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We first gives one lemma, which is from Ling and Li (1997), see also Bougerol and
Picard (1992).

Lemma 0.1. Suppose {y;} € M(). If Assumptions 4.1-4.2 hold, then h, has the expan-

sion:
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Proof of Lemma 7.1. By Theorem 2.1 of Ling (2007b), Assumption 4.2 implies that,

for any ¢ € (0, 1), there exists an integer iy such that
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Let B, = & + Z’O ! Hi_lA, &—jand A, = H"’ " A,_i. We rewrite h; as
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where u’é;, = lisused. Letk = aip +b, b = 1,2,--- ,ip — 1, and hy, = ao[u'B; +

Preprint submitted to Econometric Theory July 22, 2014



4w T125 AmigrBi-si,]. Then hy, € Fi(f). Thus,
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because {A,} is an i.i.d. series. Thus, (a) holds. (b) and (c) are directly from (a). This
completes the proof. O

Proof of Lemma 7.2. We only give the proof of (b) since the proof of (a) is similar
and simpler. By (2.5) of Ling (2007b) and Assumptions 4.1-4.2, we can show that
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where v;,; = O(p)), p1 € (0, 1) and
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wherea=1,---,p+¢q, v, = O@') and p € (0, 1). Denote A,(k) = Z, 0 Vai€r-i—q and
A k) = Yk Vai€i—i—a- Then, when ¢ € (0, 1),
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By Holder inequality with p = (2 —¢)/(2 — 2¢) and ¢ = (2 — t)/¢, we have
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where the last step holds by Lemma 7.1(a). When j = 1,--- ,k, by Lemma 7.1(b), we
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for some p € (0, 1). By (0.2)-(0.5), we can show that show that
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for some ¢,p € (0,1), where j=1,--- ,k.
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Using Lemma 7.1, we can show that there exists a ¢ € (0, 1) such that
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By (0.1), & vVh, <1/ \/Uxj. Thus, for any u > ¢, we have
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By (0.6) and (0.7), and using Holder’s inequality, we can show that
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where j=1,--- k.
Since &;_;/ vVh; < 1/ \Joy;, for any ¢ € (0, 1/2), there exist an p; € (0, 1) such that
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By (0.1), (0.8)-(0.9) and Holder’s inequality, we have
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for some p € (0, 1). By Lemma A.5(ii) of Ling (2007b), we have
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Taking ¢ small enough such that (1 +3¢)(1 —7) < 1 and using (0.10)-(0.13) and Cauchy-

Schwarz inequality, we can show that
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where E§2(1+3‘)(1 D < oo since Elg/* < oo for any ¢ € (0, 1). Similarly, we can show
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By (0.12)-(0.13), we can show that (b) holds. This completes the proof. U
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Lemma 0.2. If Assumptions 4.1-4.2 hold, then, for any ¢ € (0, 1), it follows that
(@ Elhi = hyl = o(1),
(b)  Elei =l = o(1),
©  Elyi=yal* = o),

as ||d|| = O, where hy; = h,(6y) and &1, = £,(6;), i = 1,2.

Proof. Let A, be defined as A, in Lemma 0.1 when & = 6,9 = (@00, @v10, " * * » @r05 P10,
-, Byso) s v =1,2. By Theorem 2.1 of Ling (2007b), Assumption 4.2 implies that, for
any 0 < ¢ < 1, there exists a ip > 0 such that
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where C > 1 is any given constant. Let B,, = & + Z_’};l Hf;é Ay & and A, =

I—[égl Ay—i,v =1,2. Then h,, v = 1,2, have the expansions [see Ling and Li (1997)]:
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By the stationarity of H;, and Hy,, we have E||Hy,—; || = C, a constant, and

E|lHq—iy — Hy—i Il E|lHy, — Hyll'

r—1 s—1

2 2
Z Eley,_; — &y, ' + Z Elhy—i = ho—ilf
i=0 i=0

(rEm* + s)Elhy, - byl

IA

Thus, taking iy large enough such that &, (rEln/* + s)E||A; " < 1. By the previous
two inequalities, we have
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as ||d|| — 0, i.e., (a) holds. (b) is directly from (a). For (c), when 2t € (1,2), using
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the expansion: y,, = Y ;v dvi&w—i» v = 1,2, by the monotonic convergence theorem, we

have
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as ||d|| — 0. Thus, (c) holds. This completes the proof. O

Proof of Lemma 7.3. By (2.5) of Ling (2007b) and Assumption 4.2, we have
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where v,;,; = O(p{ )and v = 1,2. Similar to Lemma 0.2(c), we can show that, for any
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uniformly in j. Take ¢; € (¢,2) and v > O such that v¢; /(¢ — ) < ¢. By the previous
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as ||d|| — 0. By Lemma 0.2, we can show that
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equation and Holder’s inequality, we have
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uniformly in j. By (0.14), &,/ Vh, < 1/+/Uy;. Furthermore, when ¢ € (1,2), by
(0.14)-(0.16), we have
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By (0.14) and Lemma 5.4(ii) of Ling (2007b), there exists an 7 € (0, 1) such that
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where &5 = 2172, ﬁilgv,_jl, p € (0,1)and v = 1,2. Taking a small ¢ such that 2(1-7)(1+
5) < 2, we can show that ng;”)“‘”(d) E§2(1+6)(1 9 < co. Thus, by (0.17)-(0.18),

we have
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This completes the proof. 0
References

1. Ling, S. and L1, W.K. (1997) Fractional autoregressive integrated moving-average

time series conditional heteroskedasticity. J. Amer. Statist. Assoc. 92, 1184-1194.

2. BouceroL, P. and Picarp, N.M. (1992) Stationrity of GARCH processes and of

some nonnegative timeseries. J. Econometrics 52, 115-127.



