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It is well known that the least squares estimator (LSE) of an AR(p) model with i.i.d.
(independent and identically distributed) noises is nl/ % L(n)-consistent when the
tail index a of the noise is within (0,2) and is n1/2 _consistent when a > 2, where
L(n) is a slowly varying function. When the noises are not i.i.d., however, the case
is far from clear. This paper studies the LSE of AR(p) models with heavy-tailed
G-GARCH(1,1) noises. When the tail index a of G-GARCH is within (0, 2), it is
shown that the LSE is not a consistent estimator of the parameters, but converges to a
ratio of stable vectors. When a € [2, 4], it is shown that the LSE is n'=2/%_consistent
if & € (2,4), logn-consistent if a = 2, and n!/2/logn-consistent if & = 4, and its
limiting distribution is a functional of stable processes. Our results are significantly
different from those with i.i.d. noises and should warn practitioners in economics
and finance of the implications, including inconsistency, of heavy-tailed errors in
the presence of conditional heterogeneity.

1. INTRODUCTION

Since the seminal work by Engle (1982) and Bollerslev (1986), the G/ARCH-
type models have been extensively applied in economics and finance. This paper
considers the following strictly stationary autoregressive [AR(p)] process:

P
Yt=Z¢th—i+8t; (1.1
i=1
where {g; :t = 1,2,...} is generated by the general GARCH(1,1) process
[G-GARCH(1,1)]:

er = nchy and b9 = g(n—1) +c(p—1)h?_;, (1.2)
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where 6 > 0, Pr{hf >0} =1, c(0) <1, ¢(-) and g(-) are nonnegative functions,
and {#,} is a sequence of i.i.d. (independent and identically distributed) symmetric
white noises. The general model (1.2) was defined by He and Terasvirta (1999).
It includes many models as special cases, for example, the GARCH(1,1) model
of Bollerslev (1986), the absolute value GARCH(1,1) model of Taylor (1986) and
Schwert (1989), the nonlinear GARCH(1,1) model of Engle (1990), the volatil-
ity switching GARCH(1,1) model of Fornari and Mele (1997), the threshold
GARCH(1,1) model of Zakoian (1994), and the generalized quadratic ARCH(1,1)
model of Sentana (1995).

Let ¢ = (¢1,...,¢p) be the unknown parameter vector and its true value be
®o. When ¢; is i.i.d. (i.e., h; is a constant) with Egt2 = 00, the estimated ¢ has
been well studied in the literature. Hannan and Kanter (1977) proved the least
squares estimator (LSE) of ¢ is n'/V-consistent, where v > a and a € (0, 2) is
the tail index of &; (see also Knight, 1987) and n is the sample size. The same rate
of convergence was obtained by An and Chen (1982) for the least absolute devia-
tion (LAD) estimator of ¢. The limiting distribution of the LSE was not available
until Davis and Resnick (1986). Based on a point process technique and assum-
ing that ¢; has a regular varying tail index o, they showed that under condition
lim;_,  P(le1e2] > 1)/ P(le1| > t) = 2E|e1|* < oo, the LSE converges weakly to
a ratio of two stable random variables at the rate n'/* L (n), where L (n) is a slowly
varying function. The asymptotic theory of the LAD and M-estimators of ¢, was
fully established by Davis, Knight, and Liu (1992). We refer to Mikosch, Gadrich,
Kliippelberg, and Adler (1995) and Kokoszka and Taqqu (1996) for infinite vari-
ance ARMA and long-memory ARFIMA models. Up to date, it is well known
that all the classical estimators have a faster rate of convergence when o € (0, 2)
than those when a > 2 if the noises are i1.i.d. However, when the noises are not
i.i.d., the case is far from clear. A few exceptions can be found in Mikosch and
Stdrica (2000), Lange (2011), and the references therein.

In this paper, we show that due to the dependence, the cross-product terms re-
lated to &;;—;, j > 0 do not vanish asymptotically, and the limiting distribution
of the sample autocovariance {Y;Y;—x} and {Y;_¢;} depends on an infinite num-
ber of point processes, and thus it differs substantially from that in Davis and
Resnick (1986) for i.i.d. noises. When the tail index a of G-GARCH(1,1) noise is
within (0, 2), Z;':l Y Y;_ and Z;':l Y:_re; have the same rate of convergence.
As a result, the LSE is not a consistent estimator of the parameters, but tends to
be a function of stable vectors. However, when a > 2, the rate of convergence
of Z;':l Y:Y;_ is controlled by its centralized constant whose rate is faster than
that of Z;':l Yi_rer (see Lemma 3.2). This leads to the consistency of the LSE.
In particular, when a € [2,4), it is shown that the LSE is n!~?/“-consistent if
o € (2,4), logn-consistent if ¢ = 2, and its limiting distribution is a stable ran-
dom vector. When a = 4, the LSE is n!/?/logn-consistent and asymptotically
normal. Our results are significantly different from those with i.i.d noises and
should warn practitioners in economics and finance of the implications, including
inconsistency, of heavy-tailed errors in the presence of conditional heterogeneity.
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This paper is organized as follows. The main results are provided in Section 2
and the technical proofs are given in Section 3. Simulation results and additional
proofs are reported in the online supplementary material.

2. MAIN RESULTS
Given observations Y1, ..., Y,, the LSE of ¢ for model (1.1) is defined by
-1

n n
¢n: Z Yi—lY[T_] Z Yi—IYi > (2'1)

i:p+l i:p+l

where Y; = (¥;,Y;—1, ..., Y;—p41). Throughout the paper, we make the following
assumptions:

H1. Elog(c(y;)) < 0.

H2. There exists a ko > 0 such that E(c(,))* > 1, E[(c(7,:))* log™* (c(11,))] < o0,
and E(g () + |7:1°)% < 0o, where log™ (x) = max{0, log(x)}.

H3. The density f(x) of #; is positive in the neighborhood of zero.

Condition H1 is a necessary and sufficient condition for the existence of a
stationary solution of ht2 (see Nelson, 1990). If condition H2 holds, then con-
dition H1 is equivalent to E(c(#1))* < 1 for some x4 > 0 (see Remark 2.9 of
Basrak, Davis, and Mikosch, 2002). H3 also implies that /; is not a constant
and hence excludes the i.i.d. case. Suppose that there exists a 79 > O such that
E|7:]" = oo and E|#;|" < oo for all 1 < 19, then conditions H1 and H2 are sat-
isfied. Condition H3 is a mixing condition for model (1.2) and can be relaxed
to some certain (see Francq and Zakoian, 2006). Furthermore, the symmetry as-
sumption is used to simplify the proof for the case when a = 2. Note that, when
a =2, ¢&¢&—j, ] > 1 (see Lemma 3.1), is a regularly varying variable with tail
index o /2 = 1. If #; is not symmetric, then a centralizing constant is required to
derive the limiting distribution > pE€I—j. We first give a lemma for the tail
index of {g;}. Its proof is similar to those of Lemmas A.l and A.3 in Chan and
Zhang (2010).

LEMMA 2.1. Under conditiqns HI, H2, and H3, there exists a unique
a € (0, 5ko] such that E(c(n,))*/° = 1 and

P(ler] > x) ~ C(()a)E|}’]1 |“x~%,
where

E ([g(m) +etmyaf ] - [C(ﬂl)ﬂf]a/a)
a.E (c(n1)*/°log* (c (1))

0
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We further make the following assumption:

H4. ¢ (z)=1- {7:1 $i7' # 0 for |z| < 1. Under condition H4, model (1.1) is
stationary and has the following expansion:

o
Y, = Z(ﬂlé‘t—l, (2.2)
=0

and £ = E[YlYlT] exists and is positive definite when o > 2.

L . .. . .
Let — denote convergence in distribution. We now state our main results as
follows:

THEOREM 2.1. Let o be given as in Lemma 2.1. Then under conditions
HI-H4, it follows that
(a) when o € (0,2),

-~

L —
¢n _¢0 — Ea/lzza/b

where Z 3 is a p-dimensional stable vector with index a./2 and T2 isa p X p
matrix whose elements are composed of stable variables with index o /2;
(b) when o =2,

00 -1
~ c
logn (¢, — ¢o) — (Z ¢1¢z+|i—./|) Zay2;

=0 pxp
(c)when?2 <a <4,
_ -~ L _
n' =% (b, — o) —> 7 Zg 2
(d) when o = 4,
(n/1ogn) (@, — o) —> TTIN(0, A),

where A = (664)E;7%)(a,~j)pxp is positive definite with a;; = limy 0 E
(ur,imur,jm] and

M I M
1 2
g = D gi—ine— | [e? o) [ % -
I=i i=1 k=I+1
We should mention that when
h? =o+ael +phi_,, 23)

where @ > 0, a > 0, and f > 0, Chan and Zhang (2010) showed that for all
o > 0, the rate of convergence of the LSE in the unit-root case is of order n
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and (c) was obtained by Lange (2011). Our theorem completely characterizes the
feature of the LSE under a more general setup when ng = 00. Many empirical
examples have shown the evidence that the fourth moment does not exist in eco-
nomics and finance (see Mikosch and Starica, 2000). Theorem 2.1 indicates that
the statistical inference based on the LSE may be misleading and it is necessary
to consider other approaches in this case. In fact, the tail trimming QMLE in Hill
and Renault (2010) and modified QMLE in Lange, Rahbek, and Jensen (2011)
are /n-consistent and asymptotically normal for models (1.1) and (1.2). Further-
more, if one can specify the form of G-GARCH model as (2.3), then the self-
weighted QMLE in Ling (2007) and Zhu and Ling (2011) is also /n-consistent
and asymptotically normal. When o < 2, we conjecture that the M-estimators of
Knight (1991), the LAD asymptotics of Phillips (1991), or the dummy-based es-
timators of Cavaliere and Georgiev (2013) with some kind of weights can achieve
a fast rate of convergence.

The nonstandard results are mainly because of condition H2 which generates
the heavy tails of volatility /. Let us consider the special T-CHARM model pro-
posed by Chan, Li, Ling, and Tong (2012):

hy =01l{ei—1 >r}+o2l{e,—1 <r}. 24
We can rewrite (2.4) as follows:

hy = (01 +02a,—1 — 01br—1) + (br—1 — ar—1)h; -1,

where a, = I{n;01 < r} and b; = I{n,00 < r}. We can see that c(y,—1) = b;—1 —
a;—1 does not satisfy condition H2. Under (2.4), it is not difficult to show that
Vi@, — o) > NO, = 7laz ),

where Q = E[YlYlTht]. This means that the classical statistical inference for the
AR model is always valid under (2.4) specification. Otherwise, one needs to pay
special attention to the tail index a of ¢;. The tail index a of &; is unknown
in practice, but it is identical to that of Y;. We can estimate it by using Hill’s
estimator.

3. TECHNICAL PROOFS
In this section, we prove Theorem 2.1. Note that
-1

n n
$n—¢= Z Yt—lYtT_l Z Y16

t=p+1 t=p+1

The limiting distribution of an — ¢ will follow by the asymptotic behav-
iors of Z;':erlYt_kgt and Z;l:p-l—lYt—kYt—./ for 1 < k,j < p. Intuitively,
by equation (2.2), we know that Z;':p 41Yi—k&, can be approximated by
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leio o Z;l=p+l &r—k—1&; and Z;l=p+l Y;—4Y;—; can be approximated by
leio ZZ:O O1Om Z;l=p+l &i—k—{€1—j—m as H — 00. So, by the continuous map-
ping theorem, it is enough to show:

(a) The union convergence of (Z;l:p+18t—k—18t—j—m;l =12,..., H). This
will be proved in Lemma 3.1 by using a point process convergence technique.

(b) The limiting distribution of an_z limHﬁooleio o1 Z;':pﬂgt_k_lgt and
a7 limp oo X100 D om—0@1Pm Xy pi1 E1—k—1€1—j—m. This will be proved in
Lemmas 3.2 and 3.3.

@ _ () oy, o, ) N : @ @)

Denote a, ' = (Co E|n| n) . For simplicity, we write co = ¢, an = an
and assume En% =1 when a > 2.

For any given integers [ and H, we define two (H + 1)-dimensional random
vectors:

X0 =(e—1,...,80——p) and

Zign = (62 = Cy €—1E—1—15 - s E1—1E1—I—H )5 3.1
wherec, =0as0<a <2,¢c, = E8%1(|81|5W) =colognasa =2,and ¢, = ng
as a > 2. Under the assumptions of Theorem 2.1, { X ; ,? > 1} is a varying reg-
ular random vector sequence with index o.. By Theorem 2.8 of Davis and Mikosch
(1998) (see also Theorem 3.1 of Mikosch and Stérica, 2000), there exists a Pois-
son process > o, dp, defined on R with intensity measure v (dy) = Ya y~*ldy
and a sequence of i.i.d. point processes {Z;ﬁléQ..H} with distribution Qp,

. ij,

which depends on a, such that

n L: oo o0
ZaXt‘l‘H/an — ZZaPz’Q,‘j‘H ’
=1 i=1j=1
where Q;; i = (Q?/. , Ql.lj, ey Qg), {Z‘/X:)I 5Qij‘H} is independent of the process
{P;},and Y and Qp are similarly defined as in Davis and Mikosch (1998). Thus,

by Proposition 3.3 of Davis and Mikosch (1998) and the continuous mapping
theorem, we have

1 n [, oo o0 [c.olNee) [c. ol o)
=2 Znjn = | 22 PHQA DD PROY ) 2> PR O
an 1—1 i=lj=1 i=lj=1 i=lj=1

= (8%a), s (@), ..., 5 (a)) = Sy (a), 32)
if0 <o <2and

< L[S~ 5200 o 210 Hh
a_ZZZt,j,H — <ZZP,‘ Q,‘j Q,'J'I(|P,' Q,‘j Q,‘j| > 0)

nr=1 i=lj=1

- / xoxp dp(x)
(x:|xpxn|>0) heO. H

= (8%a), SY(a),..., 5" (@) = S (a), (3.3)
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if 2 <a <4, where u(-) = limnﬁoonP(Zt,./,H/n% € -) is a measure on RHA+!
and « = (xg, x1,...,xg). Sg(a) is a stable random vector with index a /2.

LEMMA 3.1. Under the conditions of Theorem 2.1, for any positive integer K
and H,

1 n n n
) ZZz,o,H,ZZz,l,H,-.-,ZZz,K,H £
n =1 =1 =1

—>(Su@),Su(@),...,Su(@))1xK+1)
asn — oo, where 0 < o <4 and Sy (o) is defined in (3.2) and (3.3).

Proof. We first have the expansion:
hoi—1 h

h=> Tlet-pg-+]ct-ni_ 34
i=1j=1 i=1
where H?:l c(y;—j) = 1. Furthermore, we have

h i—1

h
lerer—nl® = 1ne1° D [ T eCe— g = lne—n1°hd_y + 11 T [ e Cre—)me—n1°R .
i=lj=1 i=1

By Lemma 2.1 and Proposition 3 of Breiman (1965), we have that

h i—1

ylig)lop |’7t|6ZHC(ﬂt—./)g(’?t—i)Wt—h|6h?_h >y)
i=1j=1

hoi—1 /0

=c@E{ n° D [Te@n-Ng-ln—nl®t  y~*/° =t cola)y™*
i=1j=1

and
h
. B . 07,20
ylggoPilml ilj[lc(’?t—z)|77t—h| hiZy, > Y]
= c(a)Eln5c(10)1% [Ec(n0) 5 1"~ [Blyol 51y~ 5,
= cl(a)phy_%, forsome 0 < p < 1.

Combining the previous two equations, we have, for any given /& and a large
enough x,

P(lerer—n| > x) = P(lesei—nl’ > x°) = c1(a)p"x~/2. (3.5)

Forany 0 <i < j < K, (3.5) yields that

1 n
) S Ziin—2Zijn) 0.

n=1
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Thus, by (3.2) and (3.3), we can show that the conclusion holds. u

Let S%(a) be given as in (3.2) for a < 2 and (3.3) for 2 < a < 4 and define

Z;k/)z(Y) = <Z€1’l‘/’l+k> $%(a)+ Z <Z‘/’l‘l’l+h+k+ Z <ﬂl<ﬂl+h—k> S"(a)

1=0v (k—h)

and Z;k/)z(g) = fo;kﬂ on—i—15" (o). We have the following lemma.
LEMMA 3.2. Under the conditions of Theorem 2.1, we have for 0 < a < 4,

a%{Z?zl [YiYioe— (X0 eipiak) en s Doy Yic1-ke, 0 < k < p}

S {z8m, 28,0k < p),

5 where ¢, is defined as in (3.1).

Proof. By Cramér—Wold’s lemma, it is sufficient to show that, for any real
number fi, gk, 0 <k < p,

LSS a (S o e 33w

k=01=1 k=01=1

L k
- kaz; )Z(Y)+ngza (@) (3.6)
k=0 k=0
Letd; = I frgi—y and ¢j = 377 gy By (2.2), we have

P o0 P
DS |:Yth—k— <Z€1’l€1’l+k> Cni| + > a1k

k=0 =0 k=0
t—1

‘ 1 e
2 2 dewe—jensit DL emiopEng+ D djgj (el = cn)

j=—ocoh=—00, h#] h=—00,h#] =0

H K
Zd/‘)”/(gt j Cn)+zz /+h(ﬂ/+d/(ﬂ/+h)gt Jj—hér— /+Zeh 161—hét
=0 h=1j=0 h=1

h=H+1j=0 h=1j=K+1

l( 3 Sy z) ory 4 digpet) ey tres
o0 o0
+ Z d./"/’./'(gzz—j_cn)‘i‘ Z eh—lgt—hgt’

j=K+1 h=H+1
= IN(H,K)+I*(H,K).
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Thus, by Lemma 3.1, along the lines of the proof for Theorem 3.1 of Zhang, Sin,
and Ling (2013), we can show that

L s & H T K
S D INH K5 D dig S0+ D | D dnign + dignan) +en—r | S" (@)
n =1 =0 h=1LI[=0
14 z (k) < (k)
=5 D fiZyph () + D 8k Zy ()
k=0 k=0

by letting H — oo and K — oo and for any J > 0

1 n
— D> A, K)‘ > 5] —0.

nor=1

Iim lim PI

H,K—ocon— 00

Combining the previous equations, we can see that (3.6) holds. u

LEMMA 3.3. Let A be the matrix given in Theorem 2.1. If a = 4, then

1 n
> iker 1 <k < p) 55 N, A). (3:7)

Vnlogn =

Proof. Since the proof is extremely technical, we put it in the supplementary
material. u

The proof of Theorem 2.1 (i) When 0 < a < 2,

-1

. 1 n r 1 n
¢n_¢: a_z Z Yt—lYt_l a_z Z Yl—lgt

n t=p+1 n t=p+1
By Lemma 3.2 and continuous mapping theorem, (a) holds. (ii) When a = 2,

1 " - J
1 b, —)=|—— Y, YT — Y,
(logn) (@, — ¢) Conlognt:% Y I gjﬂ 16

By Lemma 3.2, (b) holds. (iii) When 2 < a < 4,

n 1 « o 1 <«
- T
a—2(¢n_¢)= ; Z Yt—lYt_l a_2 Z Y16

n t=p+1 n t=p+1
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By Lemma 3.2, (c) holds. (iv) When o =4,
-1

noo~ 1 < 1 .
——— (@ —P)=| - Y, Y/, —— Y1
nlogn 8 n t:;—l ! vnlogn t:;—l

By the ergodic theorem and Lemma 3.3, (d) holds. This completes the proof. W
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