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PHYSICS OF FLUIDS VOLUME 14, NUMBER 4 APRIL 2002
Regularization of the Chapman–Enskog expansion and its description
of shock structure

Kun Xua)

Mathematics Department, Hong Kong University of Science and Technology, Hong Kong

~Received 22 October 2001; accepted 2 January 2002; published 19 February 2002!

In the continuum transition flow regime, we propose to truncate the Chapman–Enskog expansion of
the Boltzmann equation to the Navier–Stokes order without going to the Burnett or super Burnett
orders. However, the particle collision time has to be generalized to depend not only on the local
macroscopic flow variables, but also their gradients in the rarefied gas regime. In other words, a
generalized constitutive relation for the stress and heat flux is proposed. This new model is applied
to the study of argon gas shock structure. There is good agreement between the predicted shock
structure and experimental results for a wide range of Mach numbers. ©2002 American Institute
of Physics. @DOI: 10.1063/1.1453467#
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It is well recognized that the Navier–Stokes equations
the classical hydrodynamics are incapable of accurately
scribing shock wave phenomena and also the flow phen
ena in the rarefied gas regime. In order to improve
Navier–Stokes solutions, much effort has been paid on
construction of higher-order hydrodynamic equations ba
on the Chapman–Enskog expansion. There are a numb
sets of Burnett equations that have been analyzed or c
puted in recent years: the original, the conventional, the a
mented, and the Bhatnagar–Gross–Krook~BGK!. The sta-
bility of the Burnett equations depends on the set use1

Uribe et al.2 give an excellent theoretical analysis for th
shock instability of the Burnett equations. For the particu
set used by Uribeet al., no shock structure can be obtaine
for the Burnett equations after a critical Mach number Mc

52.69. As analyzed in Ref. 3, the failure of the Burn
equations for the shock structure calculation is not too s
prising because the applicability of the Chapman–Ens
expansion itself is valid to the small Knudsen numbers. T
possible generation of spurious solutions from the high
order terms in the Chapman–Enskog expansion is ano
point for criticism.4 Numerically, the stability of the shock
structure based on the Burnett equations becomes even
complicated. There are many factors influencing the stabi
such as the methods used for the inviscid part of the eq
tions, the way of writing material derivatives in terms of th
spatial derivatives, or the selected higher-order terms. E
with so many difficulties, the augmented Burnett equatio
and the BGK–Burnett equations show significant impro
ment of the Navier–Stokes solutions in the continuum tr

a!Electronic mail: makxu@uxmail.ust.hk
L171070-6631/2002/14(4)/17/4/$19.00
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sition regime.5–7 Many other promising methods have als
been proposed in recent decades to justify and modify
solution techniques for the Boltzmann equation.8–12

This work is motivated originally by extending the ga
kinetic BGK Navier–Stokes solver to the continuum tran
tion regime.13 The direct adoption of the Chapman–Ensk
expansion with the terms proportional to Knudsen num
Kn

2 andKn
3 in the gas distribution function encounters gre

difficulty in the shock structure calculations, even for t
time accurate marching scheme. The critical Mach num
for the shock structure based on our BGK–Burnett exp
sion is found to be around Mc54.5, and the number be
comes even smaller, i.e., Mc52.0, with the inclusion of su-
per Burnett terms. Our numerical experiments show clea
that the successive Chapman–Enskog expansion withou
lectively choosing higher order terms gives divergent res
as the Knudsen number increases. However, up to
Navier–Stokes order, there is no limitation on the Ma
number for the existence of the stable shock structure, wh
is consistent with the result in Ref. 2. Therefore, it may
possible to truncate the Chapman–Enskog expansion to
Navier–Stokes order only and include the possible none
librium effect on the modification of the viscosity and he
conduction coefficients. Traditionally, the particle collisio
time t is regarded as a function of macroscopic variabl
For example, based on the BGK model,14 we have the colli-
sion timet5m/p, wherem is the dynamical viscosity coef
ficient andp is the pressure. All those viscosity coefficien
are basically obtained either experimentally or theoretica
in the continuum flow regime.15 There is no reason to guar
antee that this relation is still applicable for the rarefied g
In this Letter, we are going to derive a general particle c
lision time t* , which is applicable in both continuum an
© 2002 American Institute of Physics
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L18 Phys. Fluids, Vol. 14, No. 4, April 2002 Kun Xu
continuum transition regime. This derivation is based on
closure of the Chapman–Enskog expansion on the Nav
Stokes order and the BGK equation. In terms of the BG
equation, in order to extend its validity, there have be
many attempts toward improvements and modifications
the model, such as the modification of the collision timet or
the equilibrium stateg.15,16 In recent years, a great deal o
work in this direction has been done in France.17,18 The
Gaussian BGK model, which modifies botht and g, has
been shown to work well for high Mach number and mo
erate Knudsen number flows. Recently, based on the B
model, Chenet al. constructed a new method for its solutio
and applied it to the propagation of ultrasound wave.19

The BGK model in thex-direction can be written as4

f t1u fx5~g2 f !/t, ~1!

wheref is the gas distribution function andg is the equilib-
rium state approached byf. Both f and g are functions of
spacex, time t, particle velocitiesu, and internal variablej.
The particle collision timet determines the viscosity an
heat conduction coefficients, i.e.,m5tp. The equilibrium
state is a Maxwellian distribution,

g5r~l/p!~K12!/2e2l((u2U)21j1
2
1j2

2),

wherer is the density,U is the macroscopic velocity in thex
direction, andl is related to the gas temperaturem/2kT. For
a monatomic gas,j1 andj2 represent the particle velocitie
in the y andz directions. The relation between massr, mo-
mentumrU, and energyrE densities with the distribution
function f is

S r

rU

rE
D 5E cf dudj1dj2 ,

wherec has the components

c5~c1 ,c2 ,c3!T5@1,u, 1
2~u21j1

21j2
2!#T.

Since mass, momentum, and energy are conserved du
particle collisions, when the particle collision timet depends
on the macroscopic variables only,f andg should satisfy the
compatibility condition

E ~g2 f !cadudj1dj250, a51,2,3, ~2!

at any point in space and time.
It is well known that the Euler, the Navier–Stokes, a

the Burnett, etc., equations can be derived from the ab
BGK model using the Chapman–Enskog expansion.15 The
successive expansion of the Chapman–Enskog expan
gives

f 5g2t~gt1ugx!1t2~gtt12ugxt1u2gxx!

2t3~gttt13ugxtt13u2gxxt1u3gxxx!1 . . . ,

which corresponds to the Euler (t0), the Navier–Stokes (t),
the Burnett (t2), and the super Burnett (t3) . . . orders.
With the definitionD5]/]t1u]/]x, we can write the above
equation as
Downloaded 26 Sep 2012 to 143.89.16.198. Redistribution subject to AIP li
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In the continuum transition regime, the Navier–Stokes eq
tions are expected to be inaccurate and the expansions
yond the Navier–Stokes order have achieved limited s
cess.

In order to increase the validity of the gas kinetic a
proach in the continuum transition regime, we have to re
larize the Chapman–Enskog expansion. The main idea
this Letter is to close the Chapman–Enskog expansion u
the Navier–Stokes order only without going to Burnett
super Burnett orders. But, instead of keeping the origi
particle collision timet, we have to construct a general on
In other words, we expand the solution of the gas distribut
function f as

f 5g2t* ~gt1ugx!, ~3!

andt* is obtained to have the BGK equation to be satisfi

f 5g2t~ f t1u fx!. ~4!

From the above two equations, we have

t* Dg5t~Dg2t* D2g!.

With the assumption that the particle collision timest and
t* are independent of the particle velocityu, we can take the
moments ofC(u)5(u2U)2 on the above equation~other
choices ofC may be possible!,

t* ^Dg&5t~^Dg&2t* ^D2g&!, ~5!

where^( . . . )&5*C( . . . )dudj1dj2 . Therefore, the gener
alized collision timet* is related to the classical onet
through the following equation:

t* 5
t

11t^D2g&/^Dg&
. ~6!

The local particle collision time depends not only on t
macroscopic variables throught5m/p, but also on their gra-
dients througĥ D2g&/^Dg&. In the expressions ofD2g and
Dg, there exist temporal and spatial derivatives of a Ma
wellian. The local spatial derivatives can always be co
structed from the interpolated macroscopic flow variabl
such as the gradients of mass, momentum, and energy.
the temporal derivatives, they have to be evaluated base
the compatibility conditions, such as*D2gcadudj1dj250
and *Dgcadudj1dj250 of the Chapman–Enskog expa
sion. In the continuum flow regime, since the higher-ord
dissipation should have less effect than the lower order o
^D2g&/^Dg& should theoretically go to zero.

In recent years, an accurate gas-kinetic Navier–Sto
solver ~BGK–NS! has been developed for the viscous so
tion in the continuum regime by the current author and
workers, see Ref. 13 and references contained therein. In
following argon gas shock structure calculations, we are
ing to use the above BGK–NS method, but with the imp
mentation of the new particle collision timet* . For a mon-
atomic gas modeled by point centers of force, the kine
theory leads to a viscositym proportional toTs and the
cense or copyright; see http://pof.aip.org/about/rights_and_permissions
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L19Phys. Fluids, Vol. 14, No. 4, April 2002 Regularization of the Chapman–Enskog expansion
Prandtl number Pr5mCp /k is a constant equal to 2/3, wher
k is the heat conduction coefficient. The temperature ex
nents is given bys51/212/(v21), wherev is the power
index of the intermolecular force law. For argon gas at S
v57.5 is cited by Chapman and Cowling15 based on early
viscosity data. Recent numerical calculation by Lumpkin a
Chapman5 suggests thatv59 is a better approximation. In
our calculation, the local particle collision timet is first
evaluated according tot5m/p, wherem;Ts and p is the
local pressure. Then, the new valuet* is obtained according
to Eq.~6!. With the generalt* , the BGK–NS solver is used
for the shock structure solution. Since the BGK scheme
finite volume method, even with intrinsic unit Prandtl num
ber in the BGK model, the heat flux across a cell interfa
can be modified to simulate a gas with any realistic Pran
number,13 such as 2/3 for the current argon gas. Numerica
it is very difficult to evaluatê D2g&/^Dg& correctly in the
quasiequilibrium region, such as the far upstream and do
stream regions of a shock wave, where^Dg& is very small
and ^D2g& is extremely sensitive to the data interpolati
techniques. Note that similar problems exist for any ot
extended hydrodynamics in the evaluation of higher or
derivatives. In order to avoid the negative value oft* , such
as the denominator in Eq.~6! becomes less than zero,
threshold is taken for its numerical value, such
t(^D2g&/^Dg&)num5max(20.5,t^D2g&/^Dg&). The shock
structure is obtained using a time accurate BGK–NS so
until a steady state is reached. In each calculation with fi
m and Pr, the mesh size is chosen to make sure that ther
about 30 points in the shock layer and the whole compu
tional domain is covered by 200 grid points.

Studies of the shock structure are generally validated
comparing the reciprocal density thickness with experim
tal measurements. The thickness is defined as

Ls5~r22r1!/~dr/dx!max .

The above shock thickness is normalized by the upstre
mean free path,

FIG. 1. Comparison of the theoretical shock thicknessl1 /Ls vs Mach num-
ber Ms with the experimental data~Refs. 10 and 20!. The solid lines are the
results from the BGK–NS solver~Ref. 13! and the current BGK–Xu model
The calculations are done for bothv59.0 and 7.5 cases.
Downloaded 26 Sep 2012 to 143.89.16.198. Redistribution subject to AIP li
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Figure 1 displays the results, where ‘‘BGK–NS’’ refers to th
solution of the BGK Navier–Stokes solver13 with the origi-
nal particle collision timet5m/p, and ‘‘BGK–Xu’’ refers to
the results from the same BGK Navier–Stokes solver
with the implementation of the new valuet* . Both v59
and v57.5 cases are tested. All symbols in Fig. 1 are
experimental data presented in Refs. 10 and 20. The solu
from the current new model~BGK–Xu! matches well with
the experimental data. Figure 2 presents the density distr
tion rn5(r2r1)/(r22r1) vs x/l1 , wherev57.5 is used
in both BGK–NS and BGK–Xu solutions. The circles in Fi
2 are the experimental data from Ref. 20. From these figu
we can observe that the general particle collision time u
significantly improves the results. In the continuum flow r
gime, where the Mach number of the shock wave goes
1.0, the BGK–NS and BGK–Xu solutions converge. In oth
words,t* approaches tot automatically as Knudsen numbe
decreases.

In this Letter, we have constructed a general constitut
relation for the stress and heat flux through the particle c
lision time t* , which depends not only on the local macr
scopic flow variables, but also on their gradients. Even w
the closure of the Chapman–Enskog expansion on
Navier–Stokes order, the results from this new model ag
well with the experimental data in the study of argon sho
structure. In the continuum regime, the contribution fro
^D2g&/^Dg& disappears automatically, and the generaliz
constitutive relation goes back to the classical definition.
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