
Nonlinear Time Series Models

Does nonlinearity exist in financial TS?

Yes, especially in volatility & high-freq data

We focus on simple nonlinear models.

What is a linear time series?

xt = µ +
∞∑
i=0

ψiat−i,

where µ is a constant, ψi are real numbers with ψ0 = 1, and {at} is an

iid (0, σ2
a).

General concept: let Ft−1 be info. available at time t− 1.

Conditional mean:

µt = E(xt|Ft−1) ≡ g(Ft−1),

Conditional variance:

σ2
t = V ar(xt|Ft−1) ≡ h(Ft−1),

where g(.) and h(.) are well-defined functions with h(.) > 0.

For a linear series, g(.) is a linear function of Ft−1 and h(.) = σ2
a. a.

Statistics literature: focuses on g(.), See the book by Tong (Oxford Uni-

versity Press, 1990)

Econometrics literature: focuses on h(.)

1. Threshold AR (1) [TAR(1)] model:

Tong (1978), Chan (1993), Chan and Tsay (1998).

Example: 2-regime AR(1) model

xt =

{
−1.5xt−1 + at if xt−1 < 0,
0.5xt−1 + at if xt−1 ≥ 0,
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where at’s are iid N(0, 1).

Here the delay is 1 time period, xt−1is the threshold variable, and the

threshold is 0. The threshold divides the xt−1-space into two regimes

with Regime 1 denoting xt−1 < 0.

What is so special about this model?

Special features of the model: (a) asymmetry in rising and declining

patterns, (b) the mean of xt is not zero even though there is no constant

term in the model, (c) the lag-1 coefficient may be greater than 1 in

absolute value.

Model:

rt =

{
φ1rt−1 + at, if rt−1 > r,
φ2rt−1 + at, if rt−1 ≤ r,

where at is i.i.d. r.v. with mean 0 and each having a strictly positive

density f(·) on R. Then, {rt} is stationary and ergodic if and only if

φ1 < 1, φ2 < 1 and φ1φ2 < 1.

Higher-order threshold AR (p) [TAR(p)] model:

rt =

{
µ1 + φ11rt−1 + · · ·+ φ1prt−p + at, if rt−d > r,
µ2 + φ21rt−1 + · · ·+ φ2prt−p + at, if rt−d ≤ r,

where at is i.i.d. r.v. with mean 0 and each having a strictly positive

density f(·) on R. Then, {rt} is stationary and ergodic if

max{
p∑
i=1

|φ1p|,
p∑
i=1

|φ2p|} < 1.

2. Threshold DAR (p) [TAR(p)] model (Li and Ling 2010):

rt =


φ10 +

∑p
j=1 φ1j rt−j + εt

√
α10 +

∑p
j=1 α1j r2

t−j, if rt−d ≤ r,

φ20 +
∑p

j=1 φ2j rt−j + εt
√
α20 +

∑p
j=1 α2j r2

t−j, if rt−d > r,
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where εt is iid with mean 0 and variance 1.

Quasi-maximum likelihood estimation

Ln(θ) =
n∑
t=1

ϕt(θ),

where θ = (λ′, r)′ = (φ′1, α
′
1, φ
′
2, α

′
2, r)

′ is the parameter with φi = (φi0, φi1, ..., φip)
′

and αi = (αi0, αi1, ..., αip)
′ for i = 1, 2,

ϕt(θ) =− 1

2

{
log(α′1Yt−1) +

(rt − φ′1yt−1)2

α′1Yt−1

}
1(rt−d ≤ r)

− 1

2

{
log(α′2Yt−1) +

(rt − φ′2yt−1)2

α′2Yt−1

}
1(rt−d > r)

with yt−1 = (1, rt−1, ..., rt−p)
′ and Yt−1 = (1, r2

t−1, ..., r
2
t−p)

′.

Let Θ be the parameter space of θ.

θ̂n = arg max
θ∈Θ

Ln(θ)

is the QMLE of θ0 = (λ′0, r0)′.

Under some conditions, we can show that θ̂n → θ0, a.s. as n→∞.

Assume that there exist nonrandom vectors w∗ = (1, w1, ..., wp)
′ with

wd = r0 and W∗ = (1,W1, ...,Wp)
′ with Wd = r2

0 such that

{(φ10 − φ20)′w∗}2
+ {(α10 − α20)′W∗}2

> 0.

Under some Assumptions, we can show that

n(r̂n − r0) = Op(1);

√
n(λ̂n − λ0) =⇒ normal,

n(r̂n − r0) =⇒M−.
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What is M−?

It is the left-end point of the random interval that is the minimizer of a

two-sided compound Poisson process.

Ljung-Box test and Li-Mak test can be used to check if the model fitted

is adequate.

3. Other models:

a. TGARCH models:

Example: Daily log returns of IBM stock from July 3, 1962 to December

31, 2003 for 10,446 observations. See Figure 4.3 of the text (p. 162).

AR(2)-GARCH(1,1) model:

rt = 0.062− 0.024rt−2 + at, at = σtεt,

σ2
t = 0.037 + 0.077a2

t−1 + 0.913σ2
t−1.

Std residuals: Q(10) = 5.19(0.88) and Q(20) = 24.38(0.23)

Sq. std. res.: Q(10) = 11.67(0.31) and Q(20) = 18.25(0.57).

AR(2)-TGARCH(1,1) model

rt = 0.033− .023rt−2 + at, at = σtεt,

σ2
t = 0.075 + 0.041a2

t−1 + 0.903σ2
t−1

+(0.03a2
t−1 + 0.062σ2

t−1)I(at−1 ≤ 0).

Rewrite the TGARCH(1,1) as

σ2
t =

{
0.075 + 0.071a2

t−1 + 0.965σ2
t−1 if at−1 ≤ 0

0.075 + 0.041a2
t−1 + 0.907σ2

t−1 if at−1 > 0,

The asymmetry in volatility is clearly seen. When at−1 < 0, α + β =

1.036 > 1. However, α + β = 0.949 < 1 when at−1 is positive.

b. Markov switching model
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Two-state MS model:

xt =

{
c1 +

∑p
i=1 φ1,ixt−i + a1t if st = 1,

c2 +
∑p

i=1 φ2,ixt−i + a2t if st = 2,

where st assumes values in {1, 2} and is a first-order Markov chain with

trans. prob.

P (st = 2|st−1 = 1) = w1, P (st = 1|st−1 = 2) = w2,

where 0 ≤ w1 ≤ 1 is the probability of switching out State 1 from time

t - 1 to time t. A large w1 means that it is easy to switch out State 1,

i.e. cannot stay in State 1 for long. The inverse, 1/w1, is the expected

duration (number of time periods) to stay in State 1. Similar idea applies

to w2.

Example: Growth rate of US quarterly real GNP 47-91. See Figure 4.4

of the textbook (p.166).

State 1
ci φ1 φ2 φ3 φ4 σi wi

est .909 .265 .029 −.126 −.110 .816 .118
s.e .202 .113 .126 .103 .109 .125 .053

State 2
est −.420 .216 .628 −.073 −.097 1.017 .286
s.e .324 .347 .377 .364 .404 .293 .064

c. Neural networks, see textbook.
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