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We first gives one lemma, which is from Ling and Li (1997), see also Bougerol and

Picard (1992).

Lemma 0.1. Suppose {yt} ∈ M(ϑ). If Assumptions 4.1-4.2 hold, then ht has the expan-

sion:

ht = α0

[
1 +

∞∑
j=1

u′
j−1∏
i=0

At−iξt− j

]
,

where ξt = (η2
t , 0, · · · , 0, 1, · · · , 0)

′

(r+s)×1 with the first component η2
t and the (r + 1)th

component 1, u = (0, · · · , 1, · · · , 0)
′

(r+s)×1 with the (r + 1)th component 1 and

At =


α1η

2
t · · · αr η

2
t β1 η

2
t · · · βsη

2
t

Ir−1 O O

α1 · · · αr β1 · · · βs

O Is−1 O

 ,
Proof of Lemma 7.1. By Theorem 2.1 of Ling (2007b), Assumption 4.2 implies that,

for any ι ∈ (0, 1), there exists an integer i0 such that

E∥
i0−1∏
i=0

At−i∥ι < 1.

Let Bt = ξt +
∑i0−1

j=1
∏ j−1

r=0 At−rξt− j and Ãt =
∏i0−1

i=0 At−i. We rewrite ht as

ht = α0

[
u′Bt +

∞∑
J=1

u′
J−1∏
r=0

Ãt−i0rBt−Ji0

]
,

where u′ξt = 1 is used. Let k = ai0 + b, b = 1, 2, · · · , i0 − 1, and hta = α0[u′Bt +
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∑a
J=1 u′

∏J−1
r=0 Ãt−i0rBt−Ji0 ]. Then hta ∈ Fk(t). Thus,

E|ht − E[ht |Fk(t)]|ι = E|(ht − hta) − E[(ht − hta)|Fk(t)]|ι

≤ 2E|ht − hta|ι ≤ 2E

∣∣∣∣∣∣∣
∞∑

J=a+1

u′
J−1∏
r=0

Ãt−i0rBt−Ji0 ]

∣∣∣∣∣∣∣
ι

= O(ρk),

because {Ãt} is an i.i.d. series. Thus, (a) holds. (b) and (c) are directly from (a). This

completes the proof. �

Proof of Lemma 7.2. We only give the proof of (b) since the proof of (a) is similar

and simpler. By (2.5) of Ling (2007b) and Assumptions 4.1-4.2, we can show that

ht(ϑ0) = α0β
−1(1) +

∞∑
j=1

υh jε
2
t− j and

∂ht(ϑ0)
∂γ

= 2
∞∑
j=1

υh jεt− j
∂εt− j(ϑ0)
∂γ

, (0.1)

where υh j = O(ρ j
1), ρ1 ∈ (0, 1) and

∂εt(ϑ0)
∂γa

=

∞∑
i=0

υaiεt−i−a, (0.2)

where a = 1, · · · , p + q, υai = O(ρi) and ρ ∈ (0, 1). Denote At(k) =
∑k−1

i=0 υaiεt−i−a and

Ãt(k) =
∑∞

i=k υaiεt−i−a. Then, when ι ∈ (0, 1),

E
∣∣∣∣ Ãt− j(k)
√

ht
− E

[ Ãt− j(k)
√

ht

∣∣∣∣Fk(t)
]∣∣∣∣2−2ι

≤ CE
∣∣∣∣ Ãt− j(k)
√

ht

∣∣∣∣2−2ι

≤ C
∞∑

i=k

ρiE|εt−i−a− j|2−2ι = O(ρk). (0.3)

By Holder inequality with p = (2 − ι)/(2 − 2ι) and q = (2 − ι)/ι, we have

E
(
At− j(k)

∣∣∣∣ 1
√

ht
− E

[ 1
√

ht

∣∣∣∣Fk(t)
]∣∣∣∣)2−2ι

≤ [E|At(k)|2−ι]
1
p

(
E
∣∣∣∣ 1
√

ht
− E

[ 1
√

ht

∣∣∣∣Fk(t)
]∣∣∣∣(2−2ι)q

) 1
q

≤ C
(
E
∣∣∣∣ 1
√

ht
− E

[ 1
√

ht

∣∣∣∣Fk(t)
]∣∣∣∣ι) 1

q

≤ C
(
E
∣∣∣∣ht − E[ht |Fk(t)]

∣∣∣∣ι) 1
q
= O(ρk), (0.4)

where the last step holds by Lemma 7.1(a). When j = 1, · · · , k, by Lemma 7.1(b), we

have

E
{ 1
√

ht

∣∣∣∣At− j(k) − E[At− j(k)
∣∣∣∣Fk(t)]

∣∣∣∣}2−2ι

≤ O(1)
{ k−1∑

i=1

ρi
[
E
∣∣∣∣εt− j−i−a − E[εt− j−i−a

∣∣∣∣Fk(t)]
∣∣∣∣2−2ι] 1

2−2ι
}2−2ι

≤ O(ρk− j), (0.5)
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for some ρ ∈ (0, 1). By (0.2)-(0.5), we can show that show that

E
∥∥∥∥ 1
√

ht

∂εt− j(ϑ0)
∂γ

− E
[ 1
√

ht

∂εt− j(ϑ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥2−2ι

= O(ρk− j), (0.6)

for some ι, ρ ∈ (0, 1), where j = 1, · · · , k.

Using Lemma 7.1, we can show that there exists a ι ∈ (0, 1) such that

E
∣∣∣∣ εt− j√

ht
− E

[ εt− j√
ht

∣∣∣∣Fk(t)
]∣∣∣∣2ι = O(ρk− j).

By (0.1), εt− j
√

ht ≤ 1/√υh j. Thus, for any u ≥ ι, we have

E
∣∣∣∣ εt− j√

ht
− E

[ εt− j√
ht

∣∣∣∣Fk(t)
]∣∣∣∣2u

≤ O(υ−(u−ι)
h j )E

∣∣∣∣ εt− j√
ht
− E

[ εt− j√
ht

∣∣∣∣Fk(t)
]∣∣∣∣2ι

= O(υ−(u−ι)
h j ρk− j). (0.7)

By (0.6) and (0.7), and using Hölder’s inequality, we can show that

E
∥∥∥∥εt− j

ht

∂εt− j(ϑ0)
∂γ

− E
[εt− j

ht

∂εt− j(ϑ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥2−2ι

≤ O(1)E
∥∥∥∥ εt− j√

ht

∂εt− j(ϑ0)
∂γ

− E
[ εt− j√

ht

∣∣∣∣Fk(t)
]
E
[ 1
√

ht

∂εt− j(ϑ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥2−2ι

≤ O(υ−(1−ι)
h j )E

∥∥∥∥ 1
√

ht

∂εt− j(ϑ0)
∂γ

− E
[ 1
√

ht

∂εt− j(ϑ0)
∂γ

Fk(t)
]∥∥∥∥2−2ι

+O(1)E
{∥∥∥∥ 1
√

ht

∂εt− j(ϑ0)
∂γ

∥∥∥∥∣∣∣∣ εt− j√
ht
− E[

εt− j√
ht
|Fk(t)

]∣∣∣∣}2−2ι

= O(ρk− jυ−(1−ι)
h j ), (0.8)

where j = 1, · · · , k.

Since εt− j/
√

ht ≤ 1/√υh j, for any ι ∈ (0, 1/2), there exist an ρ1 ∈ (0, 1) such that

E
∥∥∥∥ ∞∑

j=k

υh j
εt− j

ht

∂εt− j(ϑ0)
∂γ

∥∥∥∥2−2ι
≤ E

∥∥∥∥ ∞∑
j=k

√
υh j
∂εt− j(ϑ0)
∂γ

∥∥∥∥2−2ι
= O(ρk

1). (0.9)

By (0.1), (0.8)-(0.9) and Hölder’s inequality, we have

E
∥∥∥∥ 1

ht

∂ht(ϑ0)
∂γ

− E
[ 1
ht

∂ht(ϑ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥2−2ι

≤
[
O(1)

k−1∑
j=1

υh j

(
E
∥∥∥∥εt− j

ht

∂εt− j(θ0)
∂γ

− E
[εt− j

ht

∂εt− j(θ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥2−2ι

) 1
2−2ι

+ O(ρk
1)
]2−2ι

= O(1)(
k−1∑
j=1

υιh jρ
k− j + ρk

1) = O(ρk),
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for some ρ ∈ (0, 1). By Lemma A.5(ii) of Ling (2007b), we have∥∥∥∥ ∞∑
j=1

υh j
εt− j

ht

∂εt− j(ϑ0)
∂γ

∥∥∥∥ ≤ O(1)
∞∑
j=1

ρ j 1
√

ht

∥∥∥∥∂εt− j(ϑ0)
∂γ

∥∥∥∥ ≤ Cξρ1t√
ht
≤ Cξ1−ι̃ρ̃t . (0.10)

Taking ι small enough such that (1+3ι)(1− ι̃) < 1 and using (0.10)-(0.13) and Cauchy-

Schwarz inequality, we can show that

E
∥∥∥∥ 1

ht

∂ht(ϑ0)
∂γ

− E
[ 1
ht

∂ht(ϑ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥2+2ι

≤ Eξ(1+3ι)(1−ι̃)
ρ̃t

∥∥∥∥ 1
ht

∂ht(ϑ0)
∂γ

− E
[ 1
ht

∂ht(ϑ0)
∂γ

∣∣∣∣Fk(t)
]∥∥∥∥1−ι

= O(ρk), (0.11)

where Eξ2(1+3ι)(1−ι̃)
ρ̃t−1 < ∞ since E|εt |2ι < ∞ for any ι ∈ (0, 1). Similarly, we can show

that

E
∥∥∥∥ 1

ht

∂ht(ϑ0)
∂δ

− E
[ 1
ht

∂ht(ϑ0)
∂δ

∣∣∣∣Fk(t)
]∥∥∥∥2+2ι

= O(ρk). (0.12)

By (0.12)-(0.13), we can show that (b) holds. This completes the proof. �

Lemma 0.2. If Assumptions 4.1-4.2 hold, then, for any ι ∈ (0, 1), it follows that

(a) E|h1t − h2t |ι = o(1),

(b) E|ε1t − ε2t |2ι = o(1),

(c) E|y1t − y2t |2ι = o(1),

as ∥d∥ → 0, where h1t = ht(θi0) and ε1t = εt(θi0), i = 1, 2.

Proof. Let Avt be defined as At in Lemma 0.1 when ϑ = θv0 = (αv00, αv10, · · · , αvr0, βv10,

· · · , βvs0)′, v = 1, 2. By Theorem 2.1 of Ling (2007b), Assumption 4.2 implies that, for

any 0 < ι < 1, there exists a i0 > 0 such that

E∥
i0−1∏
i=0

Avt−i∥ι < 1/C,

where C > 1 is any given constant. Let Bvt = ξt +
∑i0−1

j=1
∏ j−1

r=0 Avt−rξt− j and Ãvt =∏i0−1
i=0 Avt−i, v = 1, 2. Then hvt, v = 1, 2, have the expansions [see Ling and Li (1997)]:

hvt = αv00

[
u′Bvt + u′ÃvtHvt−i0

]
,

where Hvt = (ε2
vt, · · · , ε2

vt−r+1, hvt, · · · , hvt−s+1)′.

E|h1t − h2t |ι ≤ E|α100u′B1t − α200u′B2t |ι + αι100E∥Ã1t∥ιE∥H1t−i0 − H2t−i0∥ι

+E∥α100u′Ã1t − α200u′Ã2t∥ιE∥H2t−i0∥ι.
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By the stationarity of H1t and H2t, we have E∥H2t−i0∥ι = C, a constant, and

E∥H1t−i0 − H2t−i0∥ι = E∥H1t − H2t∥ι

≤
r−1∑
i=0

E|ε2
1t−i − ε2

2t−i|ι +
s−1∑
i=0

E|h1t−i − h2t−i|ι

=
(
rE|ηt |2ι + s

)
E|h1t − h2t |ι.

Thus, taking i0 large enough such that αι100(rE|ηt |2ι + s)E∥Ã1t∥ι < 1. By the previous

two inequalities, we have

E|h1t − h2t |ι ≤
E|α100u′B1t − α200u′B2t |ι +CE∥α100u′Ã1t − α200u′Ã2t∥ι

1 − αι100(rE|ηt |2ι + s)E∥Ã1t∥ι
→ 0,

as ∥d∥ → 0, i.e., (a) holds. (b) is directly from (a). For (c), when 2ι ∈ (1, 2), using

the expansion: yvt =
∑∞

i=0 aviεvt−i, v = 1, 2, by the monotonic convergence theorem, we

have

E|y1t − y2t |2ι ≤
 ∞∑

i=0

|a1i|(E|ε2t−i − ε1t−i|2ι)
1
2ι +

∞∑
i=0

|a2i − a1i|(E|ε2t−i|2ι)
1
2ι

2ι

→ 0,

as ∥d∥ → 0. Thus, (c) holds. This completes the proof. �

Proof of Lemma 7.3. By (2.5) of Ling (2007b) and Assumption 4.2, we have

hvt = αv00β
−1
v00(1) +

∞∑
j=1

υvh jε
2
vt− j and

∂hvt(θv0)
∂γ

= 2
∞∑
j=1

υvh jεvt− j
∂εvt− j(θv0)
∂γ

, (0.13)

where υvh j = O(ρ j
1) and v = 1, 2. Similar to Lemma 0.2(c), we can show that, for any

1 < ι < 2,

E
∥∥∥∥∂ε1t(θ10)
∂γ

− ∂ε2t(θ20)
∂γ

∥∥∥∥ι = o(1), (0.14)

as ∥d∥ → 0. By Lemma 0.2, we can show that

E
∣∣∣∣υ1h jε1t− j

h1t
−
υ2h jε2t− j

h2t

∣∣∣∣ι
≤

C|υ1h j − υ2h j| + |υ2h j|(E|ε1t− j − ε2t− j|ι)
1
ι + |υ2h j|

[
E

∣∣∣∣∣∣ε2t− j

(
1

h1t
− 1

h2t

)∣∣∣∣∣∣ι
] 1
ι


ι

= o(1),

uniformly in j. Take ι1 ∈ (ι, 2) and v > 0 such that vι1/(ι1 − ι) < ι. By the previous

equation and Hölder’s inequality, we have

E
{∣∣∣∣υ1h jε1t− j

h1t
−
υ2h jε2t− j

h2t

∣∣∣∣v∥∥∥∥∂ε2t(θ20)
∂γ

∥∥∥∥ι}
≤

{
E
∣∣∣∣υ1h jε1t− j

h1t
−
υ2h jε2t− j

h2t

∣∣∣∣ vι1
ι1−ι

} ι1−ι
ι1

{
E
∥∥∥∥∂ε2t(θ20)
∂γ

∥∥∥∥ι1} ιι1 = o(1), (0.15)
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uniformly in j. By (0.14), εvt− j/
√

hvt ≤ 1/√υvh j. Furthermore, when ι ∈ (1, 2), by

(0.14)-(0.16), we have

E
∥∥∥∥ 1

h1t

∂h1t(θ10)
∂γ

− 1
h2t

∂h2t(θ20)
∂γ

∥∥∥∥ι
≤

[
C
∞∑
j=1

√
υ1h j

(
E
∥∥∥∥∂ε1t(θ10)
∂γ

− ∂ε2t(θ20)
∂γ

∥∥∥∥ι) 1
ι

+C
∞∑
j=1

(
E
{∣∣∣∣υ1h jε1t− j

h1t
−
υ2h jε2t− j

h2t

∣∣∣∣ι∥∥∥∥∂ε2t(θ20)
∂γ

∥∥∥∥ι}) 1
ι ]ι

=
[
o(1) +C

∞∑
j=1

(
√
υ1h j +

√
υ2h j)

ι−v
ι

(
E
{∣∣∣∣υ1h jε1t− j

h1t
−
υ2h jε2t− j

h2t

∣∣∣∣v∥∥∥∥∂ε2t(θ20)
∂γ

∥∥∥∥ι}) 1
ι ]ι

= o(1). (0.16)

By (0.14) and Lemma 5.4(ii) of Ling (2007b), there exists an ι̃ ∈ (0, 1) such that∥∥∥∥ 1
hvt

∂hvt(θv0)
∂γ

∥∥∥∥ = C
√

hvt

∞∑
j=1

√
υvh j

∥∥∥∥∂εvt− j(θv0)
∂γ

∥∥∥∥ ≤ C
∑∞

i=0 ρ
i|εvt− j|√

hvt
≤ ξ1−ι̃vρ̃t−1, (0.17)

where ξvρ̃t =
∑∞

i=0 ρ̃
i|εvt− j|, ρ̃ ∈ (0, 1) and v = 1, 2. Taking a small δ such that 2(1− ι̃)(1+

δ) < 2, we can show that Eξ2(1+δ)(1−ι̃)
1ρ̃t (d) → Eξ2(1+δ)(1−ι̃)

2ρ̃t < ∞. Thus, by (0.17)-(0.18),

we have

E
∥∥∥∥ 1

h1t

∂h1t(θ10)
∂γ

− 1
h2t

∂h2t(θ20)
∂γ

∥∥∥∥2

≤ E(ξ1−ι̃1ρ̃t−1 + ξ
1−ι̃
2ρ̃t−1)1+δ

∥∥∥∥ 1
h1t

∂h1t(θ10)
∂γ

− 1
h2t

∂h2t(θ20)
∂γ

∥∥∥∥1−δ

≤
[
E(ξ1−ι̃1ρ̃t−1 + ξ

1−ι̃
2ρ̃t−1)2(1+δ)E

∥∥∥∥ 1
h1t

∂h1t(θ10)
∂γ

− 1
h2t

∂h2t(θ20)
∂γ

∥∥∥∥2(1−δ)
] 1

2

= o(1).

This completes the proof. �
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