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ESTIMATION OF CHANGE-POINTS IN
LINEAR AND NONLINEAR TIME
SERIES MODELS

SHIQING LING
Hong Kong University of Science and Technology

This paper develops an asymptotic theory for estimated change-points in linear
and nonlinear time series models. Based on a measurable objective function, it
is shown that the estimated change-point converges weakly to the location of
the maxima of a double-sided random walk and other estimated parameters are
asymptotically normal. When the magnitude d of changed parameters is small,
it is shown that the limiting distribution can be approximated by the known dis-
tribution as in Yao (1987, Annals of Statistics 15, 1321-1328). This provides a
channel to connect our results with those in Picard (1985, Advances in Applied
Probability 17, 841-867) and Bai, Lumsdaine, and Stock (1998, Review of Eco-
nomic Studies 65, 395-432), where the magnitude of changed parameters de-
pends on the sample size n and tends to zero as n — oo. The theory is applied
for the self-weighted QMLE and the local QMLE of change-points in ARMA-
GARCH/IGARCH models. A simulation study is carried out to evaluate the per-
formance of these estimators in the finite sample.

1. INTRODUCTION

Structural change has been an important issue in econometrics, engineering, and
statistics for a long time. As a recent comment by Hendry and Johansen (2014),
the breaks and regime shifts are ubiquitous in economic time series and were
widely recognized even by the time of Haavelmo (1944). More real examples are
in Stock and Watson (1996) and Hansen (2001). The earliest test statistics go back
to Chow (1960) and Quandt (1960). After that, many approaches have been de-
veloped to detect whether or not structural change exists in a statistical model.
Examples are the weighted likelihood ratio test in Picard (1985) and Andrews
and Ploberger (1994); Wald and Lagrange multiplier tests in Hansen (1992),
Andrews (1993), and Bai and Perron (1998); the exact likelihood ratio test in
Horvath (1993) and Davis, Huang, and Yao (1995); the empirical approach in Bai
(1996) for regression models; and the sequential test in Lai (1995). Su and White
(2010) proposed two tests for change-points in partially linear models. Breitung
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and Eickmeier (2011) and Han and Inoue (2014) studied some tests for struc-
tural breaks in dynamic factor models. Ling (2007a) developed an asymptotic
theory of the Quandt-type tests for linear and nonlinear time series models. Aue,
Hormann, Horvath, and Reimherr (2009) studied the break detection in the covari-
ance structure of multivariate time series models. Shao and Zhang (2010) studied
Quandt-type test for the change of mean in time series. This type of tests was fur-
ther developed by Hidalgo and Seo (2013) under a larger framework. Empirically,
we want to know not only that structural change exists, but also the location of
change-point.

The first paper on the estimation of change-points is by Hinkley (1970),
in which he investigated the maximum likelihood estimator (MLE) of the
change-points in a sequence of i.i.d. random variables and proved that the esti-
mated change-point converges in distribution to the location of the maxima of a
double-sided random walk. Under the normality assumption, he showed that the
limiting distribution can be tabulated by a numerical method. Hinkley and Hink-
ley (1970) used a similar method to investigate the binomial random variables
and showed that the limiting distribution has a computable form. However, for the
nonnormal or nonbinomial cases, their results cannot be used as statistical infer-
ence for the change point. When the magnitude d of changed parameters is small,
Yao (1987) showed that Hinkley’s (1970) limiting distribution can be approxi-
mated by a very nice distribution. Ritov (1990) studied the asymptotic efficient
estimation of the change-point. Dimbgen (1991) investigated the nonparamet-
ric method for change-point estimators. Bai (1995) studied a structure-changed
regression model with a fixed d and showed that the estimated change-point con-
verges in distribution to the location of the maxima of a double-sided random
walk. Qu and Perron (2007) investigated estimating and testing structural changes
in multivariate regressions. Hansen (2009) proposed an averaging estimator for re-
gressions with a possible structural break. Perron and Yamamoto (2014) studied
estimating and testing for multiple structural changes in models with endogenous
regressors.

In the field of time series, Picard (1985) first studied the MLE of change-
points in AR models. She assumed that the magnitude of changed parameters
is d, which depends on the sample size n with d, — 0 as n — o0, and obtained
the same limiting distribution as that in Yao (1987). Picard’s method was devel-
oped for the regression models by Bai (1994, 1995). Bai et al. (1998) also used
Picard’s method for the structure-changed multivariate AR model and cointegrat-
ing time series model (see also Chong, 2001 for AR(1) models and Ling, 2003 for
ARMA-GARCH models). Davis, Lee, and Rodriguez-Yam (2006) proposed a
minimum description length principle to locate the change points in the multi-
ple structural change AR models. Saikkonen, Liikepohl, and Trenkler (2006) and
Kejriwal and Perron (2008) used a similar method to estimate the change-point
in VAR models and cointegrated regression models, respectively. Under Hink-
ley’s framework, as far as we know, no result has been obtained for the limiting
distribution of the estimated change-points with a fixed d in time series models.
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This paper develops an asymptotic theory for estimating change-points in linear
and nonlinear time series models. Based on a measurable objective function, it
is shown that the estimated change-point converges weakly to the location of
the maxima of a double-sided random walk and other estimated parameters are
asymptotically normal. When the magnitude d of changed parameters is small, it
is shown that the limiting distribution can be approximated by the known distri-
bution as in Yao (1987). This provides a channel to connect our results with those
in Picard (1985) and Bai et al. (1998). The theory is applied for the self-weighted
QMLE and the local QMLE of change-points in ARMA-GARCH/IGARCH
models. A simulation study is carried out to evaluate the performance of these
estimators in the finite sample.

This paper proceeds as follows. Section 2 presents our main results. Section 3
gives the approximating distribution of the estimated change-points. Section 4
presents the results for the structure-change ARMA-GARCH/IGARCH models.
Section 5 reports simulation results. Sections 6 and 7 give the proofs of results in
Sections 2 and 4, respectively. Section 8 gives a concluding remark. The consis-
tency of the estimated change-point and its proof are given in Appendix.

2. MAIN RESULTS

Assume that the real time series {y; : t =0, £1,+£2, ...} is F;-measurable, strictly
stationary, and ergodic, and is generated by

yl‘:g(ﬂ’ Yt—lsnl‘)s (2'1)

where F; is the o-field generated by {#:,#:—1,...}, Yy = (r,..., Yi—p+1), OF
Y; = (yr, Yi—1,...), ¥ is an m x 1 unknown parameter vector, and {7} is inde-
pendently and identically distributed (i.i.d.). The structure of the time series {y;}
is characterized by g and the parameter ©J. We assume that the parameter space ®
is a bounded compact subset of R”. We denote model (2.1) by M (J9) when the
true parameter is 9 = .

Let {y1,..., y,} be the random sample. We assume

Vs s Ykt € M(O10) and {Yig41, .-, Yn} € M(020) with 019 # 20,

when 1 < k < n, we parameterize it as k = [nt] with 7 € (0, 1), where [x] is the
integer part of x. k = [nt] is called the unknown change-point and ko = [n70] is its
true change-point. For each k, we use the following objective function to estimate
610 and 6,9, based on the presample and the postsample, respectively:
k n
Lin(k,60) = > _1i(01) and Lay(k,60) = > 1,(6h), (2.2)
t=1 t=k+1

where [, (¢) = 1(Y, y;, yi—1,...) is a measurable function in terms of {y;} and is
almost surely (a.s.) continuous with respect to ©J. The objective function based
on the whole sample is

Ln(kyels 02) = Lln(ks 91) + L2n (ks 02)
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We can take /,(¢) as that in LSE, MLE, quasi-MLE, LAD-type, or M-estimators,
among others. Assume 6} and 6 are interior points in ®. When ¢ > ko, [;(¥) =
1(D, Yty ...s Yko+1,> Yiy) and when ¢ < ko, [; () =1(V, yt, ..., ¥1, Yo). We assume

Yy, € M (6>9) and Yy e M(0)p). 2.3)

That is, there are two processes {y;} € M (019) and {y2;} € M (029) and we observe
yi = yar when t > ko and y; = y1; when ¢ < ko. This assumption keeps the sta-
tionarity and ergodicity of y; when ¢ > ko and requires its initial values from
M (6>0). Thus, the objective function (2.2) always involves these initial values and
we need to replace Y by some chosen constants in practice. Their effect needs to
be addressed case by case. We will discuss them in Section 4 for ARMA-GARCH
models.

Let 1, (k) and 65, (k) be the maximizers of L1, (k, ;) and Loy, (k,6>) on © for
each given k. kg is estimated by

~

kn = argmax; ., L, I:k,éln(k)séZn (k)] :

In practice, 1 < k < n can be replaced by p < k < n — p for some integer p. Other
parameters are estimated by

(éln’ éZn) = [éln (lgn)s éZn (ic\n)] = argmaX(gl ,0,)€0?2 [Ln (lgn, 91 P (92)]

In this procedure, one needs to run two sequential estimates for the same model.
Given the advanced computing technology today, it is not difficult to implement
such a procedure. It has been used for AR models and the regression models (see
for example, Bai, 1995 and Bai et al., 1998). We now introduce two assumptions
as follows.

Assumption 2.1. When {y; : s < t} € M (o), Esupyee |l: (V)| < 0o, and
E[l;(¥)] has a unique maximizer at ¢ = .
Assumption 2.2. When {y, : t =0,+£1,42,...} € M (),

-1
Z [lt(ﬁ)—El,(ﬂ)]| =o(1), a.s., asu — oo.

t=—u

1
—sup
u

We should mention that the ergodic theorem cannot be applied to
Assumption 2.2. We need to check its near-epoch dependence (NED). A time
series { X} is called to be L7 (v) NED in terms of {#;} if sup_. _; o0 1 X/ll, <00
and

sup [ Xy — E[X;|Fie]1llp = Ok™),

—00 <l <00

where ||A|| = [tr(AA")]'/? for a vector or matrix A, F;(j) is the o-field gener-
ated by {#;, nj—1,..., #j—i+1} withi > 1, and Fo(j) ={0,Q}, p > 1 and v > 0.
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This holds for many time series models. Theorem 2.1 of Ling (2007a) can be used
to verify Assumption 2.2 if /,(¢}) is LP(v) NED with p > 1 and v > 0 (see the
proof of Theorem 4.1 in Section 7).

THEOREM 2.1. If Assumptions 2.1 and 2.2 hold, then
@) Oin =00 +0,(1), i = 1,2;
(b) kn =ko+ Op(1).

We can write k, = [1n%,]. Then %, is an estimator of 7. This theorem implies
that the rate of convergence of 7, is n which is faster than that in Picard (1985)
and Bai et al. (1998) for AR models.

Assumption 2.3. When {y, : t = 1,...,n} € M(dy), the following statements
hold:

(i) for any 9, — Vo,

D 1 W) =1 (o)l = (W —90) D, Di (W) = n (¥, — o)’

=1 =1
1
x [5 g, + op(l)} (Un — o),
(ii) Dy (Vo) is a martingale difference in terms of F; with the covariance Qy,,,
(iii) Qy, and Xy, are positive definite matrices.

This assumption holds for the various estimators of time series models. The
sufficient conditions for Assumption 2.3(i) is given in Ling and McAleer (2010)
for a differentiable /,(£). We now define a double-sided random walk:

K 1L G10) = 1 (620)], k > 0,
W(k,QIO,QZO) - Oa k:0,

> 1 (620) — 1 (G10)], k <0,

where y; eAM (60) when k > 0 and y; € M (010) when k < 0. The limiting distri-
bution of (k;, 01, 62,) is as follows.

THEOREM 22.1If Assumptlons 2.1-2.3 hold when Yo = 619 and 0>, respec-
tively, then k,,, Gln, and 02,1 are asymptotically independent and, when n — oo,
it follows that

@) V101, —010) — 2 N©O, — 29109010 2910)

1
and «/_(ﬁzn —bth) —r N(O 2920 Qp,, 2920)

(b) ki — ko —> £ argmax, W (k, 01, 920),

where —> r denotes convergence in distribution.
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Unlike the i.i.d. case in Hinkley (1970) and Bai (1995), the double-sided
random walk W (k, 610, 020) is neither independent nor symmetric.

3. APPROXIMATING DISTRIBUTION OF ESTIMATED K,

The distribution of argmax; W (k,610,020) does not have a closed form and is
therefore difficult to be used directly for statistical inference. Denote

d=010—0x and Wy(k) = W(k,010,0x).

This section investigates the limiting distribution of argmax;, W, (k) when
lld|l = 0. Note that y, € M (#19) is a function of &9 and {#,} and similarly for
vt € M(620). Thus, y; changes when the value of d is changed. To make it sim-
ple, we fix 69 and assume that d = 619 — 69 — 0. In this case, when k > 0,
v+ € M(020) and is not changed when d — 0. But when k < 0, y, € M (0y¢) and
is changed when d — 0. To make it clear, when y, € M (#;0), y: is denoted by
vir, 1;(@) by 1;;(0), and D;(0) by D;;(0), i = 1,2, etc. We make the following
assumptions.

Assumption 3.1. Let m = [(d’ Z20d) ~2(d’Q20d)]. For each z € R, we have

-1 -1

[mz]
2 @)=l @) == > d'Du(0r) = ——d'[ Lo +0p(D]d,
t=—[mz] t=—[mz]
where 0, (1) = 0 in probability as d — 0.
In this assumption, yi; = g(@10, Y1r—1, Y1t—2, - - -, i) is a composite function of

610 and {7} and it is changing when 6o changes, and so is /1;(6;¢). To check it,
one needs to explore a function of 619 and {#;} (see Lemma 7.3 in Section 7).
It is usually more complicated than that for Assumption 2.3(i) in which one only
needs to study a function of € and {y;} since {y;} is generated by the same ¥J¢. This
issue also appears in the change-point problem with assuming d = d,,, changing
over sample size n.

Assumption 3.2. Dy, (6x) is L>*"(v) NED in terms of {r;} with 1 > 0, where
either 2v > 1 or 2v = 1 and there exist constants v{ > 0 and 7y > O with 2v; > 1
such that

sup | E[Do| Fi1(D)] = E[D2 | Fie()]ll242, = OG™™). 3.1

—00 <t <00

This assumption is to use the invariance principle in Ling (2007a) for the back-
ward sum Zt_ :1_k Dy; (019). The usual invariance principle for the forward sum
cannot be applied in this case. Our approximating distribution is as follows.
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THEOREM 3.1. Suppose that Assumptions 2.3(i) with ¥, = U9+ O, (1/+/n),
Assumption 2.3(ii) and (iii), and Assumptions 3.1-3.2 hold. Then, for any fixed
M, we have

(d’ Ezod)z(d’ngd)_largmaxze[_M,M] Wa([mz])
1
—> L argmax,c_ 1 m) [B(Z) - Elzl],

as 0 < ||d|| = 0, where B(z) is the standard Brownian motion in R.

Proof. Let y; = (d’Zezod)(d’Qezod)_l. Then mydzd/ond — lasd— 0.
By Assumptions 2.3(ii) and (iii) and 3.2, and Theorem 2.2 of Ling (2007a), we
can show that

[mz]
1
yaW,h(z) = (ﬂ?dd/)ﬁ ; Dy (620) — ¢ B(2), 3.2)
-1
1
YaWy (2) = (Vmyad)— Dy (620) — 1 B(2), (3.3)
ﬁ t——z[r;lz]

on D[—M, M] for any given M, as m — oo, where D[—M, M] denotes the
space of functions on [—M, M] which are right continuous and have left-hand
limits, equipped with the Skorokhod topology as in Billingsley (1968). By
Assumptions 2.3(i) and 3.1, we can show that y;W;([mz]) has the uniform ex-
pansion on z € [—M, M],

1
yaWa(Imz]) = =3 2| +7aW,H (@) {z > 0} +y4W,, (2)1{z < 0} +0,(1)
—r —%IZI+B(Z) on D[-M, M],

as 0 < ||d|| — 0, where the last step holds by (3.2) and (3.3). The random
element argmax ¢y 311 Wa ([mz]) has the same distribution as argmax,¢(_ s )
{yaW4([mz])}. By the previous equations and using the continuous mapping
theorem for the argmax function, we can claim that the conclusion holds. |

Let F;(x) be the distribution of argmax; W, (k). Then, F;(x) and the distribu-
tion of argmax_{ysWs([z])} are identical. In practice, d is fixed. Thus, there is a
M such that

| Fa(x) = P(argmax,_ o {yaWa([2)} < 0)| <&,
when s > M. Thus,

| Fa(x) = P(margmax, ¢y pp{7a Wa(Imz])}x)|
= |Fd(x) - P(argmaxze[—mM,mM]{yde([Z])} < )C)’ <e.
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Since the probability of —|z|/2+ B(z) when z ¢ [-M, M] is small as M is large,
we can see that

Fa(x) ~ P(argmax, cg[B(y) =7 /2] < x),

when d is small. Yao (1987) showed that the distribution F(x) of argmax, .
[B(y)—|y|/2] has the density function:

_3mg(3 Lo (M Y G S (s
f(x)—ze CI)(2\/M) 2CI)( > ), where(I)(x)—/x mexp( 2)du,

and x € R = (—00,00). By Theorem 3.1, it is reasonable to approximate the
distribution of (d’Z20d)2(d’Qaod) ™" (kn — ko) by F(x) when d is small. F(x)
can be used to construct the confidence interval of k¢ and its percentiles can be
found in Yao (1987). The simulation results in Yao (1987) for i.i.d. data show that
F(x) approximates the empirical distribution of kn very well in finite samples.
For time series models, some simulation results can be found in Bai et al. (1998)
and Ling (2003). We note that our framework is different from that in Picard
(1985) and Bai et al. (1998), where they assume that 89 = 6,, and 69 = 6y,,,
d=d,=60,—01, = 0and |d,|/n — oo as n — co. They estimate (6,,01,)
and show that the limiting distribution of the normalized kyis F (x). Their true
parameter (0,,0;,) is changed with n, while the true parameter (09, 09) in our
model in Theorems 2.1 and 2.2 is fixed and hence d is fixed. Theorem 3.1 is
only to give a reasonable approximating distribution to the limiting distribution
of /2,, in Theorem 3.2 when d is small. The confidence intervals of kg based on
the two frameworks are identical when d or d,, is small since we use the same
approximating distribution.

4. ESTIMATION OF CHANGE-POINT IN ARMA-GARCH/IGARCH
MODEL

This section considers the following autoregressive moving-average (ARMA)
model with the generalized autoregressive conditional heteroscedasticity
(GARCH) errors:

¢ (B)y: = y(B)er, 4.1)
r N
ao=nhe and hi=ag+ Y aigt i+ > fihii, 4.2)
i=1 i=1
where ¢(z) =1—p1z—---—¢pz?, y(@) =14+ yiz+---+wuz%, p,q, r, and
s are known, ap > 0,0, >0 (i =1,...,r), f; >0 (j =1,...,5), and {#,} are

a sequence of i.i.d. random variables with zero mean and variance 1. Denote
Yy =(P1,. s bp Wi, wg) 0= (a0, a1, ...,0., B1,..., fs)  and ¥ = (y',d").
The parameter space is ® = ©, x @4, where ®, C RP™¥ and ©5 C R6+S+l are
compact, where Ry = [0, c0). We denote models (4.1) and (4.2) by M (J9) when
the true value of ¥ is 9. We introduce the following conditions:
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Assumption 4.1. For each ¢ € ©, ¢(z) # 0 and w(z) # 0 when |z| < 1, and
¢(z) and (z) have no common root with ¢, # 0 or y, # 0.
Assumption 4.2. a(z) = >_, a;z" and f(z) =1— > Biz' have no com-
mon root, a:(1) #0, o + fs #0,and 37i_ 0 +>71_ fj < 1 foreach ¥ € ©.
Assumption 4.3. ;1,2 has a nondegenerate distribution with E 77¢2 =1.
Models (4.1) and (4.2) have a finite second moment when Zle a; +

25:1 Bi <1.When >\ a;+ 25:1 Bj =1, model (4.2) is called the IGARCH

model and in this case, Eyt2 = oo and E|y;|* < oo forany 1 € (0, 1). We assume
that
{150, o} € M(010) and {yky+1, ..., yn} € M(020), 4.3)

and 61 and 6y are interior points in ®. We first consider the self-weighted quasi-
maximum likelihood estimator (SQMLE) of parameters (kq, 610, 620). In this case,

k n
Lin(k,00) = > wily(01) and Lay(k,02) = > wil,(6), (4.4)
t=1 t=k+1
where
1 8,2(19)
L (¥) = —3 |:loght(79)+ h,(ﬁ)} , 4.5)

e () =y, — Zle Piyi—i — Ziqzl wig—i(), hy(¥) = ag+ Z?=] 051‘8,2_[(19) +
>t Bihi—i(9), and

00 -3
w;, = [1+Zi—z|y,_,~|} :
i=1

This particular weight w; is just for simplicity. We refer to Ling (2007b) for other
choices.

We assume that the initial condition (2.3) is satisfied. Denote U;(¥) =
(12, (9)/091//h @), 0h, (1) /09 /[V2h;(9)]) and &) = [&(9)/v/h (D),
(1—&7 @)/ h(9))//2]'. Then

D) =y (9)/0) = Uy (@) (D), @6)
kLW
PO ==Z550
2 (0
— U0 + [T 1 R0+ R0, @7)

where Ri,(9) = [0h(0)/091[0h(9)/09'1/2h7 (V) — [6%h, (9) /0009”1 / 21, ()
and Ry (0) = 2[06:(9)/09] [0h,(0)/09")/ /1) + [6%&:(9)/0909]/x
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/hi (0). When {y;} € M (J9), &; (o) = & and h; (o) = hy, and & (Fo) = [, (1 —
;1[2) /21 Let J = E[& (90)&/ (V0)]1. We have the following result:

THEOREM 4.1. Suppose that Assumptions 4.1-4.3 hold, E 17;1 <ooandJ > 0.

Then, 12,,, 91,1, and ézn are asymptotically independent and, when n — oo, it fol-
lows that

R 1 __ _
(@) Vn(01,—010) — 1 N(o,r—ozs#ﬂslzsll),

. 1 _ _
V1 (ban —620) — £ N(O, T—w 25 Q023),

(b) kn—ko —> 1 argmax Wi (k, 010, 020),

where £s; = E[w, U, (6i0)U; (Bi0)] and Qi = E[w}U; (6i0)J U] (o)) asi =1,2
and Wy (k, 610, 020) is defined as W (k, 010, 620) in Theorem 2.2 with 1, (%) replaced
by U)tl[ (19)

The SQMLE of (610, 629) may not be as efficient as its QMLE (see a discussion
in Ling, 2007b). This may affect the estimator of ky. When E yf‘ < 00, We can
take w; = 1 such that the SQMLE reduces to the QMLE. We refer to Francq and
Zakoan (2004) for the QMLE of models (4.1) and (4.2) when E yf‘ < 00. However,
we cannot show that Theorem 4.1 holds when Ey; = oo with w, = 1. We now
consider the local QMLE without a weighted function w,. Specifically, using Oin
in Theorem 4.1 as an initial estimator of 0;9, i = 1, 2, the local QMLE is obtained
via the following one-step iteration:

-1 4

_I’C\n kn
Oin =01 — | D P61 | D DiBrn), 4.8)
_t=1 t=1
- -1
n n
On=00n—| D PO)| D Db, 4.9)
| 1=k,+1 t=ky+1
k n
oy = argmaxy, < cpp, | D L@+ D L) | (4.10)
=1 t=k+1

For this local QMLE, we have the following result:

THEOREM 4.2. Suppose that Assumptions 4.1-4.3 hold, E ;7? <ooandJ > 0.
If (51,1,672",12,1) is obtained through (4.8)—(4.10), then, when n — 00, it follows
that

. 1 _ _
@) Vn(@1,—610) — ¢ N, %] fozh,

- 1 _ _
Vi@ =020) — L NO. 7Ty 227,
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(b) kn—ko —>1 argmax W (k, 010, 00),

where X; = E[U;(0;0)U/(0i0)] and Q; = E[U;(0;0)JU/(i0)], i =1,2.

The approximating distribution in Theorem 3.1 can be used for both ky and k,.
We only state one for k, here.

THEOREM 4.3. If the assumptions of Theorem 4.2 hold, then for any fixed M,
we have

(d' Z2d)*(d'Qd) ™ argmax, ¢y 1y W (Imz], 010, 620)
1
—> L argmax e_p mj [B(Z) - Elll],

as 0 < ||d|| = 0, where d = 019 — 020 and m = [(d’ Z»d)~*(d'Qd)].

For models (4.1) and (4.2), the initial condition (2.3) is not satisfied in practice.
Since we have only one data set {y, ..., y1}, we use this and replace Y by some
constant Y to calculate /, (#). Although we do not know kg, this calculation has
implied that we replace Yj, by Yko = {Vkg>---> Vs Yo} when ¢ > ko. With these
initial values, the expansion in Assumption 2.3(i) still holds and hence they do
not affect the asymptotic results of éln and 92,1 (see Zhu, 2010 for models (4.1)
and (4.2)). Ling and McAleer (2010) gave a set of initial conditions for a class of
time series models. To see their effect on the estimated change-point ko, we denote

[,(0)) =10y, y:,...,y1,Y0) whent < kg

and l~,(02) =16, y1,..., yk0+1.fk0) when t > k.
From the proof of Theorem 4.2, we can see that
ky — ko = argmini W, (k, 010, 020) + 0, (1),

where
Z]fzkoﬂ[it(@zo) —1,(010)1, k> ko,
Wi (k,010,6020) = 1 0, k = ko,
31l 010) = 11 00)]1. k < ko
Since the distributions of W (k, 89, 629) and W, (k, 010, 620) are different, the ini-

tial values always affect the asymptotic distribution of the estimated ko. However,
by Taylor’s expansion, we have

ko
Z {[: (010) — I (B10)] = [1(020) — I (620)1}

t=k+1

ko
=d > [D(&)=DiEHI =d0,(p" ™) = o(D),

t=k+1
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when d — 0, where &} is between ¢ and 62, p € (0, 1) and the second equation
is from Zhu (2010). Similarly, we have

k
D All(610) — 11(610)] = [ B20) — I (B20)1} = 0 (1),

t=ko+1

when d — 0. Thus, we can see that the approximation distribution in Theorem 4.3
is still valid in this case.

Models (4.1) and (4.2) include the ARMA model (i.e., the case with h; = ag)
and the GARCH model (i.e., the case with y; = g;) as two important special
cases. By deleting the corresponding components in Theorem 4.1, we can ob-
tain the asymptotic results of the self-weighted LSE of the structural change
ARMA model with a finite variance. By deleting the corresponding components
in Theorem 4.2, we can obtain the asymptotic results of the local QMLE of the
structural change GARCH/IGARCH models. Similarly, the approximating distri-
bution in Theorem 4.3 still can be used. Even for the two special cases, our results
are the first time to be given in the literature.

5. SIMULATION STUDY

This section examines the performance of our asymptotic results in the finite sam-
ples via some Monte Carlo experiments. The data are generated by the following
AR(1)-GARCH(1,1) model:

Vi = P1yi—1 i<y + P2Yi—1 Lk} + &1

&t = ’71‘\/}71‘7
and hy = (a0 +ar1e7_; + Brihe—1) r<ko) + (@20 +az1el; + foohi—1) 1> k)

where #; ~ i.i.d. N(0, 1). The true parameters are #;o = (0.6,0.1,0.1,0.45)" and
60 =010 +d(1,1,1,1) with d = 0.05, 0.1, and 0.2, respectively. We use 4,000
replications in all the experiments. The simulations are carried out by MATLAB
and the optimization algorithm in the package Fmincon. Under the two sets of
parameters, the model has a finite fourth moment. We can take the weight w; =1
in which case self-weighted MLE (SMLE) is the MLE since #; ~ N (0, 1). The
SMLE here is the SQMLE defined in Section 4. We compare the performances of
MLEs, SMLE, and local MLEs (LMLE).

The empirical means, standard deviations (SD), and asymptotic standard devi-
ations (AD) of these estimators for ¢y and 6, are summarized in Tables 1 and 2
when the sample sizes are n = 400 and n = 600 with d = 0.1, respectively. The
results are similar for other cases and hence they are not reported here. From the
two tables, we can see that the SD and AD of the MLE and LMLE are almost
identical, but they are smaller than those of the SMLE, respectively. Furthermore,
we see that the SDs and ADs of all estimators become smaller and SDs and ADs
become closer as the sample size n is increased from 400 to 600. This is the same
as the usual results in the AR-GARCH model.
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TABLE 1. Mean and standard deviation of MLE, SMLE, and LMLE of 6;¢ and
6ho, n = 400 and ky = 200

010 = (0.6,0.1,0.1,0.45) 050 = (0.7,0.2,0.2,0.55)

éln Qon  G1tn Plin P G2 G21n P2in

MLE Mean 5911 .0986 .1166 4340 .6942 2718 .2088 .4575
SD 0648 .0475 0798 2271 .0564 .1384 .0947 2014
AD 0586  .0590 .0799 2810 .0533 .1474 .0964 2275

SMLE Mean .5899 .0915 .1427 4448 7015 .3096 .2520 .3790
SD 0828 .0560 .1331 2791 .0842 1899 .1489  .2691
AD 0720 .0616 .1062 .3018 .0754 2185 .1453 3334

LMLE Mean 5861 .0957 .1350 .4300 .6898 .2446 2207 .4880
SD 0682 .0534 1004 2564 .0574 .1531 .1112 2318
AD 0598 .0540 .0838 .2580 .0529 .1281 .0943  .1992

TABLE 2. Mean and standard deviation of MLE, SMLE, and LMLE of 8¢ and
92(), n =600 and k() =300

010 = (0.6,0.1,0.1,0.45) 050 = (0.7,0.2,0.2,0.55)

Pln Glon Gl Prin P Gon @1n Poun

MLE Mean .5952  .0992 .1092 4396 .6958 2562 2059 4749
SD 0519  .0462 0659 2241 .0458 .1216 .0795 .1841
AD 0479 .0551 .0655 .2642 .0434 1179 .0788 .1852

SMLE Mean .5944 .0988 .1227 4294 7009 .2891 .2380  .4085
SD 0636 .0568 .0966 2834 .0674 .1666 .1169  .2501
AD 0581 .0611 .0847 2977 .0619 .1713 .1181 2675

LMLE Mean 5918 .1004 .1161 4285 .6927 2370 2128 4982
SD 0527 .0526 .0742 2544 .0461 .1345 .0878 2075
AD 0483  .0527 .0664 2512 .0433 1060 .0774  .1675

Table 3 reports the mean, SD, 90% range, and estimated asymptotic confidence
interval (EACI) of ko when n = 400, 600, and 900. The empirical mean and SD
are the average and SD of the estimated ko from the 4,000 replications. The 90%
range is the range between the 5% and 95% quantiles of the distribution of the
estimated ko. For the case with LMLE, the EACI is computed by the following
formula:

(i = [A P2l = L = [A Fopa] +1],

where F, > is the wth quantile of the distribution F, A = (d’ di)(g/ izj)—2,
d= 672” - éln, and ig and flz are the corresponding sample estimators of X,
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TABLE 3. MLE, SMLE, LMLE, and confidence intervals of the change point kg

n ko Mean SD 90% Range EACI
d=0.05
400 200 MLE 203.2733 36.2125 [136,273] [175,231]
SMLE 191.3768 42.4147 [110,269] [163,221]
LMLE 194.9743 41.4121 [113,270] [164,225]
600 300 MLE 303.9853 35.4312 [239,372] [271,336]
SMLE 295.0708 40.3188 [217,369] [260,333]
LMLE 299.5288 38.0858 [225,369] [267,331]
900 450 MLE 453.4170 33.5231 [391,515] [417,488]
SMLE 445.9773 39.6844 [370,519] [405,487]
LMLE 451.7503 35.9959 [383,519] [416,486]
d=0.1
400 200 MLE 202.7985 15.8064 [183,227] [193,212]
SMLE 195.0858 26.0558 [140,228] [182,206]
LMLE 198.3490 24.3610 [150,229] [188,208]
600 300 MLE 302.5913 15.6842 [282,328] [292,312]
SMLE 296.9988 22.7459 [254,327] [283,310]
LMLE 300.3470 19.0976 [270,327] [290,310]
900 450 MLE 452.6083 14.6081 [433,475] [441,463]
SMLE 4479118 20.9562 [409,477] [432,462]
LMLE 451.0370 16.9072 [426,474] [440,462]
d=0.2
400 200 MLE 201.3980 5.6372 [195,210] [198,204]
SMLE 195.0540 17.7501 [157,207] [187,200]
LMLE 197.7855 14.4514 [176,208] [194,201]
600 300 MLE 301.4453 5.5491 [295,310] [298,304]
SMLE 296.4353 15.4377 [271,307] [289,302]
LMLE 298.6930 11.8694 [286,308] [295,302]
900 450 MLE 451.4530 5.2890 [445,460] [448,454]
SMLE 447.8860 11.7595 [430,458] [440,454]
LMLE 449.9695 8.3877 [441,458] [446,453]

and €, respectively, based on the LMLE HNQ,, of 65 and the data set { Viseves Yt
Using the density function f(x) in Section 3, we obtain Fy g5 = 7.792. The EACI
is computed similarly for other cases. From Table 3, we see that the means are
almost unbiased in all cases. The SD and the length of EACI change just a little
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when n increases. This is because the estimated kg is not a consistent estima-
tor of ko. This finding is similar to those in Bai (1995) for the structure-change
regression model and in Bai et al. (1998) for the structure-change multivariate AR
models and cointegrating time series models. However, the SD and the length of
EACI decrease a lot when d increases, which implies that the estimators are more
accurate when d is larger. The 90% range is slightly wider than EACI in all cases.
The EACIs based on MLE and SMLE are almost identical, but they are generally
narrower than those based on the SMLE. This simulation study indicates that our
results should be useful in practice.

6. PROOFS OF THEOREMS 2.1 AND 2.2

Proof of Theorem 2.1. First, when y; € M (1), using the ergodic theorem and
Assumption 2.1 and partitioning ® into finite balls with radius J small enough,
we can show that

[nt7]
1
lim max|—— E [[;(9)—EL,()]| =0 a.s., (6.1)
n—o00 © [nrz]—[nfl][:[nrl]+l o (@)

for any fixed 71 and 7, with 75 > 71 > 0, as n — oo.
(a) We prove only for the case when k,, < ko, while other case is similar. Denote

An (k, 01902) = Ln (ks 01, 62) - Ln(kOsQIO, 920)

We use the convention: Zf(’:ko 4 X, =0 for any series X;. When k < ko, we have

k n
An(k,01,62) = S O) — LG+ > 1(02) — 1 00))

=1 t=ko+1
ko
+ D {L0) =L (G10)). (6.2)
t=k+1

By Lemma 9.1 in Appendix, we can assume that lgn,k € |kr,n — k], where
kp =[nt], 7 €(0,1/2) and 79 € (7,1 — 7). Let ®5 = {61 : |61 —b10l| > J}. By
Assumption 2.1, C = maxy, co,;[ El;(01) — El;(010)] < 0 when ¢ < ko. Thus, by
(6.1) and Lemma 1 in Chow and Teicher (1968, p. 31), we have

k
! max max |:Z{l,(01)—l;(910)}:|
=1

n kp <k<ky0,€0;s

k

D 1(61) — EL (01)]

t=1

=7C+o,(1). (6.3)

< max max

2
n kp<k<ky01€0s

+7 max [El;(01) — El;(019)]
9]6@5
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Since maxg,colEl;(62) — El;(620)] = 0 when ¢ > ko, by (6.1), it follows that

lInax z {l;(62) —1:(620)}

n6,€0 t=ko+1
n
P > 11(02) — EL (0] + (1 — 10) max[EL (62) — El;(020)]
e t\U2 t\U2 09269 t\0U2 t\020
t=ko+1
=0,(1). (6.4)

Note that maxgee[El;(0) — El;(610)] = 0 when ¢ < kg. When |kg — k| > M,

1

ko
- [(6h)—1:(0
7 max, sup PIRUCHEIAGIY

t=k+1
2 il ko —k
<= max sup| > [L(0)—EL©)]|+ max[El, (0) — EI, (010)]
nk—ko==Mopeco | S, )

<2 max sup
k=ko<=M gee ko —k

ko
> 1L(O) - EL©)]

t=k+1
1 0
=4 2max sup — z [l:(@) — El;(0)]| (by stationarity of {y;})
u>Mgpece U P—
— opu(l), (6.5)

where 0,y (1) — 0 in probability when M — oo and it holds uniformly in n,
where the last step holds by Assumption 2.2 and Lemma 1 in Chow and Teicher
(1968, p. 31), and “ =, ” denotes “ =" in distribution. On the event {||91n —60l >
3, lkn — kol = M},

max max A, (k,01,6,) > 0.
(01,02)€0;5% 0O [ko—k|>M

Furthermore, by (6.2)—(6.5), we have

. A 1
P16y, =010l =0, |kn —ko| > M) < P | — max max Ay, (k,01,6,) >0
(1010 =101l = 6, lkn —kol = M) < (n(91,92)€®éx®|k0—k|ZM n(k,01,62) )
< P@ECH+opy(1)+o0p(1) 20)— 0, (6.6)

as M, n — oo. When |kg — k| < M, the third term of (6.2) is less than

ko
2 = . .7
,_kZ;l max |1:(01)] = 0 (n) (6.7)
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On the event {[|01, — 10| > 9, lkn —ko| < M},

max max A, (k,01,6,) > 0.
(01,02)€®5%x 0O [ko—k|<M

Furthermore, by (6.2)—(6.4) and (6.7), we have

N ~ 1
P01, =010l = 0, lkn — kol < M) < P( max malx A, (k,01,6,) >0)

Os |ko—k|<

< P(iC+o0,(1)>0)— 0, (6.8)

as n — oo for any given M. By (6.6) and (6.8), we can see that O1p — 010 = op(1).

Similarly, we can show that égn —tho = 0,(1). Thus, (a) holds.
(b) We note that

Zz, G1)+ Z 1:(02n) = Lalko, 01 (ko), 02 (ko)1 > Zz, G1n) + Z i (On).

kpt1 =1 ko+1

Thus,

ko ko
= > 10w+ D 40w =0.

t=kn+1 t=kn+1
By (a) of this Theorem, Assumption 2.1, and the dominated convergence theorem,

lim |El; (i) — EL (6i0)|
n— oo

<lim|E sup [L(6;)—1,(Gio)l+ lim E&I{||0;n — 00l = 0} | =
=01 16;—6;0)1 <0 n—00

i = 1,2, uniformly in ¢, where & = 2maxy,ce |l; (6;)].
Denote Co = El;(610) — El;(620). Then Cop > 0 when 1 < ko by Assumption 2.1.
Thus, by the previous two inequalities, we have

ko
2
su [1,(0) — EL,(0)]
ko — ko ﬁegtglt )= ELO)
ko ko
= Z [1:01) = EL O+ D 1Oon) — ELi(020)]
0~k t=heyt t=kp+1
1 &
> 2 [BU@w) - LG | = Cot o)
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as n — oo. By the previous inequality and Assumption 2.2, for any ¢ > 0, we have

ko
P(kg—kn > M)=P | ko—kn > M, sup | > [1;(0) — EL(0)]] > Co+o(1)
ko =kn <0 t=kp+1
ko
<P sup [1:(0) — EL;(0)]| > Co+o(1)
ko— k>Mk() kge@)t%“_l ! !

ko

Co £

P 1:(0)—ElL; (0 — =

< (ko X =k S > 1O t()]22>+2

1=k+1
—1
2 Co &
=P (gaﬁ)}ugszg tz [l (0) — EL,(0)]] > ) +5 <&

as M > 0 is large enough, where the last equation holds by the stationarity of {y,}.
Thus, ko — k, = Op(1). This completes the proof. u

Proof of Theorem 2.2. Denote

i1 = ko1, — 010),
ﬁZ =+/n—- kO(éZn - 920):

29—1 ko
* 10
uy = Dy (010),
Vo 2
—1 n
0
s =—==22 " Di(6i0)
n_kot:ko-‘rl

By Assumption 2.3, we have

ko

" R R! N
D M Bry) = 1:(010)) = it gy gu — 1) [5 0,0 +op(1)]]u1
t=1

l
5[z a1z P A+ op(1), (69)

1
Z {l ((92}1) =l (‘920)} = u2 Z92()"{2 |:2 2920 + 0]7(1)] uz
t=ko+1

1/2

1 1/2 A 2
= 5 [~ I=g 2 —up) 1+ 1=

Or0 w3 I2] (1 +op(1).  (610)

When k,, < ko, by (6.2), (6.9), and (6.10), we have
An (lgn 5 éln 5 éZn)

1
= — [ G =P+ 12 = )] (1 4+ 0p(1)
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+ % (1207wt 124703 12) (140, (1)
ko
+ D {LiG2) = LG} (6.11)
t=ky+1

Let 0] =010+ u’f/\/k_o and 05 = tho +u3/+/n —ko. By Assumption 2.3, similar
to (6.11), we have

20

T P 1 * *
Ak, 07.03) = (1 Zgly ) I+ 1 Zglg w3 1) (14 0, (1)
ko
+ D> {LO)—1L6D).

t=ky+1

Note that [, (0;") — p 1;(0;0) and l,[éin] —p 11 (6i0), i =1,2. Given any M > 0, on
the event K,, = {0 < ko —12,, <M},

0< An (lgn»éln,éZn) - An(lgn,efagik)

1 1/2 . 172~ .
= =3 |10 G = DI+ 125 i =) 1P (1 -+ 0, (1) 40, (1.
Thus, we can claim that, on K,,,
i —ul =o0,(1), i=12. (6.12)

Similagly, we can show that on the event K,, = {—M < ko — 12,, < 0}, (6.12) holds.
Since k, —ko = O, (1), we can claim that (a) holds by the central limit theorem.
Furthermore, we have

o (kO ) = 5 (124201 + 153 2317)
ko
+ Itk <ko} D [1i(020) =1 (610)]
t=kp+1
kn
+ Ik > ko} D li(020) =1 @10)1+ 0, (1).
t=ko+1
Thus, by the strict stationarity of {y,},
ko
e — ko = argmax; { I{k < ko} D [li(620) — i (610)1+ 1 {k > ko)
t=k+1

k
x> [1(610) — L (620)]

t=ko+1
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—ko+0,(1) —> £ argmax, W (k, 610, 62),

as n — oo. This completes the proof. u

7. PROOFS OF THEOREMS 4.1-4.3
We first give one lemma which is used for the L? (v)-NED of w,l;(:9). Its proof
is given in Ling (2014).
LEMMA 7.1. Suppose that {y,} € M (). If Assumptions 4.1-4.2 hold, then, for
any 1 € (0, 1), it follows that
@) Elh = E[h| FeO)]I' = 0 (p"),
(0) Eler = Elal Fe1* = 0(p"),
(©) Elyi = ELyl Fi (D11 = 0(p"),

Proof of Theorem 4.1. Assumption 2.1 was verified in Ling (2007b). We only
need to verify Assumption 2.2. First, by Assumptions 4.1-4.2, ¢,(9)) and h, (1)
have the following expansions:

& (9) —Zal @)y~ and b (9) = Zb W)ef (), (7.0)

i=0 i=0

where supga; () = O(p') and supgb; () = O(p') with p € (0,1). Thus,
we have supyg |e;(0)] < &y and supyegh (V) < fgt, where ¢, = C+C

> 0P 1yi—il and C is a constant. Using this, we can show that Esup,.e
wl; (D) < oco.
We now show that

E sup|wl,(9) = E[w, ;@) Fe ()] = 0G™), (7.2)
(€]
for some v > 0. By Lemma 7.1 and (7.1), it is straightforward to show that
Esuplef (9) = El; ) FOI* = 0(p") and

Esgpmtw) — E[h, ()| F(D]I' = 0(p"),

for any : € (0, 1). Furthermore, we can show that, for small enough : > 0,

g () [81 @)

Elw, — E[w;|Fc(1)]|' = O(k™") and Esup |y 5y he (0)
t

70" =oth.

Note that w; and h,_1 is bounded and E|e; (1)|¥ < oo as1 < 1/4. By the previous
equations, we have
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sap| - e S o]
w,;ffé?—E[wz moleliGinolf
sovsluptfg -t

+O()Esu {h(ﬁ) E[w,|fk(z)]\}
<ol sl
+0(1)( d 2219;} 2 w’_E[wt|fk(f)]‘4l)l/2
=0(™).

By Holder’s inequality and the previous inequality, we have

wrel () wre (1)
oy~ E )

5 172
wey (V) wee2 (1) 2
= [Es‘gp 1 (9) _E[ he(9) ‘f"(’)”]

172
« s 2 - D ]

< VEWi 220%™ = 0G,™).

Similarly, we can show that

Esu ‘]fk(t)]‘H

1+
Estél)p‘wt loght(ﬂ)—E[wtloght(ﬁ)l}'k(t)]‘ —0k™).

By the previous two equations, we can see that (7.2) holds.
By (7.2), {w:l;(¥)} is an L'**(v)-NED sequence. By Theorem 2.1 of Ling
(2007a), for each ¥ € O,

—1
3wl (9) = EGodi 0) +0(0), (7.3)

I=—n
as n — 00. Denote Vs = {9 : |9 —97| <0} C ©. Let

&= sup |wli(@*)—wl ()| and & = sup |E[wl;(9*)|Fi ()] — Elwl; (9)| F()]I.
0*eVy 0*eVy
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Then, by (7.2),
El& =&l < Eesup wl; (V™) — E[wl, (9 )| Fi ()] — wl; () + E[wl; (9)| Fi(1)]
*eVs

< ZEHSUP lwl (0%) = E[wl (9)| Fx ()]l = OK™").
*eVs

By the previous inequality, we have

El& — EIGIFcON'™ < El& =& + EL&G — &1 F ()]
<CE|G =& = 0k™).
Thus, {&} is an L'**(v)-NED sequence. By Theorem 2.1 of Ling (2007a),
we have
=
-2 G=E&+o(l), (7.4)

t=—n

asn — oo. Using (7.3) and (7.4) and partitioning © into finite balls with a radius 0
small enough, we can show that Assumption 2.2 holds. By Theorem 2.3, we com-
plete the proof. n

Proof of Theorem 4.2. First, from the proof of Lemma A.6 in Ling (2007b),
we can see that

>3
e
Note that k — kg is bounded in probability. When kn < ko, we can show that

1 ko . 1 ko R
=D I LIOB EEN Sl KIORESACHT
t=kn+1 t=ky+1
T
+= > 1Pl =0p(1). (7.6)

1=kn+1

Pi@u) = Pi610) | = 0, (1. 75)

Thus, by the previous two inequalities, we have

| & 1 .
;§Pt<eln>=;;P,(eln)—; 2. P =70Zi+0,(1). (7.7)
= = t=ky+1

By Taylor’s expansion, we have
Izl‘l

i i
1 ~ 1 & 1 & N ~
ﬁga(emhﬁ;wlm ;I;Pt(an) (W01, —610)],  (7.8)
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where C.%ln lies between éln and 61¢. By (7.7) and (7.8), we have

_ P 1
01, =0 —_— D, (0 — . 7.9
1n =010+ o ; 1 ( 10)+0p(ﬁ) (7.9)

A similar expansion holds for 0>, Thus, by the central limiting theorem, we see
that (a) holds when k,, < kq. Similarly, we can show that (a) holds when k,, > k.
For (b), using (7.9) and by Taylor’s expansion, we have

Ly (k,01,02) — Ly (ko, 010, 620)

ko kn
=I{kn <ko D [Li(620) —Li(O10)]+ kn > ko D, [1:(620) 1 (610)]
t=ky+1 1=ko+1

sz . 12
+5 (=212 4+ 15, 203 17) + 0, (1),

where 1} = 17001, — 010) and uy = /n(l— 70) (G2 — 60). Thus, by the strict
stationarity of {y;},

ko
kn — ko = argmax; { I{k < ko} D [1(020) —1:(610)]
t=k+1
k
+1{k > ko} D [h(610) =1 (620)]
t=ko+1

—ko+o0,(1) —> £ argmax, W (k, 619, 62),

as n — oo. This completes the proof. n
We now give one more lemma. It is for the NED property of D, (¥g) and Py (dp)
when {y;} € M (¥y).

LEMMA 7.2. If {y;} € M (%o) and Assumptions 4.1-4.2 hold, then there exists
a constant 1 € (0, 1) such that

@ e == e[ o] = 0w
® £l =5t -2l el = ou

where p is a constant with p € (0, 1).

To make notation clear in the proof of Theorem 4.3, when y; € M (6;9), y: is
denoted by yj;, &/(0) by &;;(9), h;(0) by h;; (0), 1;(0) by 1;;(0), and similarly for
Di;(0), Pi;(0), Ri1:(0), Ri2:(0), and U;;(0), i = 1,2, etc. We further give one
lemma as follows. The proofs of Lemmas 7.2 and 7.3 are in Ling (2014).
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LEMMA 7.3. If Assumptions of Theorem 4.2 hold, then, as d = 010 — 6>y — 0,

oe1;(010) 1 a82;(920) H —o(1),

Vhi, 0y Vhay

1 0hi;(B10) 1 3/12;(920)
oY hzl

|

o el [ ot

Proof of Theorem 4.3. Assumption 2.3(i) holds by Taylor’s expansion and
Lemma A.7 of Ling (2007b). Assumption 2.3(ii) and (iii) hold by Theorem 4.1 of
Ling (2007b). Taking Taylor expansion at #}¢, we have

-1
> i020) = 11:(010)]
t=—[mz]

-1 1 -1

2. dDu@0)—5d > PuENd, (7.10)

t=—[mz] t=—[mz]

where &* lies between 01 and 6> and Dy,(010) = Uy (610)¢;, where & = [#y,
(1 —5)/V2]'. Since ¢* = 019+ O(1//m), by Lemma A.7 of Ling (2007b),
we have

- [

— 2, Pu)=— 3 Pulo)+o,(1), (7.11)

t=—[mz] t=—[mz]

where Py (610) = U1, (610)U;,(010) + n:R11:(B10) + (7 — 1)R12:(610). Using
Lemma 7.3, we can show that

¥ l‘llm E|[U1/(610) — U (620)[I> =0 and Hg}‘ilrgollPu(@w)— Py (020)| =0, (7.12)

where Py (620) = U (620) U, (020) + 1 Ra11(620) + (7 — 1) 224 (620). By (7.10)—
(7.12), we can show that
-1
> 1hi(620) = 11 (B10)]
t=—[mz]
—1 —1
/ 1 /
2. dUnO0)&—5d" 3 Pu@n)d+op(). (7.13)

t=—[mz] t=—[mz]

Using Lemma 7.2, we can show that ||Uy (620)||> is L' (v)-NED. Similarly,
we can show that || Rj2; (620)]l, i = 1,2, are also L'*"(v)-NED. By Theorem 2.1
of Ling (2007a), we have

—1
1
; Z P21(920) = z()zoz +0p(1)

t=—[mz]
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By the previous three equations, we can see that Assumption 3.1 holds.
By Lemma 7.2, Uy (0x) is L>**'(v)-NED and hence so is D»;(6), i.e.,
Assumption 3.2 holds. This completes the proof. u

8. CONCLUDING REMARKS

This paper has established an asymptotic theory for change-points in linear
and nonlinear time series models under some regular conditions. It was shown
that the estimated change-point converges weakly to the location of the max-
ima of a double-sided random walk. When the magnitude of changed parame-
ters is small, this limiting distribution can be further approximated by a known
distribution to obtain its approximating quantiles. For the structure-changed
ARMA-GARCH/IGARCH model, the self-weighted QMLE and the local QMLE
were studied and the corresponding limiting distributions of the estimated change-
point are derived, respectively. Our framework includes many other models as
a special case, such as long memory FARIMA model, exponential GARCH
model, random coefficient AR model, ARCH-type model, and smooth thresh-
old AR model, among others. It can be readily extended to include the stationary
multivariate time series models with exogenous variables. However, it cannot be
applied for the threshold AR model with unknown thresholds for which some
additional techniques are needed. Furthermore, it is still a challenging issue on
the estimation of change-points in the unit root/cointegrated time series models if
the parameters are fixed before and after the change-point. Some projects on these
are ongoing.
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APPENDIX A: Consistency of 7,

The following lemma shows that 7,, is a consistent estimator of 7.

LEMMA A.1. For any given 7,71 € (0, 1) with T < 7y, if Assumptions 2.1 and 2.2 hold
and tq € (7, 71), then it follows that

Jim P(zp ¢ 12,711 =0.

Proof. We only consider the case with 7, < 7. By (6.1) and Lemma 1 in Chow and
Teicher (1968, p. 31), for any € > 0, we have

n— 00 nlogn<k<[nt]0,€©

k
1
lim P|{—  max max Z[I[(HI)—EII(Hl)] >e|=0.
=1

Thus, we have

1 k

— max max 1;(07) =1 (0
nlognikilnmle@;[,( D=l (010)]

2
<7
“n

k
max max 1;(01)—EL; (0
logr e i A% IZ;[:( 1) (0]

1
+—  max  kmax[El(61)— El(610)]
nlogn<k<[ni] 601€0©

= 011(1)’
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since maxg, e[ El; (01) — El;(010)] = 0 when ¢ < ky. By Assumption 2.1 and the ergodic
theorem, we have

logn
1 g

2
— max max Z[zt(el)—zt(elo)l <= Z max |1 (01)] = 0p (1).

n 1<k<logn6,e
By the previous two inequalities, we can claim that

1
= max _max » [;(6)) =L (610)] < 0p(1). (A.D)

n 15k5[nf]91e®t:1
By Assumption 2.2 and Lemma 1 in Chow and Teicher (1968), for any € > 0, we have
1 il
P {1 — max max 11(0r) — El;(0h)]| > €
nax  max t:%i:-l[ 1(02) 1(6)]
—1
1
=Pq- max max Z [[;(62) — El;(61)]| > € ¢ (by stationarity)
n kog— [n‘[]<u<k092€®

- 0. (A2)

Denote @5 = {6 : |0 —Orgll <0} and C = El;(010) — El;(0p0). Then, C > 0 when 1 < k
by Assumption 2.1. Since El;(6;) is a continuous function, we can take a small J such that

max [El;(02) — El;(010)] = —C + max [El(6») — El;(6h0)] < —C/2.
6,eBrs €0y

Furthermore, by (8.2), we have

| ko

— max max 1;(0)) =1 (0
n 1 > 1(02) = 1:(010)]

t=k+1
2 ko
< — max max 1;(6)— El; (0
S i, | 2o ()~ B0

1
o max (k= k) max (£l (62) = EL 010)]

n 1<k<[nt]
< —7C/2+0p(1). (A3)

Note that maxg, c@,5[El; (02) — Elt (629)] = 0 when ¢ > k. By (6.1), we have

— ko
= o t %ﬂ[l’((’z) El;1(6)] +79max [EL; (6») — El; (620)]
= Op(l). (A4)
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Let @55 = © — @y5. Since 09 # 02, We can take a small J such that 6o € ©5;. Thus,
maxezeggé[Elt (6») — El;(0190)] =0 when 1 < k. Thus, by (8.2), we have

| ko

— max max 1.(0>) —1.(0
n 1<k<[ni]6,e0 Z [+ (62) — 11 (610)]

20 t=k+1
2 &
<~ max max Z [l (62) — El: (62)]
n 1<k<[nz]6,e0

20 |t=k+1

1

+—  max _(ko—k) max [El(62)— El;(010)]
n 1<k<[nt) 0,€05;

= op(1). (A5)

Denote Cis = —maxgzeegé[Elz(ez) — El;(059)]. Then Cy5 > 0 when t > ky by
Assumption 2.1. By (6.1), we have

1 n
— max D [1(62) —1:(620)]

”626925t=k0+1

<2 max | S 16— O]+ =R max 1E1,0) - £100)
2 |1Zko+1 n 005,
<=1 =79)Cis5+op(l). (A.6)
By (6.2), (8.1), and (8.3)—(8.6), it follows that
P(ty, <7)
1

P{ - max max A (k,01,02) >0
n 1<k<[nt](0;,0,)e®?

IN

IA

ko n
1
P |- max _max z [1:(02) = 1: (010)] + E [1:(62) —1: (620)]
(l’l 1<k<[n7]6h€® Syt =kt 1

+op(1) > o)
< P(max{—(1 —1)C15,—7C/2} +0p(1) > 0) = 0,

as n — oo. This completes the proof. |



