Formulas

Trigonometric formulas

1 1
sina £ sinb = 2sin §(a:f: b)cos =(a Fb)

2
1

cosa + cosb = QCOS%(CL—Fb) cos%(a—— b) cosa — cosb = ZSin%(a—f—b)Sin-z—(b— a)

1
sina cosb = §(sin(a —b) + sin(a + b))

1 1
sina sinb = —2—(cos(a —b) —cos(a+b)) cosa cosb = —2—(cos(a — b) + cos(a + b))
sin(a = b) = sinacosb + cosasinb cos(a +b) = cosacosb Fsinasinb

Fourier series

Fourier series of f(z) defined on [—L, —L]: %ao + Z(an cos(nmz/L) + by sin(nw/L))

n=1

L L
where a, = %/_L f(z) cos(nmz/L)dz, b, = %/_L f(z)sin(nrz/L)dz

1 - 2 [*
Fourier cosine series (z € [0, L]): 590 + Zan cos(nmz/L) where a, = E/ J(z)cos(nmz/L)dz.
n=1 0
L
Fourier sine series (z € [0, 1]) Zb sin(nwz/L) where by, / f(x)sin(nmz/L)dz.

n=1

Solutlon for wave equation with a source on R Uy — gy =

x+ct
uz,t) = %[¢(m+ct) + ¢(z — ct)) -!—i s)ds + — /A
(2:8)

2c x~ct

where ¢(z) = u(z,0), ¥(z) = w(z,0), and A,y is the characteristic triangle for (z,t).

The Kirchhoff-Poisson solution for wave equation 1wy — c2Au =0

1 0|1 1 . :
In 3D: wu(Z,t) = ma [— / i gb(f}da] + y / s ¥(€)do  where S, is a sphere of radius ct.

| é 77)
In 2D: u(z,y,t) 27rc8t {// \/ ct)? —(n—y)? dgdn}

dfdn where D; is a disk of radius ct.

2“/ D +/(ct)? —(n—vy)?

Solution for the diffusion equation with a source on R u; — kug, = f(z,t) (¢t > 0)

u(z,t) = / " S~y )ely)dy + / t / " S(e -yt — 8)f (. s)dyds (¢ > 0)

1 2
where S(z,t) = ——==e"% /** and ¢(z) = u(z, 0).
8 = o 6(a) = u(,0)
Definition of the error function: Erf(z) = ﬁ—/ e~ dp
VT Jo
A in polar coordinates: A = o + L9 + Lo
b ' S or2 T ror 12002




2 2 1 1 0?2
A in spherical coordinates: A = o + __8__ o — 0 sin 9—(—3—

or2 " ror ' r2sinf o0 80 ' r2sin® 0 042

. o : 1 2 — [x]?
Poisson’s formula for harmonic function in a disk: u(x) = — il i

/ d/
210 Jix)=a X — %'|? u(x) ds', or

o a? —1r? _ _
u(r,f) = o / ~Dar cosll = B) £ 12 h(¢)d¢ where h(¢) is the value of u on the circle r = a.

Green’s first identity: // dS /// Vv -VudV + /// vAudV
Green’s second identity: /// uAv — vAu)dV = // <u@i - v@f) ds

Representation formula for a harmonic function u

u(xg) = // {u(x) —(—%—K(x, xg) — K(x, Xo)g } dS  where K(x,%o) = —1/(4n|x — x¢]) for R3.
oD

Solution of the Dirichlet problem for Ay = f using Green’s function

u(xo) = //u(x)?—Ci((,g{n’—x—o2 dS+// f(x)G(x,%0)dV.

On the plane, dS and dV are replaced by dl (length element) and dA (area element), respectively.
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d 1d (1__5__) ~0
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Bessel’s differential equation of order s:

Solutions of Bessel’s equation
For a non—integer s, the two independent solutions are

(_1)1‘ +s+27 /oo et ‘
Jts < ) here I'(s) = t*74dt is the I" function.
= ZI‘]—}—I)I’(:}:s—I—]—I—D ) where I(s) = | = e

For s = n, a non-negative integer, the solutions are
oo s .
(_1>] r\ n+2j
hr) =30 D (~)
* — jl(n+5)! \2

1) = 2 (1) sy (00 S 0T 20 (2)7 1§ (U 4 o) e

2 r T4 Jl(n+ j)! 2

3=0 7=0

2 2
Bessel functions of order s = £1/2:  Jyso(r) = 4/ p— sinr J_i9(r) = \/‘7—5 cosr

For Bum a, Bemr a being roots of the Bessel function J,

/a Js(ﬂsm 7’)Js(ﬁsm’ T)T‘d’f‘ = 5mm’ %az[t];(ﬁsm CL)]2 = 6mm’ ';“CLQ[JS:H (ﬁsm a')]2
0

Spherical harmonics:  Y;"(6, ¢) = P™(cosf) - ¢

2r pm " ST 4’/T (l —I—m)'




