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Abstract Sound wave propagation in rarefied monatomic
gases is simulated using a newly developed unified gas-
kinetic scheme (UGKS). The numerical calculations are car-
ried out for a wide range of wave oscillating frequencies. The
corresponding rarefaction parameter is defined as the ratio of
sound wave frequency to the intermolecular particle collision
frequency. The simulation covers the flow regime from the
continuum to free molecule one. The treatment of the os-
cillating wall boundary condition and the methods for eval-
uating the absorption coefficient and sound wave speed are
presented in detail. The simulation results from the UGKS
are compared to the Navier–Stokes solutions, the direct sim-
ulation Monte Carlo (DSMC) simulation, and experimen-
tal measurements. Good agreement with the experimental
data has been obtained in the whole flow regimes for the
corresponding Knudsen number from 0.08 to 32. The cur-
rent study clearly demonstrates the capability of the UGKS
method in capturing the sound wave propagation and its use-
fulness for the rarefied flow study.

Keywords Unified gas-kinetic scheme · Sound wave prop-
agation · Non-equilibrium flows

1 Introduction

At a sufficient small Knudsen number, the sound propaga-
tion in gas can be adequately described by the Navier–Stokes
equations. However, as Knudsen number increases to the
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transition regime, the sound wave parameters, i.e., phase
speed and attenuation coefficient, are known to deviate from
the classical prediction. Most existing hydrodynamic equa-
tions fail to describe the ultrasound propagation. This is
not surprising because the scale for the hydrodynamic equa-
tions is in the diffusive scale due to the spatial and tem-
poral variation of local equilibrium states, and this model-
ing scale is much larger than the kinetic scale which is in
the particle mean free path and particle collision time. At
high frequency, the period of the sound wave propagation
can easily come to the kinetic scale, which is comparable
with the particle collision time. In order to investigate the
high frequency sound wave propagation, many researchers
turned attention to the kinetic equations by means of theo-
ries based on the expansion of Boltzmann equation. Wang
Chang and Uhlenbeck [1] utilized the Super-Burnett equa-
tions, which were then extended by Pekeris et al. [2] up to
483 moments. However, the success of these theories can
not be extended to high Knudsen number flow regime. A
remarkable success that performs well for a wide range of
Knudsen numbers is the work of Sirovich and Thurber [3],
and also Buckner and Ferziger [4]. Sirvoich and Thurber
used Gross-Jackson model and analyzed the dispersion re-
lation, where Buckner and Ferziger solved the half-space
problem by means of elementary solutions, with diffusely-
reflecting boundary. Besides the Gross-Jackson model, an-
other popular kinetic model used for the study of sound wave
is the BGK model. Thomas and Siewert [5] and Loyalka and
Cheng [6] adopted the BGK model and solved the problem in
half-space together with diffusely-reflecting boundary. Their
results agreed with each other. As reported in Ref. [7], they
obtained better agreement with experimental measurements
than the BGK results of Sirovich and Thurber [3] and those
of Buckner and Ferziger [4]. Another successful method in
simulating ultrasound wave propagation is the direct sim-
ulation Monte Carlo (DSMC) method [7], and the DSMC
method is basically solving the Boltzmann equation as well.

In this paper, a newly developed unified gas-kinetic
scheme (UGKS) [8–10] will be used to perform numerical
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simulation of sound propagation in monatomic gases for the
whole Knudsen regime with hard-sphere molecule. Com-
parison is made with experimental results of Greenspan [11]
and Meyer and Sessler [12], and the DSMC results of Had-
jiconstantinou and Garcia [7]. Good agreement is found be-
tween our results and the experimental measurements. This
is another clear case which demonstrates the capability of
the UGKS method in capturing the non-equilibrium phe-
nomenon.

2 Unified gas-kinetic scheme

The UGKS is a scheme based on the gas-kinetic BGK and
Shakhov model in simulating flows in the whole Knudsen
regimes [8–10]. It is a multi-scale method which updates
both macroscopic conservative flow variables and micro-
scopic gas distribution function. The novelty of the approach
is the coupled treatment of particle transport and collision
process in the evaluation of interface fluxes for the update
of both macroscopic variables and microscopic distribution
function. The integral solution used for the flux evaluation
covers the whole regime from the kinetic to the hydrody-
namic ones, and the specific solution used locally at a cell
interface depends on the ratio of computational time step to
the particle collision time.

For a unified scheme to simulate flow in all Knudsen
regimes, it is necessary to capture both hydrodynamic and
kinetic scale gas evolution. In the hydrodynamic scale, the
flow physics is mainly determined by the pressure waves,
and in the kinetic scale the individual particle transport plays
an important role in the description of non-equilibrium state.
In the transition regime, both wave and particle effect will
take place and this is also the main difficulty to capture the
transition flow. The most widely used approach for the whole
flow regime simulation is the hybrid method, where the un-
derlying philosophy of the hybrid approach is that there is
a region where both hydrodynamic and kinetic descriptions
are valid. This hope may not be true because in the transi-
tion regime we can not set up a valid physical principle for
the conversion of wave and particle descriptions. In princi-
ple, it is generally agreed that the Boltzmann equation covers
the flow regime from the free molecule to the equilibrium
Euler solutions, and a unified scheme based on the Boltz-
mann equation can be developed. However, if we think of the
modeling process in the construction of the Boltzmann equa-
tion, we will realize that the development of a unified scheme
based on the full Boltzmann equation can be hardly achieved.
The modeling scale of the Boltzmann equation is in the par-
ticle mean free path and particle collision time scale. In or-
der to solve the Boltzmann equation truthfully, the mesh size
used must be compatible with the particle mean free path and
the numerical time step is on the order of particle collision
time. This constraint on the time step and cell size is fully
implemented in the DSMC method which is supposed to be
a method for solving the Boltzmann equation in the limit-
ing case. So, based on the original Boltzmann equation, it

will be hard to develop a unified scheme which is efficient
in the continuum flow regime. In the continuum flow region,
one cell size can be on the order of thousands of particle
mean free path, such as the case of high Reynolds number
boundary layer with a few grid points, and the Boltzmann
equation is not modeled on the numerical cell size scale in
its collision process. Therefore, the modeling scale of the
collision term in the Boltzmann equation prevents the devel-
opment of a unified scheme in the continuum regime. Ac-
tually, it has the similar reason why we can not use molec-
ular dynamics to solve the flow problem in the continuum
regime, because the scale of molecular dynamic modeling is
even smaller. The modeling scale of the Boltzmann equa-
tion is not large enough for the capturing continuum flow
behavior. Certainly, we can expand the distribution func-
tion around the equilibrium state in the continuum regime
and substitute it back into the Boltzmann equation. But this
linearization process may introduce accuracy problem in the
transition regime, especially in the cases with large tempera-
ture variation.

In the multiscale modeling aspect, the BGK-type equa-
tion in some aspect may provide a better model to cover
the whole flow regime. The BGK equation is a gas-kinetic
relaxation model, which has no an explicit scale constraint
in its modeling. The merit of the BGK model is the ex-
plicit appearance of the equilibrium state, and the drifting of
the equilibrium state will directly recover the hydrodynamic
flow physics of the Navier–Stokes solution on a dissipative
scale, which is much larger than the kinetic one.

The unified scheme is not a purely numerical partial dif-
ferential equation (PDE) solver of the kinetic BGK model.
It is a PDE-based modeling method, where the time depen-
dent integral solution of the PDE is used for the evaluation
of a time dependent gas distribution function at a cell in-
terface. The valid time scale of this integral solution can
go theoretically far beyond the particle collision time. This
time scale can be related to the spatial resolution, such as
the cell size, through the CFL condition. Due to the different
scales of the numerical cell size in comparison with the parti-
cle mean free path in a numerical scheme, the flow transport
passing through a cell interface can recover the flow physics
in different flow regimes. If the mesh size is smaller than the
mean free path, the free molecule transport, or the upwind
approach, can be recovered from the integral solution. When
the cell size is much larger than the particle mean free path,
the intensive particle collision in the transport process will
converge the integral solution to the exact Navier–Stokes gas
distribution function for the description of continuum flow.
Therefore, the integral solution of the kinetic model covers
both hydrodynamic and kinetic scale flow physics, and there
is no hybrid or switch function needed to get these limiting
cases. In summary, the unified scheme is a finite volume
method, which updates both conservative flow variables and
the gas distribution function. The evaluation of the interface
flux is based on the integral solution of the kinetic model,
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the so-called the PDE evolution solution-based modeling.
The detail formulation of the unified scheme can be found
in Refs. [8–10].

3 Sound propagation simulation method

Figure 1 shows the schematic of the simulation geometry.
The monatomic argon gas is enclosed between two walls
separated by a distance L. The left wall is the transducer
which is imposed by a periodical velocity U(t) = U0 cosωt
and the particles are diffusely reflected from the wall. On
the other hand, the right wall is a resting receiver and is as-
sumed to have a specular boundary condition, which leads
to total reflection of the propagating waves. The flow field
is assumed to be one-dimensional. There are two relevant
Knudsen numbers Kn for this problem, one is defined as the
ratio of mean free path λ to the domain length L, and the
other is the ratio of wave frequency ω to particle collision
frequency 1/τ,

KnL =
λ

L
, Knω = ωτ,

where λ is the particle mean free path, L is the domain length,
ω is the angular frequency of wave, and τ is the particle col-
lision time.

Ar  gon gas
Transducer
U = U 0 cos (ωt )

Receiver

(specular)

x = 0 x = L

Fig. 1 Schematic of the simulation geometry

3.1 Dimensionless variables

The dimensionless quantities are defined through the refer-
ence state denoted by ρ∞, T∞, P∞ etc.,

t̂ =
t
τ∞
, û =

u
C∞
, x̂ =

x
λ∞
,

ρ̂ =
ρ

ρ∞
, T̂ =

T
T∞
, P̂ =

P

ρ∞C2∞
,

where u is the particle velocity in x-direction. Here C∞ =√
R0T0, T∞ = T0/2, λ∞ = μ0

√
R0T0/P0, τ∞ = τ0, ρ∞ = ρ0

, and T0, μ0, P0, ρ0, τ0 are corresponding flow parameters in
the rest state. Here R0 is the gas constant. The reference state
is chosen for convenience.

For hard-sphere molecular, the particle mean free path
is λ0 = 8

√
2/π/5λ∞, and the two relevant Knudsen numbers

are

KnL =
λ0

L
=

8

5L̂

√
2
π
, Knω = ωτ0 = ω̂. (1)

The dimensionless form of classical sound speed at rest state
is ĉ0 =

√
γR0T0/

√
R0T0 =

√
γ . For monatomic gases,

ĉ0 =
√

5/3 . All variables below are expressed in dimen-
sionless form, and the hat is dropped for simplicity.

3.2 Boundary condition

In our simulation, the boundary treatment of the left wall
is different from the Maxwellian reservoir method used
by Hadjiconstantinou and Garcia in their DSMC simula-
tion [7]. Following Loyalka and Cheng and others [6, 13],
the maxwellian distribution at the wall is set to be

gw = ρ
(
λ

π

)3/2
e−λ[(u−U0 cosωt)2+v2+w2], u > 0, (2)

and the density at the thermal wall is determined by

∫ tn+1

tn

�
u>0

(u − U0 cosωt)gwdudvdwdt

+

∫ tn+1

tn

�
u<0

(u − U0 cosωt) findudvdwdt = 0, (3)

where fin is the distribution function of particles impinging
on the wall. Then, the flux across the wall can be calculated
as

FFF =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Fρ

FρU

FρE

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ =
∫ tn+1

tn

�
u>0

ugwφφφdudvdwdt

+

∫ tn+1

tn

�
u<0

u f inφφφdudvdwdt, (4)

whereφφφ = [1, u, (u2+v2+w2)/2]T is the moments for conser-
vative variables. The effect of different boundary treatment
on the solution will be discussed later.

3.3 Method for determining sound parameters

In the experiment, one measures the pressure signal at the re-
ceiver and assumes that the pressure is a single damped wave
of the form

P(x, t) = A exp[i(ωt − kx + ϕ) − mx], (5)

where A is amplitude, ω is angular frequency, k is wave num-
ber, m is attenuation coefficient and ϕ is phase shift. Linear
fits are performed in logarithm plots of amplitude and phase
over a range of distances between the transducer and receiver
in order to determine the parameters in the above equation.

In our simulation, the flow variables in the whole domain
is obtained in each computation, which enables us to extract
the sound parameters without changing the domain length.
Similar to the method used by Hadjiconstantinou and Gar-
cia [5], the wave can be expressed as

U = A(x) cosωt + B(x) sinωt, (6)



The study of sound wave propagation in rarefied gases using unified gas-kinetic scheme 1025

and a least-square method is used to extract A(x) and B(x)
from the numerical solution after the initial transients (ap-
proximately after 60 periods), which are given by

A(x j) =
∑

s2∑ vc −∑ sc
∑

vs∑
c2
∑

s2 − (
∑

sc)2
,

B(x j) =
∑

c2∑ vs −∑ sc
∑

vc∑
c2
∑

s2 − (
∑

sc)2
,

where
∑

s2 =
∑

i

sin2 ωti,

∑
c2 =

∑
i

cos2 ωti,

∑
sc =

∑
i

sinωti cosωti,

∑
vs =

∑
i

U(x j, ti) sinωti,

∑
vc =

∑
i

U(x j, ti) cosωti,

with x j being the x-coordinate of cell center and ti being the
time to do the sampling. Then the amplitude can be cal-
culated by

√
A(x)2 + B(x)2. If we further express the wave

propagating in the positive direction as

V0 exp[i(ωt − kx + ϕ) − mx],

and the reflected wave as

−V0 exp[i(ωt + k(x − 2L) + ϕ) + m(x − 2L)],

the superposition leads to

U = V0 exp(−mx) cos(ωt − kx + ϕ)

−V0 exp[m(x − 2L)] cos[ωt + k(x − 2L) + ϕ]. (7)

Combining Eq. (7) with Eq. (6) gives

A(x) = V0 exp(−mx) cos(kx − ϕ)

−V0 exp[m(x − 2L)] cos[k(x − 2L) + ϕ], (8)

and

B(x) = V0 exp(−mx) sin(kx − ϕ)

+V0 exp[m(x − 2L)] sin[k(x − 2L) + ϕ]. (9)

In the above formulas, V0, ϕ,m, k are unknowns, and are ob-
tained by parameter estimation using the Nelder-Mead sim-
plex method, which is available in most mathematical soft-
wares. The formula used by Hadjiconstantinou and Garcia is
a little bit different from Eq. (7). They simplified the expres-
sion under the condition L = (7/4)l, where L is the domain
length and l is the wavelength.

In low frequencies, the estimation of wave parameters
are based on the amplitude

√
A(x)2 + B(x)2

= V0

√
4e−2Lm{cosh[2m(x − L)] − cos[2k(L − x)]} (10)

However, in high frequencies, the reflected wave is very
weak in comparison with incoming one and the amplitude
approximately takes the following form V0 exp(−mx). The
information of phase speed is lost in the expression of the
above amplitude, and the estimation of wave parameters for
high frequency wave is directly based on both A(x) and B(x)
in Eqs. (8) and (9). According to the analysis in Ref. [14],
the wave is composed of several modes in low frequencies,
instead of one mode described by Eq. (7). Within all trans-
port modes, the so-called acoustic mode dominates the trans-
port, and the other modes get damped quickly. By exclud-
ing the region near to the transducer, the fitted result us-
ing Eq. (10) is actually the acoustic mode in low frequen-
cies (shown in next section). In high frequencies, however,
the sound parameters show an increasing dependence on the
location, which was observed in other numerical computa-
tions [5–7] and was analyzed in free-molecular limit [15].
Under this condition, Eqs. (5) and (7) are not applicable for
high-frequency waves in the whole domain. Since all exper-
imental measurements do not include the information about
the region where the sound parameters are measured, we de-
termine the numerical region for estimating wave parameters
by gradually excluding the region near the transducer until a
best fit for the rest of the domain is obtained.

3.4 Simulating cases

We have performed simulation for a wide range of frequen-
cies from ω = 0.08 to ω = 32. Based on Eq. (1), the corre-
sponding Knudsen number Knω ranges from 0.08 to 32. The
domain length L is chosen to be no more than a few wave
lengths, which is approximately L ≈ (7/4)l, where l is the
wavelength. The wave frequencies and domain lengths are
listed in Table 1. Based on Eq. (1), the Knudsen number
KnL changes from 0.007 to 1.28.

Table 1 Sound wave frequencies and domain length

ω 0.08 0.10 0.20 0.25 0.40 1.00 2.00 2.50 3.20 4.00 5.00 8.00 16.00 32.00

L 175.00 140.00 70.00 58.00 38.00 16.00 8.50 7.00 6.00 5.50 4.50 3.55 2.00 1.00
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In order to avoid nonlinear effect, such as shock forma-
tion, in the wave propagation, the requirement

Re =
ρ0U0c0

ωμ0
� 1,

should be met. By introducing the acoustic Reynolds num-
ber,

R =
c2

0ρ0

ωμ0
=
γ

ω
,

the requirement can be written as U0 � c0/R. For frequen-
cies ω ≤ 0.25, we use U0 = 0.005; for 0.4 ≤ ω ≤ 2.5,
we use U0 = 0.01; and for even higher frequencies, we use
U0 = 0.02. To capture the wave profile accurately, we use
140 cells in most cases, which is approximately 80 cells per
wavelength. For ω = 8.0, 70 cells are used. For extremely
high frequencies ω = 16.0, 32.0, only 35 cells are used. The
time step is determined by the CFL condition, and it also
satisfies the requirement,

Δt <
π

30ω
,

in order to accurately capture the time evolution of the wave
profile.

4 Numerical results

The time to start sampling is determined by setting a mon-
itor point, where the velocities at each moment of integer
period, i.e., at time t = n(2π/ω) with n = 1, 2, ..., are
recorded. When the changing of velocities becomes sub-
stantially small, we start the sampling. Figure 2 shows the
velocity change at the monitor point for ω = 0.1.

0 20 40 60 80 100
Period

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

Ve
lo

ci
ty

= 0.1ω

Τ 10−3

Fig. 2 Velocity change on every integer period at the monitor point
for ω = 0.1

To extract A(x) and B(x), we start sampling from 100 pe-
riods to 110 periods, with 100 time samples in each period.
Figure 3 shows A(x) and B(x) for ω = 0.1.

In low frequencies, the estimation of wave parameters
is based on the amplitude definition of Eq. (10). Figure 4
shows the simulated and fitted amplitude at ω = 0.1 from
the UGKS simulation. In order to validate our result, the re-
scaled analytic solution of Regularized 13-moments (R13)
equation [13] is also included for comparison. In order to
have a real comparison with the R13 result, the same isother-
mal wall boundary condition as R13 is used in our simula-
tion. Sinceω = 0.1 is a relative low frequency, the R13 result
should be reliable even though it does not work properly for
high frequency wave. The above comparison confirms that
by excluding the region near to the transducer, the fitted am-
plitude using Eq. (10) recovers the acoustic mode.

100 120 140

A(x)
B(x)
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X
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−    4

−    2
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    6
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Τ 10−3

Fig. 3 A(x) and B(x) for ω = 0.1
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Fig. 4 Simulated and formula fitted amplitude for UGKS results
and the theoretical solutions of R13 at ω = 0.1

In high frequencies, the estimation of wave parameters
are based on both A(x) and B(x) presented in Eqs. (8) and
(9), and the region used for fitting is determined by gradu-
ally exclude the region near the transducer until a best fit for
the rest domain is obtained. Figure 5 shows one of the fit-
ted result of A(x), B(x) at ω = 5 by matching the numerical
solutions with the analytical ones in Eqs. (8) and (9) and the
corresponding velocity amplitude.



The study of sound wave propagation in rarefied gases using unified gas-kinetic scheme 1027

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
X

    0

    5

  10

  15

  20

  25

V
el

oc
ity

am
pl

itu
de

Simulation
Fitting

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
X

−  10

−    5

    0

    5

  10

  15

  20

  25

A(
x)

,B
(x

)

A( ) -simulation
B( ) -simulation
A( ) -fitting
B( x) -fitting

x
x
x

a 

b

Τ 10−3

Τ 10−3

Fig. 5 Simulated and fitted results for ω = 5

The location dependent behavior of the phase speed and
attenuation coefficient in high frequencies can be observed
by changing the region used for fitting. Figure 6 shows
the fitted phase speed start from different locations xmin for
ω = 5. The fitted result in Fig. 5 is based on the sampling
point starting from xmin ≈ 1.54. In the high frequency case,
the point-wise definition of wave parameters used by Schot-
ter [16], Garcia and Siewert [13], and Sharipov [15] may be
another choice for their evaluation.

The final results of phase speed and attenuation coeffi-
cient are listed in Table 2. The comparison among the ex-
periments, DSMC, Navier–Stokes solutions, and the UGKS
results are presented in Figs. 7 and 8, respectively.

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Xmin

0

0.2

0.4

0.6

0.8

1.0

k/
k 0

Fig. 6 Location dependent phase speed for ω = 5
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=
λ )

DSMC ( xmin 0.5λ )
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R = γ / ω

Fig. 7 Phase speed comparison at different frequencies among
the results from UGKS, DSMC, experimental measurements, and
Navier–Stokes equations
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γ / ω

m
/k

0

xmin λ )

Fig. 8 Attenuation coefficient comparison at different frequen-
cies among the results from UGKS, DSMC, experimental measure-
ments, and Navier–Stokes equations

Table 2 Test results for wave speed and attenuation coefficient

ω 0.08 0.10 0.20 0.25 0.40 1.00 2.00 2.50 3.20 4.00 5.00 8.00 16.00 32.00

k 0.062 0.077 0.150 0.184 0.281 0.593 1.023 1.220 1.442 1.713 2.028 3.134 6.159 1.214

m 0.003 0.005 0.020 0.029 0.063 0.229 0.485 0.599 0.753 0.914 1.109 1.646 2.983 5.777
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It is obvious that the UGKS results have a good agree-
ment with the experimental data. Although the boundary
treatment and numerical method used in our simulation are
different from that in DSMC calculation, the main difference
in the UGKS and the DSMC results does not come from
them, but the region used for fitting the numerical solution
by the formula. The DSMC simulation fixed the starting lo-
cation for fitting at xmin = λ or xmin = 0.5λ. If the same
fitting location is used, it is expected to obtain similar results
for both UGKS and DSMC methods. Figure 9 shows A(x)
and B(x) for R = 0.5 (ω ≈ 3.3) using the UGKS and the
DSMC data, with the same boundary condition (Maxwellian
reservoir method). The results are almost the same from two
different methods, and the estimated wave parameters only
have a slightly difference from that obtained by the boundary
treatment in Eqs. (2)–(4). Since Knω = ω ≈ 3.3 is a pretty
large Knudsen number, the perfect match between UGKS
and DSMC solution confirms the accuracy of the UGKS
method in capturing non-equilibrium flow.

0 1 2 3 4 5 6
X

− 0.06

− 0.04

− 0.02

0.00

0.02

0.04

0.06

0.08

A(
x)

,B
(x

)

(x) -DSMC
B -DSMC
A -UGKS
B -UGKS

A
(x)
(x)
(x)

Fig. 9 Comparison of UGKS and DSMC results using the same
boundary condition at R = 0.5(ω ≈ 3.3)

The UGKS results are also compared with the original
experimental data presented by Greenspan [4] and Meyer [8]
in Figs. 10 and 11. It can be seen that the current results have
good agreement with the experimental data in general, espe-
cially in the continuum regime and free-molecular regime. In
regime 2 � ω � 4, the phase speed have a slightly overshot.
This overshot is also observed in other computations [4–7].

5 Discussion and conclusion

In this paper, the sound wave propagation in monatomic
gases is simulated with hard-sphere molecule for the whole
Knudsen regime, and the phase speed and attenuation coeffi-
cient are obtained. The good agreement between the UGKS
results and the experimental data is another validation of the
UGKS method in capturing the physical solutions for non-
equilibrium flows.
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Fig. 10 Results comparison between UGKS results and experi-
mental data of Greenspan [11]
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Fig. 11 Results comparison between UGKS results and experi-
mental data of Meyer [12]

There are several differences between the UGKS and
the DSMC method for the sound wave simulation. First,
the boundary treatment of the transducer in our simulation
is different with the Maxwellian reservoir method used by
the DSMC method [5]. However, as shown in this paper,
different boundary treatments only have marginal effect on
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the evaluation of phase speed and attenuation coefficient.
Second, the hard-sphere molecule is used in our simulation,
which corresponds to μ ∼ √T . We can easily extend the
UGKS method to simulate any viscosity law, such as the
Sutherland’s law. For the DSMC method, it is not too ob-
vious to easily incorporate any general viscosity laws, be-
sides the hard-sphere and variable hard-sphere models. By
contrast, the viscosity coefficient in UGKS can be directly
implemented through the determination of the local particle
collision time. For the traditional BGK modeling and simu-
lation, people usually used a constant particle collision time.
However, for the UGKS method, the particle collision time is
a time and space dependent function of flow variables. This
needs to be emphasized for the UGKS method.

The wave propagation in high frequencies/high Knud-
sen number flow is quite different with the classical sound
wave results. With the increasing dependence of phase speed
and attenuation coefficient on the location for their eval-
uation, the wave behavior lost its classical form, and can
not be described by Eqs. (5) and (7). A point-wise defini-
tion [13, 15, 16] of phase speed and attenuation coefficient is
more appropriate in such a situation.
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