LOCAL SPACINGS ALONG CURVES
EMRE ALKAN, MAOSHENG XIONG, AND ALEXANDRA ZAHARESCU

ABSTRACT. We investigate local spacing problems along curves via smooth
maps. Moreover we provide explicit formulas for the nearest neighbor
spacing distribution function of torsion points on elliptic curves over R,
and of rational points on the unit circle.

1. INTRODUCTION AND STATEMENT OF RESULTS

The statistics of local spacings measure the fine structure of sequences of
real numbers in a more subtle way than the classical uniform distribution.
Their study was initiated by physicists (see for example [7] and [24]), in order
to understand the spectra of high energies. This notion has received a great
deal of attention in areas such as mathematical physics, analysis, probability
and number theory (see [1]-[6],[8]-[10],[12]-[20]). For most cases considered
so far, the problem can be interpreted in terms of the distribution of a given
sequence of points which lie on a straight line. There are, however, many
important sequences of points which lie on a curve rather than a straight
line. Interesting examples arising naturally, which will be considered below,
are torsion points on elliptic curves over R and rational points on the unit
circle. In [25] the last author raised the problem of spacing distribution
along curves, and showed under certain conditions how spacing distribution
functions along a curve can be obtained from local data. In this paper,
motivated by the two examples mentioned above, we first study how the
spacing distribution function deforms via smooth maps between curves. In
particular this explains how the spacing distribution function of a sequence
of points on a curve can be obtained from a known distribution on a segment
via a parametrization. Next, we provide explicit formulas for the nearest
neighbor spacing distribution function of torsion points on elliptic curves
over R and of rational points on the unit circle.

Let I = [a,b] be an interval with length {((I) = b —a and C C R* a
curve with parametrization f : I — C, where f is continuous, piecewise
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continuously differentiable, and f’ does not vanish in I. Suppose .F =
(Z,)qen is a sequence of sets on I, .7, = {t;2 1 < j < Ng} C1,
a<t?<t¥<... < t%@ <'b. Denoting ZL“JQ = f(t]Q), we form a sequence on
C by letting A4 = (.M ,)qen Where

%Q:{xlengNQ}.

Each set ./, cuts the curve C in finitely many arcs. For any positive real
number A\ we consider the proportion G, A, (A) of such arcs whose length
is at least A times the average. The nearest neighbor spacing distribution
function Ge s : [0,00) — [0, 1] is defined, if it exists, by

Ge,u(N) = nggo Ge.a, (),

for any A > 0. For more notation and terminology the reader is referred to
the beginning of Section 2 below.

Theorem 1. Let C,1, f,.#,. % be as above. Suppose that F is uniformly
distributed on I and for any subinterval J of I, the functions GJjQ converge
pointwise as () — oo to a continuous function Hz which is independent of
J. Then the nearest neighbor spacing distribution function Ge 4 of A on
C exists and is continuous. More specifically, for any A > 0,

7 I(C)
(1) GC,///(/\) = @ /a Hg (m . /\) d'[}

A more general theorem will be proved in Section 2. In order to apply
Theorem 1 in practice, if a curve and a particular sequence of sets of points
on it are given, one needs to find a convenient parametrization of the curve
in such a way that the corresponding sequence of points has a known local
spacing distribution function on the interval, or the distribution function
can be found by known methods.

One such example is provided by torsion points on an elliptic curve over
R. Elliptic curves have been studied for a long time. For a presentation of
various aspects of the theory see [21]. Let E be an elliptic curve defined
over R, given by the equation

By’ =42® — gow — g3,

where go, g3 € R and g5 — 27¢% # 0. The set E(R) of real points of E has
a natural group structure which makes E(R) an abelian group. Recall that
there is a complex analytic isomorphism of complex Lie groups (see [21])

exp: C/AN — F(C) C P*C)
2 (p(2),9'(2),
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where A is a lattice in C associated to E(C), and p(z) is the Weierstrass
o-function associated to A. Here E(R) may have one or two connected
components. The unbounded one E(R) is isomorphic under exp to S' ~
R/Z as real Lie groups. Identifying R/Z with [0, 1), this gives us in turn a
C*>® map ¢ : [0,1) — Ey(R) such that ¢(0) = O is the point at infinity
and for any ¢ € [0, 1), any integer n,

o(nt (mod 1)) = [n]é(t) € Eu(R).

Theorem 2. Let E be the elliptic curve defined over R. For any (Q > 1, let
M, be the set of torsion points of order less than or equal to Q on Ey(R)
and M = (M,)qen. Then for any finite connected subarc C of Ey(R), the
nearest neighbor spacing distribution function of # on C exists and is given
by
2 (", (3UD)IY ()]
2 G AN=1—— [ A|——=|dt
) e =1- 5 [ () o
for any X\ > 0, where I = [a,b] = ¢~'(C) and A, is defined by
1—a—+1—-4a/2+2alog((1++v1—-4a)/2) : 0<a<}i
Ai(a) =¢ 1—a+aloga c 1<a<l
0 oa> 1.

Corollary 1. For any elliptic curve E over R and any point P € Ey(R), P #
O, the limit
GE’p()\) = lim GQ%/()\)

PECCEy(R)
1(C)—0
exists and is given by
( 1 0<A< S
=5 - (1—log (335)) — 1 B <A<
Grp(\) =
TN
xlog (14 /1= &) 2) -1+ AxL
\

This corollary says that the nearest neighbor distribution function of
torsion points around any point P on any elliptic curve E defined over R,
is independent of the point P. Moreover, the fact that Gg p(A\) = 1 on the
entire interval [0, %] shows a very strong repulsion between torsion points.
This distribution coincides locally with the distribution of Farey fractions.
It is closer to, from this point of view, for instance, the distribution of zeros
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of the Riemann Zeta function, where one also has a well known repulsion
phenomenon, than to the distribution of a randomly chosen sequence of
points, where such repulsion phenomenon is not present.

These comments also apply to our second example, concerning rational
points on the unit circle. Pythagorean triangles and their connection to
rational points on the unit circle are of course well understood. Our aim
here is to see how these points are distributed along the circle. The unit
circle 8' = {(z,y) € R? : 2% + y* = 1} has a parametrization

fi: R — SY{(-1,0)}

1-t2 2t
Lo <1-|—t27 1+t2> )

under which the rational points of S'(omitting (—1,0)) are exactly those of

the form (see [11])
1—¢* 2t
— ] t e Q.
(fsrrre) e

Write any non-zero rational number ¢ = a/q in reduced form, i.e., a,q €
Z,q > 0 and ged(a,q) = 1. We take the corresponding rational point
P = (g;;gz, qu‘;) on the unit circle and denote H(P) = ¢* + a*. This is
closely related to the height of P, which equals to H(P)/2 when a, g are both
odd and H(P) otherwise (see [21]). Consider the sequence .# = (.,,)qen

defined by
M, = {rational points P € 8" : H(P) < Q, P # (+1,0)},

The union of the sets ./, consists of all the rational points on S'—{(—1,0)}.
The nearest neighbor spacing distribution function of .# on S is explicitly
determined in the next theorem.

Theorem 3. For any arc C of the unit circle S* — {(£1,0)}, the nearest
neighbor spacing distribution function of .4 exists, is continuous and 1is
independent of the arc C. Specifically,

( 1 : O<)\§%
%-(1—log(%))—1 :%<)\<%
) Ge.n(N) =
YA Ry e
xlog (14 /1= ) 2) =1+ Az%

One sees from Corollary 1 and Theorem 3 that torsion points on an ellip-
tic curve are locally distributed like the rational points on the unit circle.
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The situation changes dramatically if one considers rational points on the
elliptic curve. By the Mordell-Weil theorem the group of rational points
on an elliptic curve defined over Q is finitely generated. Combining this
with classical results on the fractional parts of linear forms (see [22] [23]),
it follows that rational points on an elliptic curve do not have a limiting
nearest neighbor spacing distribution function.

2. PROOF OF THEOREM 1

We will derive Theorem 1 from a more general result. For the sake of
completeness we first recall some notation and terminology from [25].

Let C be a piecewise smooth, compact curve in R¥. For any arc J on C
we denote by I(J) the length of 7. Given a finite sequence % of points on
C,% ={u, €C:1<n< N} and any arc J on C, let pic 4 (J) denote
the proportion of points from % which belong to 7,

_#{1<n<N:u,eJ}
— ¥ .

Let now .# = (.#,)qen be a sequence of finite sequences .7, = {Fy., €
C:1<n < Ng} of points on the curve C, such that Ng — oo as @ — .
Given an arc J on C, if the sequence (uc,.4,(J))qen is convergent, we
denote

pre (J)

pe.n(JT) = nggo pie.a, (T )-
We say that .# is uniformly distributed along C provided that

U(J)

pie.a(J) = 1)

for any arc J on C. If uc_,(J) is defined, then we set

tic,.(J)I(C)
PC,//(j) = C//;T

and call p¢_»(J) the density of # on J. If pc_»(J) is defined for any arc
J on C, then we say that .# has a density along C.

Our definition of local spacing distribution differs slightly from that of
[25], but they are the same once the limit ) — oo is taken. Let C be a
connected, piecewise smooth, compact curve in R* and let % = {u, € C :
1 <n < N} be a finite sequence of consecutive points wuy, us, ..., uy on C.

Let J be a connected arc of C. Denote Z(J) ={1 <j <N :u; € J}.
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Let h > 1 be an integer. For any real numbers \i,..., A, > 0, let A =
(A1, ..., An) and define

1
Co® = )
X #g{j Uy re—1Ujrs) > #%#27\7)),“‘74_5_1,/&]‘4_8 e Uu(J)}.

Let now .# = (.#,)qen be a sequence of finite sequences .7, = {Fqp., €
C:1<n < Ny} of consecutive points on the curve C, such that Ng — oo
as () — oo. We say that .# has an h-spacing distribution function G s
on a subarc J C C provided that the sequence of functions (G jyﬂQ)QeN is

pointwise convergent to Gz _». We need one more definition:

Definition 1. Suppose C is a connected compact curve, M = (M, )qen is
a sequence of sequences of points on C such that #.4#, — 0o as () — 00,
Suppose h > 1 and the h-spacing distribution function G of # along C exists
and is continuous. G s called uniformly continuous along C if for any e > 0,
there is a 0 > 0 such that for any X = (Aq, ..., An), 0= (1, -« 5 fln), Niy s >
0 and any subarc J C C, we have

Grm(A) = Ga(p)| <e
whenever || A — p||gr < 4.

Let I = [a, b] be an interval with length [(I) = b—a and let C C R™, D C
R™ be two curves of finite length [(C) and /(D) with parameterizations
¢:1— Cand ¢ : I — D given by

¢(t) = (¢1(), - Pm(), D) = (r(),- - Pu(l)).

Suppose further that both ¢, are continuous, piecewise continuously dif-
ferentiable and the functions

¢(t) = (¢1(),- - (1), () = (W1(D), ..., ¥y (1))
do not vanish in I.

Let .7 = (Z,)qen be a sequence of sets where ., = {t]Q 1 <5<
N} C I with increased order a < t? < t? < e < t%Q < b such that
Ng — o0 as Q — oo. Denoting x? = qb(t?) and ij = 1/1(15;?2) we form two
sequences 4 = (M, )qen and A = (A],)gen by

My={2]:1<j<Ngt, A, ={y?:1<;j<Ng}

We have the following result:
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Theorem 4. Suppose that on C the sequence M = (M, )qge.r has bounded
density. Let h be a positive integer. If the h-spacing distribution function
Ge, wof A s uniformly continuous along C, then the h-spacing distribution
function Gp_y of A on D exists and is continuous. More precisely, for
any A = (A1,...,\n), Ny >0,

L-1

[(D)|¢'(a:)]
pe.a(T)UT:) - Gg, . (—pc,//(Ji) A
Z UC) Y (as)]
where the limit is taken over partitions m:a =ag < a1 < ay < ---<ap =2>b
of I, §(m) = max{a;41 —a; : 0 < i < L —1}, J; = ¢(a;)p(a;41) is the i-th
arc of C, p is the density function and 1(J;) is the length of the arc J;.

G’D,,/V<)\) 6(71' )—0 l

Proof of Theorem 4. Let A\ = (A1,..., ), Ay > 0. We need to study
the behavior of the quantity

Asl(D)
Ng

h
1 |
G, () = 5 # (ML<j<No+1-h:llyf, 1yt 2 }
s=1

as () — oo. For this purpose, we make a partition of I,
Tra=ag<a; <ay<---<ap=D>,

and denote Az = QZS((IZ),BZ = ¢(az) for ¢ = O, 17 .. .,L, IZ = [ai,(li_;,_l],% =

—_—~—

A;Ai1, J! = B;B;41 as subarcs of J,C, D respectively for i =0,..., L — 1.

Then
L—1
1:U Ii,CUJz,DUJ
Moreover, for : =0,1,..., L — 1 denote
F,(L) ={t? €L, : 1< j < Ng},

M (T) = {2 € T : 1< j < No},

No(F) ={yf € T+ 1<j < No},
and for simplicity
Nqi=#F,(Li) = #M,(T;) = #N,(T)).
Let

(D)
Hji’,t/VQ( ) NQ #ﬂ{] l y]+s 1Y ]QJrs) > NQ >y§2+sflﬂyjc'2+s € *72/}

s=1
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It is easy to see that

T
L

(4)  NoGpoi, () = WL —1) < 3" NoiHgrs, (\) < NG, s, (A).

i

I
=)

Denote
M, = ! —
s=max($O), = min(g/(0)]),
M; =max([g'()]),  m; = min(|¥(1)]).
When th+5 1) t;%rs € I;, we have
Q Q Q Q e
(t]Jrs t]+s 1) S l($j+sflajj+s): 0 ‘¢/(t)‘dt
t:
j4s—1
S M(t?Jrs t?+s 1)
and
Q Q Q Q e
m/(tj+s_t_7+s 1) S l(ijrsflijrs): tQ |¢/(t)|dt
j+s—1
< M;] (t?+s _t?Jrs 1)
Define

Al(D) M,
LZ',?Q( ) NQ # ﬂ{] l ]+s lx?—i-s) 2 W?$?+s—17x?+s € *72}

s=1 ?

and

MNDymi g
sz‘,r' NQZ# m{j j+8 l‘rj—&-s) Z NQM/ 7‘r]+s 1 ]+S < ‘71}

s=1

By the inequalities above and the definition, we have
Lg.7,(A) < Hgr v, (A) < Ug,,7, ().

Taking (4) into account we have

_ NQi '

=~ L7z (A< A < = .U —_
3N o012 G002 £ 5 0+ 25
=0 1=0

By our assumptions,

Noi 7
C}EEON_Q pe.a(TJi) = pe.a(Ti) - 1)
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Denote (D) M I(D)
7 r m;
i = 1(C)m pe.x(Ti), 0; = l(C)M’pc w(T5).

Since the h-spacing distribution function Gz, .z, () exists and is continuous,

we have
Lg.z,(A) — Ggu(0i-A) (@ — 0)
and
Ug.7,(A) — Gz A) (Q — ).
Therefore
L1 L1
. Ng.i 1
| ~ . Ls z = l G O\
QEI;O g NQ jl,fo <)\) l(C) pr pC// \-7 NOW/A ( )
and
L1 =
li AL § - . ANAIETIICN)
Qgrolo - NQ Uju-fQ (A) I C) ;PC,%(j) (‘-7) \71,///( i )
= U,()N).
Hence
(5) L:(\) < thgn inf Gp s, (A) < limsup Gp,s, (A) < Ur(})
—00 Q—o0

for any partition 7 of I. Our next goal is to prove that limg_ .., Gp, S (A)
exists by manipulating the lower bound L, () and upper bound U, () for
different partitions 7. Since the h-spacing distribution function G¢_, of A4
is uniformly continuous along C, for any € > 0, there is a § > 0, such that
when z = (z1,...,21),y = (Y1,---,Yn), i, ¥; > 0 and ||z — y||gr < 0, then

\Geru(x) — Gern(y)| < €

for any subarc C' C C. Because pr # is bounded, there is an 7 > 0 such that
if o0(m) = max; {{(J;)} <n, then ||(6; — 0})\||gr < 0 and we have

0S U= L) = 5 X el TN - i 6A) = GGV
< % > pe. TN -

p,.x(Ti) = €.
=0

Il
™
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Therefore
Gp.r(A) = QIEI;OGD,,,A/Q()\>

= lim L.(\) = li
st P = o2, O ()

the limit exists and .4” has an h-spacing distribution function on D.
In order to prove that this function is continuous, observe that

G (A) = Go,vr (W) < [Gpy(A) = Un(N)| + [Gp,v (1) = U ()]
+[Ur(A) = Ux(p)l.
The first two terms on the right side tend to 0 as §(7) — 0, and
L1
1

Ux(A) = Ux(p)| < m-ch,//z(%)l(%)-\Gm,jz(&)—Gji,//@éu)\-

By similar argument we see that |U,(\) — U ()] — 0 as A — u. Therefore
Gp, v (A) is continuous as a function of .
Next denote

1 & [(D)|¢'(ai)]

Goel) = g5 - re- el TN oo (g ragyfe-o ) ).
S

ince mi _ ¢/ ()] < M

M~ ¢ (a;)| — m;
one has
Lﬂ(/\) S GDJ(/\) S UTI'()\)

Hence

G'D,//;()\) = nggo GDM//Q ()\) = 6(1;{20 GD ﬂ-()\)

and Theorem 4 is proved.
Under the assumption that the sequence is uniformly distributed, i.e., the
density function p identically equals to 1, we have a stronger result.

Corollary 2. Assume the same conditions and notations as in Theorem 4.
Suppose further that A is uniformly distributed on C. Then the h-spacing
distribution function Gp_y of N on D exits, is uniformly continuous along
D and s given by,

6)  Gpr(N)= Hol Zl (T) -G (z(D)!qu(ai)I_ A)

UC)| T (a:)]
where the limit is taken over partztwns T:a=aq<a<a<---<ap=>

of I.
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Proof of Corollary 2. For any subinterval I' = [@/, b'] C I = [a, b], denote
C'=9¢(')cC, D =¢I') CD. Consider a partition 7 : ¢’ = ay < a; <
<o« < arp =10 of I'' We use same notations as in the proof of Theorem 1. It
is easy to see that, since pc » = 1, we still have the inequality

LW(A) S 116121'1 inf GD/"/VQ ()\) S lim sup G'D’,JVQ ()\) S UW(A)

Q—o0

for any partition 7 of I, where

1 L-1
L) = g LG
1 L-1
Uﬂ'()\) = l(c/) g l(‘Z)G‘Z’///((;ZA%
and
Z(D/)MZ , Z(D’)mz

"= T ey

Following the same argument as in Theorem 1, we see that
G (V) = Jim Gy, (V)

exists, is continuous and Gp_s (\) can be written explicitly as in (6).

To prove that this function is uniformly continuous along D, first note
that the h-spacing distribution function G¢, 4 of 4 is uniformly continuous
along C, for any € > 0, there is a 6 > 0, such that when x = (xy,...,2,),y =
(Y1, yn)s i, y; > 0 and ||x — y||gr < d, then

Gerw () — Gera(y)| < €

for any subarc C’' C C.
Denote

M = max(|¢'(t)]),  m =min(|¢'(£)]),

tel tel

M= max(W(D),  m' = min([/ ().

tel tel

Notice that

!/

0<d <6<

mm'
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For any A= ()\1’"'7)\h>7:u = (H’l?"'ﬂuh>a>\inui > 0 with ||()\ - HJ)HR}L <
- then ||(X — p)d!|gn < 6, we have

MM/7
1 L-1
V() = Unli)] < gy - 1T - G (613) = Gl a3
=0
1 L—-1
< . ). —
=) & HJ)e=e

for any subinterval I' C T and any partition 7 of I'. Also,

\Gpr (N = G ()] < |Gprow(A) = Us(N)| + |G p (1) — Uz (1)
+Uxr(A) = Uz (p)]-

Here the first two terms on the right side tend to 0 as §(w) — 0, we have
Gorv (V) = Go (1] < fim (U3 = U] < e

Therefore the h-spacing distribution function Gp_s () is uniformly contin-
uous along D and Corollary 2 is proved.

Proof of Theorem 1.  For the nearest neighbor spacing distribution
function we have h = 1. Since .# is uniformly distributed on I and obvious
by the assumption, the nearest neighbor spacing distribution function G of
Z is uniformly continuous along I, by Corollary 2, the function G¢_, of 4
on C is also uniformly continuous along C and can be written explicitly as

I S T (N
e = iy S0 G (i )

o S Sy (©

= im0 (@i )

- [ (i)

for any A > 0. This completes the proof of Theorem 1.

3. TORSION POINTS ON ELLIPTIC CURVES

We will compute for any h > 1 the h-spacing distribution function asso-
ciated to the set of torsion points on the given elliptic curve E defined over
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R. For any @ € N, denote by .#,(I) the set of Farey fractions of order @
from I, that is

94n={7=§eI:1qung@nw:L&qu}

and order increasingly its elements ’yJQ =p;/q; as
a < <HF < <R Sh
The number Ng(I) of elements of .7, (I) satisfies (see [1])

No(I) = 31(D)Q*/7* + O(Qlog Q).
The sequence .7 (I) = (#,(I))gen is uniformly distributed on I. Denote
x? = (25(7]@) and
M,

2(€) = {a7 : 1< j < No(D)},

where x?, xg?, e ,$%Q (1) are consecutive points on C. Then ., (C) is exactly

the set of torsion points on C with order less than or equal to (). Let
M(C) = (M,(C))gen- For h any positive integer, A = (A1,..., Ap), A; >0,
consider the quantity

h
GC,,///Q ()\) _ ﬁ# g{l <5< NQ(I) +1—~h: l(x?+5_1$?+s> > ?\;;((Cli}

According to [1], Gc,//zQ converges as () — oo to a continuous function,
hence by Theorem 1, the h-spacing distribution function

Ge,.nw(N) = q}g{.lo Ge,.n, (A)

exists and is continuous.
To make things more precise, let .7 be the Farey triangle

{(z,y) : 0<x<1,0<y<1l,x4+y>1}
and consider, for each (z,y) € R? the sequence (L;(x,y))i>o defined by
Lo(z,y) =z, Li(z,y) = y and then recursively, for i > 2,
I+ Li,g(-T, y)
Li(z,y) = | ——i=2hd)
( y) |: Li—1($a y)
Consider as well the map ®;, : 7 — (0, 00)" given by

3 1 1 !
%WW:ﬁ(%@wh@wwmwmeV“lm@w%WW)

} +Lioi(z,y) — Li—2(,y).
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To each A = (A;, ..., An), A; > 0, we associate a set Ay = H?:l()\i, +o0) C
(0,00)", and define the following subset of 7:

h

s = ({00 € 7+ st Lo < | = 275

=1

Theorem 1 of [1] states that the h-spacing distribution function of .7, (I)
on I is given by

Grz(\) = 2- Area(Qy,).

For any a = (aq,...,a),a; > 0, denote

Q, = U {(z,y) € T : Li_1(x,y)Li(x,y) > a;},

and define a continuous function Ay, : (0, 4+00)" — [0,1] by

Ap(a) = Area(£2,).

3

Then

By Theorem 1,

@MQ)=551[<“”&(%%%%5)ﬁ
- 1_%./;14,1(%)%

As for the case h = 1, it is known (see [1]) that

1—a—+1—4a/2+2alog((1++/1—4a)/2)
l—a+aloga
0

Al(a)

Here A; is a piecewise smooth function and

2log((1++v1—4a)/2) : 0<a<j
Al(a) =< loga D t<a<l

0 a>1.

The nearest neighbor spacing distribution function of torsion points on C is
then given explicitly by

2 ", (3DIE)
o)== |4 (Sarn )
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Its density function is

. Ge,un=1(N) — Ge, .y n=
gewn=1(A) = lim c.ath=1(}) c.uh=1(1)
= A\ — U

_ 6 & IIEI0] ,
T )N / Al( m21(C)\ )'|¢(t)|dt‘

Clearly, for any point P € Ey(R), P # O, the local density around P is

) 3
1(C)—0

Theorem 2 and Corollary 1 are now proved.

4. LOCAL SPACINGS OF RATIONAL POINTS ON UNIT CIRCLE

We need to calculate the nearest neighbor spacing distribution function
of rational points on the Unit Circle S'. We use the same notation as in
the statement of Theorem 3. Consider the map

f2: (_%7%) - R
0

—  tan@,
so that we have ¢ = fy 0 f1: (=5,5) — S' —{(—1,0)} given by
() = (cos 20, sin 20).

Here |¢'(0)] = [2(— cos(20),sin(20))| = 2. Let .F# = (F,)gen be the se-
quence in (=%,%) given by F, = ¢~ (4,). For § € Z,,0 # 0, write
tanf = a/q in reduced form. This € equals to the angle between the g-
axis and the straight line passing through the origin and the “visible” point

(a,q) € Z* inside the disk
Do ={(a,q) e R*: 0’ +¢* < Q}.

Without any loss of generality, suppose C C St is a connected arc not con-
taining the point (—1,0). Then ¢ '(C) is a subinterval of (-3, ). Denote
this interval I = [a,b]. We have {(C) = 2 - [(I). According to Theorem 0.1
of [5], # is uniformly distributed on I and the nearest neighbor spacing

distribution function of .# on I is given by

Gl,y()\) = 277(/\) )
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where

( % : O<)\§%

=y (1—log (335)) — 3 2 <A<
nA\) =

3 1 12 6
P WREC R VA Sl dies 5

xlog (14 /1 %) /2) -} A> 12

\

By Theorem 1, then we have

Ge.a(N) = 2n(}),

and this completes the proof of Theorem 3.

(1]

(7]
8]
(9]
[10]
[11]
[12]
[13]

[14]

REFERENCES

V. Augustin, F. Boca, C. Cobeli, A. Zaharescu, The h-spacing distribution between
Farey points, Math. Proc. Cambridge Philos. Soc. 131(2001), no 1, 23-38.

M. V. Berry and M. Tabor, Level clustering in the regular spectrum,
Proc. R. Soc. London Ser. A 356(1977), 375-394.

P. M. Bleher, The energy level spacing for two harmonic oscillators with golden
mean ratio of frequencies, J. Statist. Phys. 61(1990), 869-876.

P. M. Bleher, The energy level spacing for two harmonic oscillators with generic
ratio of frequencies, J. Statist. Phys. 63(1991), 261-283.

F. Boca, C. Cobeli, A. Zaharescu, Distribution of lattice points visible from the
origin, Comm. Math. Phys. 213(2000), no 2, 433-470.

C. Cobeli, A. Zaharescu, On the distribution of primitive roots mod p, Acta
Arith. 83(1998), no 2, 143-153.

F. Dyson, Statistical theory of the energy levels of complex systems LII 111, J. Math-
ematical Phys. 3(1962), 140-156, 157-165, 166-175.

P. X. Gallagher, On the distribution of primes in short intervals, Mathematika
23(1976), 4-9

On between

the intervals

C. Hooley, consecutive terms of sequences,
Proc. Symp. Pure Math. 24(1973), 129-140.
N. Katz, P.  Sarnak, Zeroes  of zeta  functions and  symmetry,

Bull. Amer. Math. Soc. (N. S.) 36(1999), no 1, 1-26.

N. Koblitz, “Introduction to Elliptic Curves and Modular Forms”, Springer-Verlag,
New York, GTM 97, 1984.

P. Kurlberg, The distribution of spacings between quadratic residues II. Israel
J. Math. 120(2000), part A. 205-224.

P. Kurlberg and Z. Rudnick, The distribution of spacings between quadratic residues,
Duke Math. J. 100(1999), 211-242.

H. L. Montgomery, The pair correlation of zeros of the zeta function in An-
alytic Number Theory (St. Louis, MO, 1972), Proc. Sympos. Pure Math. 24,
Amer. Math. Soc., Providence, 1973, 181-193.



15]
16]
17]
18]
19]
20]
21]
22]
23]

[24]
[25]

LOCAL SPACINGS ALONG CURVES 17

M. R. Murty, A. Perelli, The Pair Correlation of Zeros of Functions in the Selberg
Class, T MRN(1999) No 10, 531-545.

M. R. Murty, A. Zaharescu, Ezplicit formulas for the pair correlation of zeros of
functions in the Selberg class, Forum Math. 14(2002), 65-83.

7. Rudnick, P. Sarnak, The pair correlation function of fractional parts of polyno-
mials, Comm. Math. Phys. 194(1998), no 2, 433-470.

Z. Rudnick, P. Sarnak, Principal L-functions and Random Matriz Theory, Duke
Math. J. 81, 2(1996), 269-322.

Z. Rudnick, A. Zaharescu, The distribution of spacings between small powers of a
primitive root, Israel J. Math. 120 Part A(2000), 271-287.

Z. Rudnick, A. Zaharescu, The distribution of spacings between fractional parts of
lacunary sequences, Forum Math. 14(2002), no 5, 691-712.

J. H. Silverman, “The arithmetic of elliptic curves”, Springer-Verlag, New York,
GTM 106, 1986.

V. Sés, On the distribution mod 1 of the sequence nca, Ann. Univ. Sci. Bu-
dapest. E6tvos Sect. Math. 1(1958), 127-134.

S. Swierczkowski, On succesive settings of an arc on the circumference of a circle,
Fund. Math. 46(1958), 187-189.

E. Wigner, Random matrices in physics, STAM Review 9(1967), 1-23.

A. Zaharescu, Spacing distribution along curves, Advanced Studies in Contemporary
Mathematics, 7(2003), no 1, 61-67.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN,
273 ALTGELD HALL, MC-382, 1409 W. GREEN STREET, URBANA, ILLINOIS 61801-
2975, USA

FE-mail address: alkan@math.uiuc.edu

E-mail address: xiong@math.uiuc.edu

F-mail address: zaharesc@math.uiuc.edu



