

0

fj(u)(−1)nundu. (4.31)

b. The nth-order normal velocity moments of f j+1

f j+1 is the distribution function of the particle in the jth cell coming from the

(j+1)th cell. Its distribution function before crossing the potential jump is fj+1

with normal velocity u < 0. After passing through the interface, the normal

velocity changes from u to u′, where u and u′ are related by the Hamiltonian

preserving property, i.e.,

1

2
u2 + ϕj+1 =

1

2
(u′)2 + ϕj.

So, with u′ = −
√
u2 + U2

c , (4.23) gives∫ −Uc

−∞
f j+1(u

′)(u′)ndu′ =

∫ 0

−∞
fj+1(u)(−1)n−1u(u2 + U2

c )
(n−1)/2du. (4.32)

c. The nth-order normal velocity moments of f j

f j is the distribution function of the particle in the (j + 1)th cell coming from

the jth cell. Its distribution function before passing through the potential jump

is fj with normal velocity u > Uc. After passing through the cell interface, the

normal velocity changes to u′. The relation between u and u′ is

1

2
u2 + ϕj =

1

2
(u′)2 + ϕj+1.

So, with u′ =
√
(u)2 − U2

c , (4.23) deduces∫ +∞

0

f j(u
′)(u′)ndu =

∫ +∞

Uc

fj(u)u(u
2 − U2

c )
(n−1)/2du. (4.33)
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Based on the above moment evaluations, we can explicitly evaluate the formulae

for W l
j+1/2, W

r
j+1/2, F

l
j+1/2(t) and F r

j+1/2(t) by (4.27)- (4.33) for the case ϕj <

ϕj+1. The formulae for the case ϕj > ϕj+1 can be found similarly. All the

formulae are given in the appendix for 2-D case.

4.4.2 Limiting Cases

a. The 1st order SP-BGK scheme

Removing all slope terms in (4.10) and (4.12), the SP-BGK scheme becomes a

1st order scheme. The distribution function in (4.8) becomes

f(x⃗j+1/2, t, u⃗, ξ) =

 (1− e−t/τ )glj+1/2 + e−t/τgl0, u ≥ 0,

(1− e−t/τ )grj+1/2 + e−t/τgr0, u < 0,
(4.34)

which is called the 1st-order SP-BGK scheme.

b. The SP-KFVS scheme

When the collision time τ goes to +∞, the distribution function in (4.14) becomes

f(x⃗j+1/2, t, u⃗, ξ) =

 f l(x⃗j+1/2, t, u⃗, ξ), u ≥ 0,

f r(x⃗j+1/2, t, u⃗, ξ), u < 0,

=

 f l
0(x⃗j+1/2 − u⃗t), u ≥ 0,

f r
0 (x⃗j+1/2 − u⃗t), u < 0.

(4.35)

The above solution solely comes from free transport and there is no contribution

of the equilibrium states g in the integral solution f . It is equivalent to solving

ft + u⃗ · ∇f = 0

directly when the initial distribution function is modeled as (4.10). In other word-

s, we don’t consider particle collision here, and need not model the equilibrium

distribution function g in (4.12). This is exactly the same scheme introduced
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in [110], which is called SP-KFVS scheme. It is actually a limiting case of the

SP-BGK scheme.

4.5 Theoretical analysis

For simplicity, we prove all the theorems in the 1-D case. But all the conclusions

still hold for multiple dimensions as well, because the potential jump only exists

in the normal direction when we consider a 2D cell interface. The particle velocity

in other directions doesn’t affect the dynamical property in the normal direction.

When V = 0 in macroscopic velocity U⃗ = (U, V ), the formulae in the appendix

become the formulae for 1-D case.

In the current scheme, the updated flow variables inside each cell are the mass,

momentum, and energy densities (kinetic + thermal ones). The gravitational en-

ergy is not explicitly included. However, for an isolated gravitational system, the

total energy (kinetic + thermal + gravitational ones) conservation is a necessary

condition in order to get a correct physical solution. In the following theorem,

we are going first to prove that the conservation of total energy.

Theorem 5.1: The SP-KFVS and SP-BGK schemes are mass and total energy

conservative schemes.

Proof The only difference between the SP-KFVS and SP-BGK schemes is that

they have different original distribution functions fj(u) and fj+1(u). However,

whatever fj(u) and fj+1(u) are, the mass and total energy are updated according

to the fluxes calculated by (A.5) and (A.6) or (A.7) and (A.8) in the appendix.

The concept of conservation of a variable means that the change of that variable

in any fixed domain depends only on the fluxes across the interfaces of that

control volume. We assume the control volume consists of cells between the

cell-index K1 and K2, where K1 < K2. Then by direct calculation, we have
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Mass conservation:

∑K2

j=K1
ρn+1
j =

∑K2

j=K1
ρnj +

1
∆x

∫ tn+1

tn

[
F r
K1−1/2,ρ − F l

K2+1/2,ρ

]
dt, (4.36)

Total energy conservation:∑K2

j=K1
TEn+1

j =
∑K2

j=K1
TEn

j + 1
∆x

∫ tn+1

tn

[
F r
K1−1/2,ρϕK1 − F l

K2+1/2,ρϕK2

+F r
K1−1/2,ρE − F l

K2+1/2,ρE

]
udt.

(4.37)

Therefore, the SP-KFVS and SP-BGK schemes can give the correct shock loca-

tion even with the external gravitational forcing term. This is a generalization

of Lax-Wendroff theorem to the system with gravitational source term [51].

Lemma 5.2: The density ρ(x) of an isothermal hydrostatic state under the

gravitational field ϕ(x) in a gas dynamic system satisfies

ρ(x) = C1e
−2λ̃ϕ(x), (4.38)

where C1 and λ̃ are constants.

Proof In the gas dynamic system, an isothermal hydrostatic solution under

the gravitational field ϕ(x) as mentioned in the introduction satisfies

px = −ρϕx, T = constant, U = 0. (4.39)

Since T = constant and λ̃ = m/2kT , λ̃ is also a constant. Then from (4.39) and

the ideal gas equation of state

p =
1

2λ̃
ρ,

we have

1

2λ̃
ρx = −ρϕx.

Therefore, with a constant C1, the solution becomes

ρ(x) = C1e
−2λ̃ϕ(x).

Remark: For the well-balanced scheme, the hydrostatic solution always means

the above isothermal hydrostatic one. Without losing generality, in the following
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proofs, we always let C1 = 1 for the hydrostatic solution. So, in the hydrostatic

case, the state has the form

ρ = e−2λ̃ϕ(x), U = 0, (4.40)

where λ̃ is a constant. Numerically, if we let the potential ϕ(x) be a constant,

ϕj, in the jth cell, then

ρj+1 = ρje
−2λ̃(ϕj+1−ϕj), Uj = 0, (4.41)

where ρj and Uj are cell average quantities.

Lemma 5.3: The equilibrium state construction depends on the corresponding

macroscopic variables W l
j+1/2 = (ρlj+1/2, (ρU)

l
j+1/2, (ρE)

l
j+1/2)

T and W r
j+1/2 =

(ρrj+1/2, (ρU)
r
j+1/2, (ρE)rj+1/2)

T obtained from post-interaction distribution func-

tions at the left and right hand sides of a cell interface. Starting from an initial

hydrostatic state, the above constructed macroscopic variables have the following

properties.

1. Both velocities are equal to zero, i.e.,

U l
j+1/2 = U r

j+1/2 = 0. (4.42)

2. They have the same temperature at both sides of all cell interfaces, i.e.

λlj+1/2 = λrj+1/2 = λ̃, (4.43)

where λ̃ is the constant of the initial hydrostatic solution.

3. The densities at both sides of the same cell interface satisfy

ρrj+1/2 = ρlj+1/2e
−2λ̃(ϕj+1−ϕj) (4.44)

4. In the same cell,

ρlj+1/2 = ρrj−1/2 (4.45)
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Proof With the definition fj(u) = gj(u) and gj(u) being a Maxwellian cor-

responding to the cell average conservative variables (ρj, (ρU)j, (ρE)j), W
l
j+1/2

and W r
j+1/2 are determined by (A.1) and (A.2) or (A.3) and (A.4) for ϕj < ϕj+1

or ϕj > ϕj+1. Here, we only prove the case for ϕj < ϕj+1. The other case can be

proved similarly. From direct calculation, we can get

ρlj+1/2 =
ρj
2
+ ρj(

λ̃
π
)
1
2

∫ 0

−Uc
e−λ̃u2

du− ρj+1(
λ̃
π
)
1
2Uc

+ρj+1λ̃(
λ̃
π
)
1
2

∫ +∞
0

e−λ̃t
√
t+ U2

c dt,

(4.46)

ρrj+1/2 = ρjλ̃(
λ̃

π
)
1
2

∫ +∞

U2
c

e−λ̃t
√
t− U2

c dt+
ρj+1

2
, (4.47)

(ρU)lj+1/2 = (ρU)rj+1/2 = 0, (4.48)

(ρE)lj+1/2 =
K
4λ̃
ρlj+1/2 +

ρj

8λ̃
− ρj

4λ̃

√
λ̃
π
e−λ̃U2

cUc +
ρj

4λ̃

√
λ̃
π

∫ 0

−Uc
e−λ̃u2

du

+
ρj+1

4

√
λ̃
π

∫ +∞
0

e−λ̃t
√
t+ U2

c dt,

(4.49)

and

(ρE)rj+1/2 =
K

4λ̃
ρrj+1/2 +

ρj
4

√
λ̃

π

∫ +∞

U2
c

e−λ̃t
√
t− U2

c dt+
ρj+1

8λ̃
, (4.50)

where Uc =
√
2(ϕj+1 − ϕj).

1. From (4.46) and (4.47), we can see that ρlj+1/2 > 0 and ρrj+1/2 > 0 when ρj > 0

and ρj+1 > 0. Since U = ρU/ρ, from (4.48), we get

U l
j+1/2 = U r

j+1/2 = 0.

2. Macroscopically, λ satisfies

ρE − 1

2
ρU2 = ρ

K + 1

4λ
, (4.51)
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where K = (3− γ)/(γ − 1) in 1-D. From (4.46),

ρlj+1/2
K+1

4λl
j+1/2

= K
4λl

j+1/2

ρlj+1/2 +
ρj

8λl
j+1/2

+
ρj+1

4λl
j+1/2

√
λ̃
π
Uc +

ρj
4λl

j+1/2

√
λ̃
π

∫ 0

−Uc
e−λ̃u2

du

+
ρj+1

4λl
j+1/2

λ̃
√

λ̃
π

∫ +∞
0

e−λ̃t
√
t+ U2

c dt.

(4.52)

Since (ρE)lj+1/2 −
1
2
ρlj+1/2(U

l
j+1/2)

2 = ρlj+1/2
K+1

4λl
j+1/2

(see [102]) and U l
j+1/2 = 0, we

have

(λlj+1/2 − λ̃)

{
1

λl
j+1/2

λ̃
(K
4
ρlj+1/2 +

ρj
8
− ρj

4

√
λ̃
π
e−λ̃U2

cUc

+
ρj
4

√
λ̃
π

∫ 0

−Uc
e−λ̃u2

du) + 1
λl
j+1/2

ρj+1

4

√
λ̃
π

∫ +∞
0

e−λ̃t
√
t+ U2

c dt

}
= 0.

(4.53)

The summation in the brace {...} of (4.53) is strictly larger than zero. Therefore,

λlj+1/2 = λ̃.

Similarly, we can prove

λrj+1/2 = λ̃.

3. It is easy to prove that∫ 0

−Uc

e−λ̃u2

du = e−λU2
cUc + 2λ̃

∫ 0

−Uc

e−λ̃u2

u2du. (4.54)

So, ρrj+1/2 = ρlj+1/2e
−2λ̃(ϕj+1−ϕj),

(4.46),(4.47),(4.54)⇐=========⇒
∫ +∞
U2
c
e−λ̃t

√
t− U2

c dt = 2e−λ̃U2
c
∫ 0

−Uc
e−λ̃u2

u2du

+e−2λ̃U2
c
∫ +∞
0

e−λ̃t
√
t+ U2

c dt,

left:x=t−U2
c ;right:x=t+U2

c⇐===============⇒
∫ +∞
0

e−λ̃x
√
xdx = 2

∫ 0

−Uc
e−λ̃u2

u2du+
∫ +∞
U2
c
e−λ̃x

√
xdx

⇐⇒
∫ U2

c

0
e−λ̃x

√
xdx = 2

∫ 0

−uc
e−λ̃u2

u2du, which is true.

Therefore,

ρrj+1/2 = ρlj+1/2e
−2λ̃(ϕj+1−ϕj).
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4. ρlj+1/2 = ρrj−1/2,

(4.46),(4.47),(4.41),(4.54)⇐=============⇒ 2λ̃ρj
∫ 0

−Uc
e−λ̃u2

u2du+ρjλ̃
∫ +∞
U2
c
e−λ̃x

√
xdx = ρjλ̃

∫ +∞
0

e−λ̃x
√
xdx,

which is also correct.

Therefore,

ρlj+1/2 = ρrj−1/2.

Remark: The above lemma, especially part 2, illustrates that starting from a

hydrostatic state with the same temperature, the constructed equilibrium states

at both sides of a cell interface have the equal temperature as well. In order

words, in the hydrostatic case, the particle interaction with the potential barrier

and the particle collisions among themselves never alter the equilibrium temper-

ature at both sides of a cell interface. This is consistent with the second law

of thermodynamics. Otherwise, the temperature differences generated by the

particle interaction with a potential barrier and the collisions among themselves

could be used to design an engine to extract work from an initially isothermal

system, which violates the 2nd-law of thermodynamics.

Theorem 5.4: For a well-balanced kinetic scheme, the equilibrium distribution

function must be an ”Exact Maxwellian”.

Proof In order to keep the hydrostatic solution (4.41) the numerical mass flux

at both sides of a cell interface must be zero.

Without losing generality, we only consider the case for ϕj+1 > ϕj. Since the

gas must be isotropic, we can assume the equilibrium distribution function is

ρ(x)G(u2) and define a =
√
2(ϕj+1 − ϕj). Then, we require

F r
j+1/2,ρ =

∫ +∞

a

ρjG(u
2)udu+

∫ 0

−∞
ρj+1G(u

2)udu = 0, (4.55)

where F r
j+1/2,ρ is the mass flux at the right side of the interface. Because of
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(4.41), we have

1

2

∫ +∞

a2
G(x)dx+ e−λa2

∫ 0

−∞
G(u2)udu = 0. (4.56)

Take the derivative of (4.56) with a2, we get

−1

2
G(a2)− λe−λa2

∫ 0

−∞
G(u2)udu = 0. (4.57)

It is obvious from (4.57) that

G(a2) ∼ e−λa2 , (4.58)

which means that the equilibrium distribution function is an exact Maxewellian

distribution.

Theorem 5.5: Both the 1st-order SP-KFVS and SP-BGK schemes are well-

balanced schemes.

Proof In order to prove a scheme to be a well-balanced one, we only need to

verify that the scheme can keep the hydrostatic solution (4.40) forever. Numer-

ically, the initial condition for this case is given by (4.41) in the jth cell. At the

next time step, the above solution must be kept by the well-balanced numerical

scheme, i.e., W n+1
j =W n

j . From (4.16), we must have

F r
j−1/2 = F l

j+1/2. (4.59)

Therefore, to complete the proof, we have to show that mass fluxes (F r,l
j+1/2,ρ),

momentum fluxes (F r,l
j+1/2,ρU) and energy fluxes (F r,l

j+1/2,ρE) satisfy the condition

(4.59) respectively.

The 1st-order SP-KFVS scheme: the original distribution function at the

cell interface is

f(xj+1/2, t, u, ξ) =

 gj(u), u ≥ 0,

gj+1(u), u < 0,
(4.60)

where gj(u) is the Maxwellian corresponding to (ρj, (ρU)j, (ρE)j). The proof is

only a direct calculation of the fluxes at the interface using (A.5) and (A.6) or
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(A.7) and (A.8) in two different cases for ϕj < ϕj+1 or ϕj > ϕj+1 when the initial

hydrostatic condition (4.41) can be satisfied. The results are the followings.

a. For mass flux,

F l
j+1/2,ρ = F r

j−1/2,ρ = 0. (4.61)

b. For momentum flux,

F l
j+1/2,ρU = F r

j−1/2,ρU =
ρj
2λ
. (4.62)

c. For energy flux,

F l
j+1/2,ρE = F r

j−1/2,ρE = 0. (4.63)

Hence, the first order 1st order SP-KFVS scheme is a well-balanced one.

The 1st order SP-BGK scheme: the original distribution function is

f(xj+1/2, t, u, ξ) =

 (1− ϵ)gj(u) + ϵglj+1/2(u), u ≥ 0,

(1− ϵ)gj+1(u) + ϵgrj+1/2(u), u < 0,
(4.64)

where ϵ belongs to (0, 1) and is independent of u, gj(u) is the same as that in the

proof for the 1st order SP-KFVS scheme, glj+1/2 and grj+1/2 are two equilibrium

states corresponding toW l
j+1/2 andW

r
j+1/2 respectively. Here,W

l
j+1/2 andW

r
j+1/2

are the macroscopic variables calculated by (A.1) and (A.2) or (A.3) and (A.4)

when

fj(u) = gj(u) and fj+1(u) = gj+1(u).

So, the fluxes are the linear combination of two kinds of fluxes F1 and F2 which

are calculated by

f1 =

 gj(u), u ≥ 0,

gj+1(u), u < 0,
and f2 =

 glj+1/2(u), u ≥ 0,

grj+1/2(u), u < 0,

respectively.

From the above proof for the 1st order SP-KFVS scheme, we know that the

fluxes F1 can satisfy (4.59). Therefore, we only need to prove that F2 can satisfy
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(4.59), too. Note that in the proof for the 1st order SP-KFVS scheme, the

hydrostatic initial condition (4.41) is the key. From Lemma 3.3, we know that

the equilibrium states also satisfy the hydrostatic initial condition. So, we can

get the same results for the fluxes corresponding to f2 based on (4.61), (4.62)

and (4.63) with W l
j+1/2 and W r

j+1/2.

From all the above proofs, we can conclude that both the 1st-order SP-KFVS

and SP-BGK schemes can keep the hydrostatic solution forever. Therefore, they

are well-balanced schemes.

Remark: In order to make sure the 2nd order SP-KFVS and SP-BGK schemes

are well-balanced schemes. We use (U, λ, ρe2λϕ) to do the reconstruction at the

beginning of each time step. Specifically, for a hydrostatic solution, the flow

variables satisfy the conditions,

U = 0, V = 0, λ = constant, Ba = constant, (4.65)

where Ba = ρe2λϕ. We firstly apply a MUSCL-type limiter to reconstruct the

slopes of (U, V, λ, Ba), i.e., (SU , SV , Sλ, SBa) inside each cell. Since

ρ =
Ba

e2λϕ
, ρE =

1

2
ρ(U2 + V 2) +

K + 2

4λ
ρ,

we can get the corresponding slopes for other flow variables,

Sρ =
1

e2λϕ
SBa − 2ρϕSλ, SρU = SρU + ρSU , SρV = SρV + ρSV ,

SρE =

[
1

2
(U2 + V 2) +

K + 2

4λ

]
Sρ + ρ

[
USU + V SV − K + 2

4λ2
Sλ

]
,

where (Sρ, SρU , SρV , SρE) are the slopes of (ρ, ρU, ρV, ρE) inside that cell.

Therefore, we can reconstruct (ρ, ρU, ρV, ρE) in each cell using their cell-average

quantities and the above slopes. Here, all slopes become zeros when the initial

flow is in a hydrostatic state, and the reconstruction doesn’t introduce numerical

error. In other words, the 2nd-order schemes go back to the 1st-order schemes

when the solution is in a hydrostatic state. Therefore, the 2nd-order schemes are

also well-balanced ones.
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4.6 Numerical examples

In this section, we will present numerical results in both 1-D and 2-D cases.

Each of the examples is very sensitive to the accuracy of the scheme. Some of

the tests run for millions of time steps. If the scheme is not a well-balanced one,

the accumulation of any small numerical error would become significant for such

a long time evolution (see [94]).

4.6.1 Perturbation of the 1D isothermal equilibrium so-

lution

This test case is from LeVeque and Bale’s paper [52]. An ideal gas with γ = 1.4

stays initially in an isothermal hydrostatic state,

ρ0(x) = p0(x) = e−x, and U0(x) = 0,

for x ∈ [0, 1]. Then, the initial pressure is perturbed by

p(x, t = 0) = p0(x) + ηeα(x−x0)2 ,

where α = 100, x0 = 0.5, and η is the amplitude of the perturbation. The

gravitational force G takes a value G = −1.0 in the x-direction. So the potential

jump at each cell interface becomes

ϕj+1 − ϕj = −G∆x = 0.01.

The computation is conducted with 100 grid points in the whole domain and

stops at time t = 0.25. As shown in [52] and [94], an operator splitting scheme

can’t capture the small perturbation. The gravitational effect has to be explicitly

included in the calculation of fluxes. Our schemes give good results, especially

for the 2nd order SP-BGK scheme (See fig. 4.4). The SP-KFVS scheme has
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Figure 4.4: Propagation of the pressure perturbation starting from an isothermal

equilibrium solution. Left: η = 0.01; right: η = 0.001.

larger numerical dissipation due to its free transport mechanism than the SP-

BGK scheme, and the 1st-order scheme is more dissipative than the 2nd-order

one

Fig. 4.5 shows the convergency rate of the 2nd-order SP-BGK scheme, where the

number of cells is N and the error is the L∞ error. From these figures, we can

conclude the 2nd-order SP-BGK scheme has a 2nd-order accuracy even with the

modeling of a piecewise constant potential.

118



log N

lo
g

(E
rro

r)

3 3.5 4 4.5 5 5.5
-11.5

-11

-10.5

-10

-9.5

-9

-8.5

-8

-7.5

-7

-6.5

Slope = -2

log N

lo
g

(E
rro

r)

3 3.5 4 4.5 5

-13.5

-13

-12.5

-12

-11.5

-11

-10.5

-10

-9.5

-9

Slope = -2

Figure 4.5: Convergency rate of the 2nd-order SP-BGK scheme for the pressure per-

turbation starting from an isothermal equilibrium solution with η = 0.01 on the left

figure, and η = 0.001 on the right figure.
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4.6.2 Shock tube under gravitational field

This case is the standard Sod test under gravitational field. The computational

domain is x ∈ [0, 1] which is divided into 100 cells. Adiabatic reflection boundary

condition is used on both ends. The initial condition is

ρ = 1.0, U = 0.0, p = 1.0 for x ≤ 0.5,

and

ρ = 0.125, U = 0.0, p = 0.1 for x > 0.5.

The gravitational field is the same as in example 4.6.1. The computational results

at t = 0.2 are presented in fig. 4.6 and 4.7. Due to the gravitational force, the

density distribution inside the tube is pulled back in the negative x-direction. In

some region, the flow velocity even becomes negative. This test case illustrates

that the SP-BGK scheme has the shock capturing property. These schemes

which explicitly impose the well-balanced condition may lost the shock capturing

property in this case.
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Figure 4.6: Density distributions for the shock tube problem under gravitational field.

From the comparison of different schemes, the dissipation of the SP-BGK scheme is

much smaller than the SP-KFVS scheme.
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Figure 4.7: Pressure and velocity distributions from the 2nd-order SP-BGK scheme

for the shock tube problem under gravitational field. The shock capturing property of

the SP-BGK scheme is clearly shown in this test case.

4.6.3 One-dimension gas falling into a fixed external po-

tential.

This case is taken from the paper by Slyz and Prendergast [84] to investigate the

numerical accuracy of the BGK scheme. The gas is initially stationary (U = 0)

and homogeneous (ρ = 1, e = 1, where e is the internal energy). The gravita-

tional potential has the form of a sine wave,

ϕ = −ϕ0
L

2π
sin

2πx

L
,

where L = 64 is the length of the computational domain and ϕ0 = 0.02. The

ratio of the specific heat has a value γ = 5/3. The periodic boundary conditions

are implemented in this system. Simulation results are presented with ∆x = 1

and an output time t = 2500000 (more than 5000000 time steps). After the initial

transition, the system is expected to reach an isothermal hydrostatic state, where

the temperature settles to a constant and fluid velocity is zero, i.e.,

T (x, t) = T0, and U = 0.
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Figure 4.8: Density and temperature distributions calculated by 2nd-order SP-BGK

for a gas falling into a fixed external potential in 1-D case. The right figure shows the

temperature oscillation around 0.411958. Accuracy 1 and 2 refer to the different accu-

racy for the numerical integration of the integrals. Accuracy 1 uses more integration

points for the numerical integral and has higher accuracy than accuracy 2.

The velocity and temperature distributions computed by different symplecticity

preserving schemes are shown in fig. 4.8 and 4.9. The EST-BGK is the scheme

developed in [94]. The velocity distribution shows that the SP-BGK scheme

can keep the hydrostatic solution much better than that in [94]. And the error

in the SP-BGK scheme is due to the numerical integration of many integrals

in eq.(A.1)-(A.4) and eq.(A.5)-(A.8). For example,
∫ 0

−∞ g(u)(− u√
u2+U2

c

)du can’t

be calculated exactly, and the numerical integration has to be used to get the

solution. With the reduction of the numerical integration error through the

increasing of integration points, the results can be improved.

Theoretically, without numerical integration error the SP-BGK and SP-KFVS

schemes are well-balanced ones, where the exact hydrostatic solution can be kept

forever. But, it is impossible to improve the results in [94] because the EST-BGK

scheme is not a well-balanced one due to the simplification of particle trajectory

in a linearly distributed potential field. In these figures, the results are calculated
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Figure 4.9: Velocity distributions for a gas falling into a fixed external potential in

1-D case. The exact solution should have a zero velocity. The results from SP-BGK

scheme is compared with that of EST-BGK method [94]. The SP-BGK accuracy 1

results are closer to the exact solution. The SP-BGK scheme is a well-balanced one,

where the error is due to the numerical integration of the integrals.

by the 2nd-order SP-BGK scheme with two numerical integration accuracy. With

the inclusion of more integration points for the numerical integral, the integration

of accuracy 1 has smaller error than the integration of accuracy 2. Basically,

this is a tough test case. Due to the long time evolution, the capturing of an

isothermal solution and the keeping of a constant total energy are very difficult.

The results from SP-BGK scheme are the best we can find in the literature.

4.6.4 Rayleigh-Taylor instability.

This test case also comes from [52]. Consider an isothermal equilibrium idea gas

(γ = 1.4) in a 2-D polar coordinate (r, θ),

ρ0(r) = e−α(r+r0), p0(r) =
1.5

α
e−α(r+r0), U0 = 0,
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Figure 4.10: Rayleigh-Taylor instability under gravitational field directed radially

inward. Density contours at time t = 0, 0.8, 1.4, 2.0 are shown in the four quadrants,

starting with the initial data in the upper right corner and progressing clockwise.

where  α = 2.68, r0 = 0.258 for r ≤ r1,

α = 5.53, r0 = −0.308 for r > r1,

and  r1 = 0.6(1 + 0.02 cos(20θ)) for density,

r1 = 0.62324965 for pressure,

The potential satisfies −dϕ(r)/dr = 1.5. The time evolutions of the density

distributions at times t = 0, 0.8, 1.4 and 2.0 are shown in fig. 4.10. Fig. 4.11

shows a scatter plot of the density for all numerical cells as a function of the

radius. These figures clearly show that the hydrostatic solution can be well kept

and the flow motion is limited around the unstable interface. If a scheme is

not well-balanced, the solution will start to oscillate everywhere in the whole

computational domain.
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Figure 4.11: Scatter plots of the density for all cells vs. the distance of the cell

center to the origin at different times. The sharp un-perturbed lines demonstrate the

capability of SP-BGK scheme to keep the isothermal hydrostatic solution.
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4.7 Conclusion

With the modeling of piecewise constant potential inside each cell, based on

physical principles of Liouville’s theorem and the symplecticity-preserving prop-

erty of a Hamiltonian flow, a well-balanced gas-kinetic BGK scheme (SP-BGK)

has been developed for a hydrodynamic system under gravitational field. For a

hydrodynamic gravitational system, the well-balanced solution is defined as an

isothermal hydrostatic solution. In order to design a well-balanced scheme, it

is realized that the equilibrium state used in the kinetic scheme has to be an

exact Maxwellian distribution function. At the same time, the mechanism of

particle transport across a potential barrier has to follow the physical principles

precisely in order to construct correct equilibrium states in the integral solution

of the BGK model, and the evaluation of final fluxes. Since the physical princi-

ples for the particle transport are valid under any situation, the validity of the

current scheme is not limited to the well-balanced case only. The scheme has the

shock capturing property as well for steady and unsteady flows. Mathematically,

it has been proved that the SP-BGK method is a well-balanced scheme, which

could keep the hydrostatic state forever after the full consideration of particle

transport and collision across a potential barrier. As far as we know, this is

the first method with both well-balanced and shock capturing properties for the

Navier-Stokes equations under gravitational field.
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Chapter 5

Conclusion and future work

5.1 Conclusion

This thesis focuses on the fluid dynamic modeling based on gas-kinetic equation

on the discretized space. Because our final target is to simulate a physical flow

motion in a discretized space, a new concept, PDE based modeling, is introduced.

In the PDE based modeling, the solution of PDE is only used to locally model

the flow evolution. We never solve a PDE on the whole discretized space and

time, which makes the PDE based modeling very different from the numerical

PDE.

Since Navier-Stokes(NS) and Euler equations can be derived from the Boltzmann

equation based on the Chapman Enskog expansion. The clear physical picture

of particles’ movement in gas-kinetic equation makes it easier to understand the

Euler and NS solvers from gas-kinetic point of view. For the first time, a general

framework of constructing high-order scheme based on gas-kinetic equation is

given in this thesis. Theoretically, after specifying the external forcing field and

changing the definition of equilibrium distribution function, one can design a

high-order gas-kinetic scheme(GKS) for any hydrodynamic system by using the
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general framework. The main advantages of GKS are the followings.

1. Numerically, due to the limited resolution of the discretized space, a discon-

tinuity of flow variables will appear at a cell interface after reconstruction. The

GKS clearly describes how such a system evolves physically from a discontinuity.

This is difficult for a method based on macroscopic equations with hydrodynam-

ic scale to describe this process, such as the use of Riemann solution with the

underlying intensive particle collision assumption. Basically, the Riemann solu-

tion is for a description of equilibrium flow. In a highly non-equilibrium flow

regime, such as inside a numerical shock layer, the use of Riemann solution is

questionable due to lack of sufficient particle collisions ([53]). Even though the

cell size can be much larger than the particle mean free path, due to the intro-

duction of numerical discontinuity, a new scale with zero thickness appears and

this condition requires new gas evolution mechanism to cope with it. Certainly,

the Riemann solution can handle the initial discontinuity mathematically, but its

description is not consistent with what really happens in the physical gas evolu-

tion. A realistic gas evolution from an initial discontinuity must be the particle

free transport first. Then, the particle collision generates the pressure waves and

dissipative layers. The Euler solution is a limiting solution with infinite num-

ber of particle collision, which cannot be achieved in a highly non-equilibrium

numerical shock layer.

2. The inviscid and viscous terms are fully coupled in the NS solver of GKS. A

conventional NS solver is to separate the convection and diffusion processes and

treat them with different initial conditions. The operator-splitting discretization

of inviscid and viscous terms makes the NS-equation-based methods be sensitive

to the initial data reconstruction, and prevents these methods from converging

to the steady state solution, especially in the coarse mesh case. To simulate the

hypersonic viscous heating conduction flow is a challenge for the conventional

NS solver due to the delicate coupling of complex physical process.
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3. The spatial and temporal gas evolution is also fully coupled in the GKS

because all high-order spatial derivatives participate in the reconstruction of

fluxes. Therefore, there is no need to use Ruge-Kutta process to get the temporal

accuracy in GKS.

4. Unlike most methods based on macroscopic equations, the GKS in this thesis

is a truly multi-dimensional scheme, which can recover high-order central dif-

ference scheme under continuous initial condition. The macroscopic-equations-

based methods mostly consider the normal directional wave propagation of the

characteristic waves, and can not go back to central difference method in smooth

region.

In this thesis, the detailed constructions of a high-order WENO-GKS for inviscid

and viscous flows and an exact well-balanced symplecticity-preserving GKS for

hydrodynamic equations under gravitational field are presented respectively.

By the combination of the WENO reconstruction and the gas-kinetic gas evo-

lution model, a high-order WENO-GKS for the Euler and NS solutions. In

order to distinguish numerical performance due to different flux modeling, the

results from the finite volume WENO-Godunov method and the finite difference

WENO-Steger-Warming scheme(WENO-SW) are used for comparison.

In 1-D inviscid cases, the accuracy of the WENO-GKS and WENO-Godunov

method is comparable in most test cases, maybe slightly better performance

for the WENO-GKS in tough cases. For the solutions of the Euler equations,

theoretically, there is no any physical dissipation. But, numerical dissipation

is necessary to control the oscillation due to the limited cell resolution. With

the adoption of two constant states, the use of the exact Riemann solver in

WENO-Godunov method seems introduce larger dissipation than that in the

WENO-GKS, where the spatial and temporal evolution is fully coupled. Due to

the less numerical dissipation, the Euler solution given by GKS may be closer to
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analytical Euler solutions than those calculated by the exact Riemann solver in

some cases.

In the 2D case, our numerical results show that both WENO-SW and WENO-

GKS yield quantitatively similar results and agree with each other when a suf-

ficient mesh resolution is used to resolve the flow structure. However, with the

reduction of mesh points, the WENO-GKS appears to have less numerical dissi-

pation than the WENO-SW, and it gives a more accurate solution in all cases.

For the NS solution, the WENO-GKS couples invscid and viscous terms in a sin-

gle flux evaluation from an initial WENO reconstruction. However, the WENO-

SW, like many other shock capturing schemes, uses operator splitting approach

to discretize the inviscid and viscous terms. Due to the different stencil used for

the inviscid and viscous terms, in the cavity flow simulation, it shows that the

solution of the WENO-SW is more sensitive to the boundary treatment or the

reconstruction scheme. With a coarse mesh, the cavity case clearly shows the

superiority of the WENO-GKS in the capturing of flow structures close to the

boundary and inside the cavity in comparison with the WENO-SW. Even with 3

mesh points in the boundary layer, the WENO-GKS seems present an accurate

solution. Also, the WENO-SW has difficulty in obtaining steady state solution.

Theoretically, high-order schemes should have low truncation error. In the case

with complicated flow interaction, such as the inviscid and viscous interaction, it

is questionable to use operator-splitting scheme, especially in the barely resolved

region. We believe that the advantage of GKS will be more obvious in simulating

high-speed viscous heats conducting flows.

In summary, theWENO-GKS is more robust and accurate thanWENO-Godunov

and WENO-Steger-Warming schemes, but it is more expensive. Due to its s-

mooth transition from the upwind to the central difference flux construction, the

WENO-GKS is not sensitive to the initial reconstructed discontinuous point-wise

values at the cell interface. Besides high-order initial reconstruction, a reliable

130



gas evolution model is important in the construction of high-order schemes.

In the construction of the symplecticity-preserving GKS, the gravitational poten-

tial is modeled as a piecewise constant function inside each cell with a potential

jump at the cell interface. In the process of designing such a scheme, the energy

conservation, Liouville’s theorem, and the symplecticity preserving property of

a Hamiltonian flow play important roles in the modeling of particles penetration

and reflection from a potential barrier. More importantly, the use of the sym-

plecticity preserving property is crucial in the evaluation of the moments of a

post-interaction gas distribution function with a potential jump in terms of the

moments of pre-interaction distribution function. The well-balanced property

of the symplecticity-preserving GKS in keeping an isothermal hydrostatic state

during particle transport and collision process has been proved mathematically.

As far as we know, this is the only method with both well-balanced and shock

capturing properties for the Navier-Stokes equations under gravitational field.

5.2 Future work

For real engineering applications, the computational domain could be compli-

cated. It is more convenient to use unstructured mesh in the real applications.

Because the WENO reconstruction involves too many neighboring cells, even it

is very robust, but its extension to the unstructured mesh is very hard. So, our

next work is to design a new reconstruction scheme which is compact, robust

and applicable on the unstructured mesh. In order to achieve such a goal, we

have to fully use the time accurate evolution property in GKS. For example, in

the construction of GKS, we actually construct the time-dependent distribution

function at the cell interface. From the time-dependent distribution function,

all the time-dependent variables at the cell interface are known. Also, we can

evaluate the time-dependent distribution function inside a cell. Therefore, the
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GKS contains more local information than other schemes. We can use these

local information to do the reconstruction and design compact schemes. The

followings are two ideas we can explore in the future.

1. Use the interface value to do reconstruction. From the integral solution (3.16),

we can evaluate the interface variables at next time step, i.e., W (0, y,∆t), where

W (0, y,∆t) =

∫∫∫
f(0, y,∆t, u⃗, ξ)ψdudvdξ. (5.1)

Because we truly follow the physical fluid evolution at the interface to construct

the distribution function, the time-dependent variables given in (5.1) is reliable.

Therefore, at next time step, both the interface variables and the cell average

variables can be used to do the initial reconstruction. There is no need to use

the information from far neighboring cells. Because of its compact property, we

can name it as a compact gas-kinetic scheme (CGKS).

For a 3rd order CGKS, the 3rd order reconstruction could be finished by keeping

two interface values and cell average one. We test the 3rd order CGKS in two 1-D

cases. In the case ”advection of density perturbation”, table 5.1 shows that the

CGKS achieves the expected accuracy. In the case ”Shu-Osher shock acoustic-

wave interaction”, the 3rd order CGKS gives very high resolution results which

are better than these of the WENO-GKS introduced in chapter 4 (see figure

5.1). From the two cases, we believe that the CGKS must work very well for the

smooth flows. Also, through the ”Shu-Osher shock acoustic-wave interaction”

test, we observe that the time-dependent interface variables gotten from the

time-dependent distribution function are reliable. Otherwise, the CGKS can not

keep such a complex structure which has both acoustic wave and shock. But, for

this case, in order to control the oscillation around the shock, the biggest CFL

number we can use is 0.1. Therefore, when there are strong shocks, because of the

limited resolution in the numerical simulation, even though the time-dependent

variables at the interface are very accurate, we can not fully use them. An
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additional numerical dissipation is necessary in order to resolve the shocks in

the discretized space. So, for the CGKS, our next work is to find a robust

limiter which can effectively add dissipation around the shocks but not affect the

resolution in the smooth flow region.

Table 5.1: Space accuracy test for advection of density perturbation by the

compact GKS

Grid L∞error Order L1 error Order L2 error Order

400 1.8931E-08 3.0088 9.1070E-09 3.0022 1.0389E-08 3.0040

200 1.5238E-07 3.0187 7.2970E-08 3.0076 8.3343E-08 3.0106

100 1.2350E-06 3.0351 5.8683E-07 3.0220 6.7166E-07 3.0299

50 1.0123E-05 3.0986 4.7666E-06 3.0919 5.4859E-06 3.1005

20 1.7313E-04 3.1639 8.1020E-05 3.1494 9.3982E-05 3.1882

10 1.5517E-03 - 7.1890E-04 - 8.5661E-04 -

2. Besides using the time-dependent variables at the cell interface, we can also

construct a time-dependent distribution function at any point inside the cell.

Then, use the inner points variables to do the reconstruction. For this kind of

GKS, we call it inner-freedom gas-kinetic scheme (IFGKS). According to the

analysis of Huynh ([43, 44]), in order to keep the accuracy of a scheme, the

evolution of the inner points must consider the effects of the discontinuities at the

cell interfaces. Different from DG ([17, 18]) or CPR-PnPm ([100]), whose inner

point evolution is based on the Galerkin method or reconstruction techniques, in

the IFGKS, the inner point evolution will be modeled by physical consideration

of the particles transport at a certain inner point. In 1-D case, at any inner point
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Figure 5.1: Shu-Osher shock acoustic-wave interaction: the density distribution at

t = 1.8. Figure (b) is the enlarged figure of the fast oscillated part in the box with

dashed lines in (a).

x = xin, xin ∈ (xi−1/2, xi+1/2) the time-dependent distribution function could be

f(xin, t, u, ξ) =


fi−1/2(xin − ut, u, ξ), u > (xin − xi−1/2)/t,

fi(xin − ut, u, ξ), (xin − xi+1/2)/t < u < (xin − xi−1/2)/t,

fi+1/2(xin − ut, u, ξ), u < (xin − xi+1/2)/t,

(5.2)

where fi±1/2 are the integral distribution function (3.4) at the cell interfaces,

and fi is the continuous distribution function inside the cell. From the time-

dependent distribution function (5.2), we can get the time-dependent variables

at the inner points. It is impossible for a method directly based on macroscopic

equations to get the above evolution at the inner points, because all the Reiman-

n solvers of macroscopic equations only allow the existence of one discontinuity.

But, we consider two discontinuities at both interfaces of a cell with high-order

subcell initial distributions. Also, the construction of the above distribution func-

tion follows the physical particle transportation process, but it dose not mainly

rely on the mathematical interpolation. In the viscous flow simulation, the inner
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point evolution contains the viscous effect since the distribution function (5.2)

couples both inviscid and viscous terms, which is another advantage of IFGKS

in comparison with other inner-freedom methods. For high-dimensional prob-

lem, IFGSK is a truly multi-dimensional one, while other existing inner-freedom

methods based the macroscopic equation only consider the wave propagation

in the normal direction. Therefore, we believe that IFGSK must have better

performance.

For high-order gravitational system modeling, after simplification, the GKS pre-

sented through the general framework in Chapter 2 can be put in use. In [94],

the scheme has only 2nd order accuracy. We can expect much more accurate

and well-balanced solutions by the 3rd order scheme in Chapter 2. Also, we can

follow the work in Chapter 4 by replacing the 2nd order distribution functions by

the 3rd order ones of Chapter 3. All these ideas are straightforward, but many

details must be carefully worked out.

Overall, through the study in this thesis, we have fully confidence that the GK-

S will play an important role in the development of high-order fluid dynamic

solvers. The capturing of delicate gas evolution will become important in a high-

order scheme due to the necessity to construct accurate subcell time-dependent

solution. The GKS provides such an indispensable modeling method through

the simple physical process of particle transport and collision.
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Appendix A

Formulae of the well-balanced

GKS for the hydrodynamic

equations under gravitational

field

Formulae in the two-dimensional case:

1. The construction of equilibrium states
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Case 1. ϕj < ϕj+1, define Uc =
√
2(ϕj+1 − ϕj).

W l
j+1/2 =

∫∫∫ +∞
0

fj(xj+1/2, 0, u, v, ξ)


1

u

v

1
2
(u2 + v2 + ξ2)


du dv dξ

+
∫∫∫ Uc

0
fj(xj+1/2, 0, u, v, ξ)


1

−u

v

1
2
(u2 + v2 + ξ2)


du dv dξ

+
∫∫∫ 0

−∞ fj+1(xj+1/2, 0, u, v, ξ)



− u√
u2+U2

c

u

− uv√
u2+U2

c

1
2
(−u

√
u2 + U2

c − uv2√
u2+U2

c

− u√
u2+U2

c

ξ2)


du dv dξ.

(A.1)

W r
j+1/2

=
∫∫∫ +∞

Uc
fj(xj+1/2, 0, u, v, ξ)



u√
u2−U2

c

u

uv√
u2−U2

c

1
2
(u
√
u2 − U2

c + uv2√
u2−U2

c

+ u√
u2−U2

c

ξ2)


du dv dξ

+
∫∫∫ 0

−∞ fj+1(xj+1/2, 0, u, v, ξ)


1

u

v

1
2
(u2 + v2 + ξ2)


du dv dξ.

(A.2)
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Case 2. ϕj > ϕj+1, define Uc =
√
2(ϕj − ϕj+1).

W l
j+1/2

=
∫∫∫ +∞

0
fj(xj+1/2, 0, u, ξ)


1

u

v

1
2
(u2 + v2 + ξ2)


du dv dξ

+
∫∫∫ −Uc

−∞ fj+1(xj+1/2, 0, u, ξ)



− u√
u2−U2

c

u

− uv√
u2−U2

c

1
2
(−u

√
u2 − U2

c − uv2√
u2−U2

c

− u√
u2−U2

c

ξ2)


du dv dξ.

(A.3)
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W r
j+1/2

=
∫∫∫ +∞

0
fj(xj+1/2, 0, u, ξ)



u√
u2+U2

c

u

uv√
u2+U2

c

1
2
(u
√
u2 + U2

c + uv2√
u2+U2

c

+ u√
u2+U2

c

ξ2)


du dv dξ

+
∫∫∫ 0

−Uc
fj+1(xj+1/2, 0, u, ξ)


1

−u

v

1
2
(u2 + v2 + ξ2)


du dv dξ

+
∫∫∫ 0

−∞ fj+1(xj+1/2, 0, u, ξ)


1

u

v

1
2
(u2 + v2 + ξ2)


du dv dξ.

(A.4)

2. The evaluation of fluxes
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Case 1. ϕj < ϕj+1, define Uc =
√
2(ϕj+1 − ϕj).

F l
j+1/2(t) =

∫∫∫ +∞
0

fj(xj+1/2, t, u, ξ)


u

u2

uv

1
2
(u3 + uv2 + uξ2)


du dv dξ

+
∫∫∫ Uc

0
fj(xj+1/2, t, u, ξ)


−u

u2

−uv
1
2
(−u3 − uv2 − uξ2)


du dv dξ

+
∫∫∫ 0

−∞ fj+1(xj+1/2, t, u, ξ)


u

−u
√
u2 + U2

c

uv

1
2
(u(u2 + U2

c ) + uv2 + uξ2)


du dv dξ.

(A.5)

F r
j+1/2(t) =

∫∫∫ +∞
Uc

fj(xj+1/2, t, u, ξ)


u

u
√
u2 − U2

c

uv

1
2
(u(u2 − U2

c ) + uv2 + uξ2)


du dv dξ

+
∫∫∫ 0

−∞ fj+1(xj+1/2, t, u, ξ)


u

u2

uv

1
2
(u3 + uv2 + uξ2)


du dv dξ.

(A.6)
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Case 2. ϕj > ϕj+1, define Uc =
√
2(ϕj − ϕj+1).

F l
j+1/2(t) =

∫∫∫ +∞
0

fj(xj+1/2, t, u, ξ)


u

u2

uv

1
2
(u3 + uv2 + uξ2)


du dv dξ

+
∫∫∫ −Uc

−∞ fj+1(xj+1/2, t, u, ξ)


u

−u
√
u2 − U2

c

uv

1
2
(u(u2 − U2

c ) + uv2 + uξ2)


du dv dξ.

(A.7)

F r
j+1/2(t) =

∫∫∫ +∞
0

fj(xj+1/2, t, u, ξ)


u

u
√
u2 + U2

c

uv

1
2
(u(u2 + U2

c ) + uv2 + uξ2)


du dv dξ

+
∫∫∫ 0

−Uc
fj+1(xj+1/2, t, u, ξ)


−u

u2

−uv
1
2
(−u3 − uv2 − uξ2)


du dv dξ

+
∫∫∫ 0

−∞ fj+1(xj+1/2, t, u, ξ)


u

u2

uv

1
2
(u3 + uv2 + uξ2)


du dv dξ.

(A.8)
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Remarks on the integral evaluation: in the above formulae, there are many

integrals which can not be analytically evaluated, e.g.,
∫ 0

−∞ fj+1(− u√
u2+U2

c

)du.

Therefore, a numerical integration method in [70] has been used.
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Verlag, Basel, 1992.

[52] R.J. LeVeque and D.S. Bale, Wave propagation methods for conserva-

tion laws with source terms, Proc. 7th International Conference on Hyper-

bolic Problems, Zurich, February (1998).

[53] J.Q. Li, Q.B. Li, K. Xu, Comparison of the Generalized Riemann Solver

and the Gas-Kinetic Scheme for Inviscid Compressible Flow Simulations, J.

Comput. Phys., 230 (2011), pp. 5080-5099.

[54] W. Li, Y.X. Ren, High-order k-exact WENO finite volume schemes for

solving gas dynamic Euler equations on unstructured grids, Int. J. Numer.

Meth. Fluids, (2011).

[55] Q.B. Li, K. Xu, and S. Fu, A high-order gas-kinetic Navier-Stokes solver,

J. Comput. Phys., 229 (2010), pp. 6715-6731.

[56] Y.S. Lian and K. Xu, A gas-kinetic schemes for multimaterial flows and

its ap- plication in chemical reactions, J. Comput. Phys., 163 (2000), pp.

349-375.

[57] Y. Liu, M. Vinokur and Z.J. Wang, Spectral (finite) volume method for

con- servation laws on unstructured grids V: extension to three-dimensional

systems, J. Comput. Phys. 212 (2006), pp. 454-472.

[58] Y. Liu, M. Vinokur and Z.J. Wang, Spectral difference method for

unstructured grids I: Basic formulation, J. Comput. Phys. 216 (2006), pp.

780-801.

[59] X.D. Liu, S. Osher and T. Chan, Weighted essentially non-oscillatory

schemes, J. Comput. Phys., 115 (1994), pp. 200-212.

148



[60] L.S. Luo, Unified theory of the lattice Boltzmann models for nonideal gases,

Phys. Rev. Lett. 81 (1998), pp. 1618-1621.

[61] L.S. Luo, Theory of lattice Boltzmann method: lattice Boltzmann models

for nonideal gases, Phys. Rev. E 62 (2000), pp. 4982-4996.

[62] J. Luo, K. Xu, and N. Liu, A well-balanced symplecticity-preserving gas-

kinetic scheme for hydrodynamic equations under gravitational field, SIAM

J. Sci. Comput. 33(2011), pp. 2356-2381.

[63] J. Luo, K. Xu, A high-order WENO-gas-kinetic scheme for hydrodynamic

equations, submitted to J. Comput. Phys.

[64] D.L. Morris, L. Hannon and A.L. Garcia, Slip length in a dilute gas,

Phys. Rev. A 46 (1992), pp. 5279-5281.

[65] T. Ohwada and S. Fukata, Simple derivation of high-resolution schemes

for compressible flows by kinetic approach, J. Comput. Phys. 211 (2006),

pp. 424.

[66] T. Ohwada, Y. Sone, and K. Aoki, Phys. Fluids A 1 (1989), pp. 2042.

[67] T. Ohwada and K. Xu, The kinetic scheme for full Burnett equations, J.

Comput. Phys., 201 (2004), pp.315-332.

[68] C. Pares and M.J. Castro, On the well-balance property of Roe’s method

for nonconservative hyperbolic systems. Applications to shallow-water sys-

tems, Mathematical Modelling and Numerical Analysis 38 (2004), pp. 821-

852.

[69] B. Perthame and C. Simeoni, A kinetic scheme for the Saint-Venant

system with a source term, CALCOLO, 38 (2001), pp. 201-231.

[70] W.H. Press, B.P. Flannery, S.A. Teukolsky, and W.T. Vetter-

ling, Numerical Recipes, Cambridge University Press (1989).

149



[71] D.I. Pullin, Direct simulation methods for compressible inviscid ideal gas

flow, J. Comput. Phys. 34 (1980), pp. 231-244.

[72] R.D. Reitz, One-dimensional compressible gas dynamics calculations using

the Boltzmann equations, J. Comput. Phys. 42 (1981), pp. 108-123.

[73] Y.X. Ren, M. Liu, H.X. Zhang, A characteristic-wise hybrid compact-

WENO scheme for solving hyperbolic conservation laws, J. Comput. Phys.,

192 (2003), pp. 365-386.

[74] S. Rhebergen, O. Bokhove, and J.J.W. van der Vegt, Discontin-

uous Galerkin finite element methods for hyperbolic nonconservative partial

differential equations, J. Comput. Phys. 227 (2008), pp. 1887-1922.

[75] D. Ryu, J.P. Ostriker, H. Kang, and R. Cen, A cosmological hydrody-

namic code based on the total variation diminishing scheme, The Astrophy.

J. 414 (1993), pp. 1-19.

[76] E. Salomons and M. Mareschal, Usefulness of the Burnett description

of strong shock waves, Phys. Rev. Lett. 69 (1992), pp. 269-272.

[77] R.H. Sanders and K.H. Prendergast, The possible relation of the

three-kiloparsec arm to explosions in the galactic nucleus, Astrophysical

Journal, 188 (1974), pp. 32.

[78] X. Shan, H. Chen, Lattice Boltzmann model for simulating flows with

multiple phases and components, Phys. Rev. E 47 (1993) 1815-1819.

[79] Y.Q. Shen, G.C. Zha,Low diffusion E-CUSP scheme with high order

WENO scheme for preconditioned Navier-Stokes equations, Comput Flu-

ids(2011).

[80] C.W. Shu, Essentially non-oscillatory and weighted essentially non-

oscillatory schemes for hyperbolic conservation laws, Lecture Notes in Math-

ematics, Springer, 1998.

150



[81] C.W. Shu, High-order finite difference and finite volume WENO schemes

and discontinuous Galerkin methods for CFD, International Journal of Com-

putational Fluid Dynamics, 17 (2003), pp. 107-118.

[82] C.W. Shu and S. Osher, Efficient implementation of essentially nonoscil-

latory shock-capturing schemes II, J. Comput. Phys., 83 (1989), pp. 32-78.

[83] B. Sjogreen, H.C. Yee, Grid convergence of high order methods for mul-

tiscale complex unsteady viscous compressible flows, J. Comput. Phys., 185

(2003), pp. 1-26.

[84] A. Slyz, K.H. Prendergast, Time-independent gravitational fields in

the BGK scheme for hydrodynamics, Astron. Astrophys. Suppl. Ser. 139

(1999), pp. 199-217.

[85] Y. Sone, T. Ohwada, and K. Aoki, Phys. Fluids A 1 (1989), pp. 363.

[86] J.L. Steger and R.F. Warming, Flux vector splitting of the inviscid gas-

dynamic equations with applications to finite difference methods, J. Comput.

Phys., 40 (1981), pp. 263- 293.

[87] M.D. Su, K. Xu, M. Ghidaoui, Low Speed Flow Simulation by the Gas-

kinetic Scheme, J. Comput. Phys., 150 (1999), pp. 17-39.

[88] Q. Sun and I.D. Boyd, A direct simulation method for subsonic, mi-

croscale gas flows, J. Comput. Phys. 179 (2002), pp. 400-425.

[89] Q. Sun, Information preservation methods for modeling micro-scale gas

flows, Ph.D. thesis, The University of Michigan, 2003.

[90] Y.Z. Sun, Z.J. Wang and Y. Liu, Spectral (finite) volume method for

conservation laws on unstructured grids VI: extension to viscous flow, J.

Comput. Phys. 215 (2006), pp. 41-58.

151



[91] Y.Z. Sun, Z.J. Wang and Y. Liu, High-order multidomain spectral d-

ifference method for the Navier-Stokes equations, AIAA paper No. 2006-

0301(2006).

[92] P.K. Sweby, High resolution schemes using flux limiters for hyperbolic

conserva- tion laws, SIAM J. Numer. Anal. 21 (1984), pp. 995-1011.

[93] H.Z. Tang, T.G. Liu, A note on the conservative schemes for the Euler

equations, J. Comput. Phys., 218 (2006), pp. 451C459.

[94] C.L. Tian, K. Xu, K.L. Chan, and L.C. Deng, A three-dimensional

multidimensional gas kinetic scheme for the Navier-Stokes equations under

gravitational fields, J. Comput. Phys., 226 (2007), pp. 2003-2027.

[95] V.A. Titarev, E.F. Toro, Finite-volume WENO schemes for three-

dimensional conservation laws, J. Comput. Phys., 201 (2004), pp. 238-260.

[96] E. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics,

Springer, 1999.

[97] B. van Leer, Towards the ultimate conservative difference scheme V. A

second order sequal to Godunovs method, J. Comput. Phys. 32 (1979), pp.

101-136.

[98] B. Van Leer, Computational fluid dynamics: science or toolbox, AIAA

paper No. 2001-2520 (2001).

[99] Z.J. Wang, Spectral (finite) volume method for conservation laws on un-

structured grids: basic formulation, J. Comput. Phys. 178 (2002), pp. 210-

251.

[100] Z.J. Wang, L. Shi, S. Fu, H.X. Zhang and L.P. Zhang, A PNPM-

CPR Framework for Hyperbolic Conservation Laws, AIAA Paper No. 2011-

3227(2011).

152



[101] P. Woodward and P. Colella, Numerical simulations of two-

dimensional fluid flow with strong shocks, J. Comput. Phys., 54 (1984), pp.

115-173.

[102] K. Xu, Gas-Kinetic Schemes for Unsteady Compressible Flow Simulations,

von Karman Institute report, (1998-03).

[103] K. Xu, A gas-kinetic BGK scheme for the Navier-Stokes equations, and

its connection with artificial dissipation and Godunov method, J. Comput.

Phys., 171 (2001), pp. 289-335.

[104] K. Xu, A well-balanced gas-kinetic scheme for the shallow-water equations

with source terms, J. Comput. Phys., 178 (2002), pp. 533–562.

[105] K. Xu, Regularization of the Chapman-Enskog expansion and its descrip-

tion of shock structure, Physics Fluids 14 (2002), L17.

[106] K. Xu, Discontinuous Galerkin BGK method for viscous flow equations:

One- dimensional systems, SIAM J. Sci. Comput. 23 (2004), pp. 1941.

[107] K. Xu and X.Y. He, Lattice Boltzmann method and Gas-kinetic BGK

scheme in the low Mach number viscous flow simulations, J. Comput. Phys.

190 (2003), pp. 100-117.

[108] K. Xu and A. Jameson, Gas-kinetic relaxation (BGK-type) schemes for

the com- pressible Euler equations, AIAA-95-1736, 12th AIAA Computa-

tional Fluid Dynamics Conference, 1995.

[109] K. Xu and Z. W. Li, Dissipative mechanism in Godunov-type schemes,

Int. J. Numer. Methods in Fluids 37 (2001), pp. 1.

[110] K. Xu, J. Luo, and S.Z. Chen, A well-balanced kinetic scheme for gas

dynamic equations under gravitational field, Advances in Applied Mathe-

matics and Mechanics, 2 (2010), pp. 200-210.

153



[111] K. Xu, M.L. Mao and L. Tang, A multidimensional gas-kinetic BGK

scheme for hypersonic viscous flow, J. Comput. Phys. 203 (2005), pp. 405.

[112] S.M. Yen, Numerical solution of the nonlinear Boltzmann equation for

nonequilibrium gas flow problems, Ann. Rev. Fluid Mech. 16 (1984), pp.

67-97.

[113] D. Yu, R. Mei, L.S. Luo, W. Shyy, Viscous flow computations with

the method of lattice Boltzmann equation, Prog. Aerospace Sci. 39 (2003),

pp. 329-367.

[114] M. Zingale, et. al., Mapping initial hydrostatic models in Godunov codes,

Astro. Phys. J. Supple, 143 (2002), pp. 539-565.

154


