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EXERCISE 3.1.2

(1) For any partition P of [0, 2], we have only one index i satisfying z;_y < 1 < z;. Then
S(P, f) = f(ei)(x; — xi—1) + Wy, — x;) = f(a)(x; — xi—1) + 1 — ;. Since f(z7) =0 or 1 and
0 <z <x;—xi1 < ||P|, we have |S(P, f) — 1| < 2||P||. Therefore f(x) is integrable with

2

fdx = 1.
0
(2) For any partition P, by taking all x; to be irrational, we get S(P, f) = 0. By taking all
1/1
xf rational, we get S(P, f) = > af(x; —x;_1) > = (5 — HP||>, where is inequality is obtained

11—«

" n(l- Ya)

-2
1
by considering only those z} > 3" This implies that S(P, f) does not converge as ||P|| — 0.

Therefore the function is not integrable.

1
(3) For any natural number N, assume [|P| < ——. Then any interval in the partition

L . . 1 1 . . 1 1
is either contained in l 1 _ZN} U lﬁ, 1] or contained in {—N N] We may divide the

Riemann sum into two parts S(P, f) = >.'+>_", where the intervals in Y. are contained in

1 1 1 1
[—1, _N] U {N, 1} and the intervals in " are contained in [_N’ N} Then there are at
most 8N intervals in Y_', such that the corresponding f(z}) = 1, and we also have f(x}) =0
for the other intervals in Y_'. Therefore we get |>."| < 4N||P||. On the other hand, the total
2

2
length of the intervals in 3" is < N’ and we always have f(x}) = 0 or 1. Therefore | }."| < N
2
We conclude that |S(P, f)| < [ Y|+ 2" < 8N||P|| + v This implies that

1Pl < 57 == [S(P )] <

6
2N? N’
1
which further implies that the function is integrable, with f (x)dz = 0.
(4) For any natural number N, the Riemann sum S(P, f) can be divided into two parts

according to z7 = — for some n < N or otherwise. The number of terms in the first part is
n

1
< N, so that the sum is < N(max|f]|)||P|| = N||P||. For the second part we have f(x}) < N’
1 1 1
so that the sum of the second part is < N(l —0) = N Thus 0 < S(P, f) < N||P|| + Then

2
for any € > 0, choosing N = — and ||P|| < EZ would imply that |S(P, f)| < e. Therefore the
€

1
function is integrable, with / fdx = 0.
0



EXERCISE 3.1.3

i T T 1
By taking middle points, we get S,,(P,x) = > %(mz —Tiq) = 3 S —a? ) =
1
5(1}21 —ap) = 9 1 1
Then for any choice of z}, we have |z} — % < §||P|| Therefore |S(P,z) — 5‘ =

T; + T

|S(P,I)—Sm<P,ZE)| < Z

*

1 1
Ax; < §||PH S Az = §||PH This implies that x is

1
1
integrable, with / rdr = 3
0



EXERCISE 3.1.4
For b > a > 0, we have w(2?) = b* — a®. Then

Y e (@) Az =Y (0] =l ) Az <Y (2F — a7 )||PI| = (@ — =) | P = || P

Thus for any € > 0, |P|| <€ = Y wp, ,a(2?)Az; <.

EXERCISE 3.1.5

(1) For any partition P, we have only one index j satisfying z;_; < 0 < ;. Then
Wiz,_1,;)(f) = 0 for j # i and wyy; _, 2,)(f) = 1. Therefore Y wip, ;2 (f)Ar; = 25— 251 < || P||.
Thus for any € > 0, ||P|| <€ = > Wiz 4.0(f)Az; <e

1 2
(2) We have wi, | 2,1(f) = z;. If [|P|| < 3’ then the total length of the intervals with z; > 3
1 21
is at least 3 Therefore ) wiy, | 2 (f)Ax; =Y x;Ax; > 33 and the function is not integrable.

(3) For any natural number N, assume [|P|| < N Then any interval in the partition is

1 1 11
either contained in [ 1, o U IN 1] or contained in [— NN . The number of intervals of

the first type with wy,, | 4,)(f) = 1is < 8N. The total length of the second type of intervals is <

2 2
N Moreover, each wig, | 4(f) must be either 0 or 1. Therefore Y wy,, | 2.(f) < 8N||P|| + N

. 6 1
In particular, we have ) wp, | 2,(f) < N when || P|| < — INE 1
(4) For any natural number N, the number of intervals with wy, | +,)(f) > N is < 2N.

Since we always have wi, , .,1(f) < 1, we get

D W ag (AT =Y+ > <2NHPH+%(1—O).

1 1

1 3
Thus || P|| < Nz implies ) Wi, 2 (f)Az; < N

EXERCISE 3.1.6

Since || f(x)| = [f (W) < [f(x) = f(y)|, we have w(|f[) = sup |[f(z)| = [f(y)|| < sup|f(z) -
fW)| =w(f). Asaresult, Y wp, |2 (|f)A% <Y W, 2(f)Az;. Then by Theorem 3.1.3, it
is easy to see that the integrability of f implies the integrability of | f].

EXERCISE 3.1.7

Suppose f is integrable, then |f(z)| < M for a constant M by Proposition 3.1.2. Then
|f (@)= f(y)?| = [[(@)+ I f (@)= f(y)] < 2M|f(x)~f(y)] and w(f?) = sup|f(2)*~ f(y)?| <
sup 2M | f(z)—f(y)| = 2Mw(f). Asaresult, > w42 ([2)Az; <2M > Wiy, 4 2(f)Az;. Then
by Theorem 3.1.3, it is easy to see that the integrability of f implies the integrability of f2.

EXERCISE 3.1.8

Suppose |f(x)| < M for a constant M. Then the oscillation of f on any interval is at most
2M. For any € > 0, by the integrability of f on [a+¢€,b], there is § > 0, such that any partition
P of [a + €,b] satisfying || P|| < § would imply Y wz, ;¢ (f)Az; <e.

Now let P be a partition of [a, b] satistying || P|| < min{e, 0}. Let ;1 < a+e€ < z;. Let P.
be the partition a + € < x; < zj41 < --- <z, = b of [a + ¢€,b]. Since the partition P. satisfies



| 2] < ||P|| <6, the Riemann sum of the oscillation with respect to it is
w[a—&-e,wﬂ(f)(mj - (& + 6)) + Zw[mi—l,xi]<f)Axi <€,
i=j
which implies

Zw[xi_l,mi](f)A:vi < e
i=j

On the other hand, z; —a = (z; — (a +¢€)) + € < (x; —xj_1) + € < ||P| + € < 2e. Therefore
J J
Zw[mq,m}(f)Axi < QMZ Ax; =2M(z; —a) < 4Me.

i=1 =1

Thus we conclude that the Riemann sum of the oscillation with respect to P is

i=1

n J
Z w[wiflywi](f)Axi + Z w[xi717$i](f)A$i < (4M + 1)e.
i=j

By Theorem 3.1.3, the function is integrable on [a, b].



EXERCISE 3.1.9
Since f is convex, f’ (z) and f’, (x) exists and are increasing. Therefore the one side deriva-
tives are integrable. By choosing x} = z;, we have

) =D (@) (@i —zia) =D (f) = flzia)) = f(b) — f(a).
b
This implies / f'(z)dx > f(b) — f(a). On the other hand, by choosing =} = x;_1, we have
Zf le xz Ti—1 <Zf+le Ti—Ti—1 <Z xll) f(b)_f(a’)

b
This implies / f'(x)dx < f(b) — f(a). Thus we conclude / f (x)dx = f(b) — f(a). The

proof for / fi(z)dx = f(b) — f(a) is similar.

EXERCISE 3.1.10
The integrability of f(x)? or |f(z)| does not imply the integrability of f(x). A counterex-
1 if z rational
ample is given by 1 ¢ ?a lo.na . The integrability of f(x)? implies the integrability of
—1 if z irrational
f(x) because f(x) is the composition of ¥y with f(x)?, and ¥y is continuous.
EXERCISE 3.1.11
For x5 > x1, we have ¢(x2) — ¢(x1) > A(xe — x1) > 0, so that ¢ is strictly increasing. The
inequality 0 < ¢(x2) — ¢(x1) < B(xg — x1) also implies ¢ is continuous. Therefore y = ¢(z) is
a change of variable between x; < x < x9 and ¢(z1) < y < ¢(z2), and

sup  f(o(z)) = sup  f(y), inf f(e(x))= ~inf  f(y).

z1<z<z2 (1) <y<o¢(z2) TISTST2 (z1)<y<o(w2)

As the difference between the supremum and infimum, the oscillations are equal:

w[l’l,.Z’Q](f o ¢> - w[qﬁ(m)@(wz)}(f)'

Let P be a partition of [a,b]. We have wy, | +,(f © @) = Wig(a,_1).6() (f) from the second
part. Then

Zwml 1 zl] o Qb ( — Ti— 1 < — Zw[d) (zi—1) ¢(:El)}(f)(¢(xl) - gb(l'z—l))

Now ¢(P) is a partition of [¢(a), #(b)]. By ¢(x2) — ¢(z1) < B(xa — x1), we also know ||P| <
B|P|.

Since f(y) is integrable on [¢(a), #(b)], for any € > 0, there is 6 > 0, such that ||¢(P)|| < o
implies Y Wip(e; 1),0(20) () (@(2:) — @(zi-1)) < Ae. Thus

) 1
1Pl < 5 = 6Pl < B|P|| <6 = D W (f o @) (ws — wia) < qAe=e
This completes the proof of the integrability of f(¢(z)).

Finally, assume ¢ is differentiable, with A < ¢/(x) < B. Then for z; < x3, by the mean
value theorem, we have ¢(z2) —¢(x1) = ¢'(¢)(xa—x1). Then A < ¢'(¢) < B implies A(xo—x1) <
P(x2) — ¢(z1) < B(x2 — a1).



EXERCISE 3.1.12

We have max{f, g} = %(! f+gl+f+g). The integrability of f and g implies the integrability
of f + ¢g. Then by the continuity of the absolute value, |f + g| is integrable. Then as a linear
combination of |f + g|, f, g, max{f, g} is also integrable.

EXERCISE 3.1.13

if
The function f(z) = v itz 0

1 ifz=0
[0, 1], so that it is not integrable on [0, 1].

1
is integrable on [0, 1]. However, —— is not bounded on

()

EXERCISE 3.1.14
We have infj,p) f < f(z) < supy, s f for any a < x <b. Then by Proposition 3.1.8, we have

(b—a) mff /1nffdx</f dx</asupfdm—(b—a)supf

[a,b] [a,b] [a,0]

EXERCISE 3.1.15
By Exercise 3.1.14, we have min, ) f < / f(z)dx < max f. Then by the continuity

of f(x) and the intermediate value theorem, we have b f (x)dx = f(c) for some a < ¢ < b.
More generally, for g( ) > 0, we have (mm[a’b] g (;:) < flz)g(x) < (maxpy f)g(z).

b
Therefore (ming,y f)/ z)dr < / flz)g(z)dx < (n[ne})x f)/ g(x)dx. This is the same as

/b (x)dx
/f

a

ming ;) f < < max, f. By the continuity of f and the intermediate value

theorem, we get = f(c) for some a < ¢ < b.

g(x)dz

EXERCISE 3.1.16
For any fixed a < ¢ < b, we have |f(c) — f(2)| < wp(f) for any x in [a,b]. Therefore

‘f(c)(b—a)—/abf(x)d /f d:c—/f

< [ 1760~ stoyas < / () = wias (7)o~ a).

a

(f(C) — f(x))dx

The estimation further implies

(e )|
<> ’f(x?)(xz- — 1) = /

b

]sm H- [ fa)e

a

Zu)[gcZ o] () Az




EXERCISE 3.1.17

The continuous function is uniformly continuous on [a — h, b+ h|. Thus for any € > 0, there
is 0 > 0, such that [z —y| < dand a—h < z,y < b+ himply |f(z) — f(y)| < e. Now if |h| <,
then

/ |f(x+h)— f(x)|de < (b—a)e.

b
This implies limhﬁo/ |f(z+h) — f(z)|de = 0.

EXERCISE 3.1.18
It is clear that the first implies the second. The second implies the third because

/C * bw)ds

/ab|f(x)|dx:/ac|f($)|dl’—|—/Cd|f(x)|dx+/db‘f(x)|dxZ/Cd|f<x>|dl,2

The second also implies the fourth because for M = max,s) |g|, we have

v (V@i > [ @i | [ @

It remains to prove that either third or the fourth implies f = 0. Equivalently, we will assume
f # 0 and prove that the third and the fourth are broken.
Assume f(c) # 0 for some ¢ € [a,b]. If f(c) > 0, then by the continuity of f(z) at ¢, there

is & > 0, such that f(x) > @ for x € [c — §,c+ d] (the interval is [a,a + 0] if ¢ = a and is

c+6
[b—0,b] if ¢ = b). Therefore f(z)dz > 26%6) > 0, and the third is broken. Moreover,
c—6
we construct a continuous function g(z) satisfying
J )
g(x) >0, g(r)=1lon |c— 5,0—1-5 , g(x)=0on[a,c—46]Ulc+0,b|.

Then

N[>

b c+46 c+ c
[ s@aas = [ s@gae = [ f@gadn = ol >0,

2

and the fourth is broken. The argument for the case f(c) < 0 is similar.

EXERCISE 3.1.19
If f(z) changes sign, then both |f(x)| — f(x) and |f(z)| + f(z) are continuous non-negative
functions that are not constantly 0. By Exercise 3.1.18, we have

[ Us@1= f@yde >0, [ (5l + fla)da >0,

b
| sy
EXERCISE 3.1.20

If f(z) is never zero on (a,b), then by the continuity, we have either f(z) > 0 on (a,b) or
b b
f(z) <0 on (a,b). Then it follows from Exercise 3.1.18 that / f(x)dx = :l:/ |f(x)|dz # 0.

Combining the two, we get

< [Wa




If f(z) has only one zero at ¢ € (a,b), then by continuity, we have either f(x) > 0 on (a,b),
or f(z) <0 on (a,b), or f(z) <0 on (a,c) and f(z) > 0 on (¢,b), or f(z) > 0 on (a,c) and

f(z) < 0on (¢b). In the first two cases, since f is not constantly zero, it follows again from
b

Exercise 3.1.18 that / f(x)dx # 0. In the last two cases, we have (x —¢)f(z) > 0 on (a,b) or
(x —c)f(x) <0 on (a?b). Then

/abxf e [ ey = / (@ @) £0

by the same reason.
In all the cases, we find contradiction to the assumptions. Therefore f(z) must be zero at
two places in (a, b).

EXERCISE 3.1.21
Let u(z) be the straight line connecting (a,0) to (v, f(y)), followed by straight line con-
necting (y, f(y)) to (b,0). By f(x) > 0 and the concavity, we have f > u on [a,b]. Then

[ t@idn = [ uta)de = 5w o)
/

Yy b
EXERCISE 3.1.22
Let L_ be the straight line f(a)+ m(z — a) followed by the straight line f(b) + M (z — b).
Then
fla)+m(x—a) fa<z<c
L_(x) = . :
fO)+ Mb—2x) ifc. <z<b

— f(b) + Mb—
fla) = J(b) + % is where the two lines meet. We clearly have L_(z) < f(x)

where c_ =

—m
on [a,b]. Similarly, we have L (z) > f(x) on [a,b], where

Lo(z) = fla)+M(zx—a) ifa<z<cy
T ) mb—2)  ife. <z <b]

f(a) = f(b) + Mb—ma
M—m
parallelogram. The two lower edges of the parallelogram form the graph of L_, and the two

upper edges form the graph of L.

and ¢y = . As illustrated in the picture, the graph of f lies in the



Q

a C— b

The difference ’ / f(x)dx — M

ABQ. The area of the triangle is half of (b — a) multiplied to the length of PQ. The length of
PQ is

(b — a)’ is no more than the area of the triangle

(c_ — a)(slope of AP — slope of AQ) =

fla) = f(b) + M(b—a) (f(b) — fla) _m)

M —m b—a
Thus the area of the triangle is (@) = 1(b) + M(b— a)(f(b) = f(a) =m(b—a)) and the
2(M —m)

inequality follows.

EXERCISE 3.1.23
Suppose f(b) < 1. For any b —a > € > 0, we have

b b—e b b—e b
0< / f(z)"dx = f(z)"dx + flz)"dx < / dx + f)"dz
a a b—e a b—e
<fb—e)"(b—e—a)+ef(1)" < f(b—e)"(b—a)+e.
By 0 < f(b—¢€) < f(1) <1, there is N, such that n > N implies f(b — €)" < e. This further
b b

implies 0 < / f(z)"dz < (b—a+ 1)e. Therefore limnﬂoo/ f(z)"dx = 0.

Suppose f(b) > 1 and f is continuous at b. Then there is a < ¢ < b, such that f(c¢) > 1. By
non-negativity and the increasing property, have

/ab f(x)"dr = /acf(x)ndx + /be(x)”dx > /Cb f(x)"dz = (b—c)f(c)".

b
By f(c¢) > 1, we have lim, ., f(¢)” = +o0. Therefore limnaoo/ f(x)"dx = +o0.

EXERCISE 3.1.24

First assume f(a) # 0, f(b) # 0. Then the condition tells us 0 < m < f(z) < M for some
constants m, M and all x € [a,b]. Since lim,_. /m = lim,_.o VM = 1, for any € > 0, there
is N, such that n > N implies |{/m — 1| < e and |/M — 1| < e. Since {/f(z) is sandwiched
between {/m and /M, this further implies | %/ f(z) — 1| < € for all = € [a, b], and

/abg<x>de—/ ) /\g

This completes the proof that limn_m/ g(x)y/ f(x)dx = / g(x)dz.

Vf(x) —1|d:v<e/ lg(x)|dz.




Now assume f(a) = 0, f(b) # 0. There is § > 0, such that f(z) < 1 on [a,a + §]. Now
for any fixed a < ¢ < a + 9, we have lim,,_ / )/ f(x)de = / x)dz. Thus for any

C

€ > 0, there is N, such that n > N implies / )/ f(x)dx —/ x)dx| < e. Then by
0 < f(x) <1on [a,c], n> N implies
b
)/ f(x)dx —/ g(x)dx
/ )/ f(x)dx —/ x)dx| + / z)/ f(x)dx| + (x)dx

<e+2(c—a) / lg(z)|dz.

By fixing ¢ very close to a at first, the right side can be made very small (< 2¢ for example).

This proves that lim,,_ . / )/ f(x)de = / x)dzx.

The proof for the other cases is similar.

EXERCISE 3.1.25
Since f(x) is continuous, for any € > 0, there are a < ¢ < d < b, such that f(z) > max f —e
on [¢,d]. Then

/f pdx—/f pdx+/f pd:c+/f pdm>/f Vdz > (d— ¢)(max f — )P,

/ f(@x)Pdr < (b — a)(max f)P.
Therefore )
1 b P 1
(b—a)r max f > (/ f(a:)pda:) > (d—c)r(max f —¢).

As p — o0, the left side has limit max f and the right side has limit max f — e. Therefore for
sufficiently big p, we get

b ’
max f + € > (/ f(z)pdx) > (max f — €) — € = max f — 2e.

b P
This proves that lim,_, < f(z)? dili) = maxap) f(2).

EXERCISE 3.1.26
For any partition P, we have

\ Az, - / flads| < [ 1)~ f@lar <L [ Jap - olds

i—1

T; x; * i 2 L i — * 2
Ti—1 Ti—1

_ L(l'z' - xifl)Q
2

L
— L(x; —xi—q)(z; — ) < §A{L'ZQ



Then adding together, we get

st - [  f(a)dr

- [ sanan-¥ | " o
<3| fan A - / Fla)de| < 37 Aa

EXERCISE 3.1.27
> [ * glaas— [ ’ F()g(a)de]| = > (e [ " gtz = [ s
< Z/: w[zi_l,zi](f>[ sup ]\g|d:€

S| [ 0 - feataas

<> Wi (f) S 9] Az; < S 191D Wher s () A,

Ti—1,T4



EXERCISE 3.1.28
The condition on ¢ tells us that for any € > 0, there is § > 0, such that

t <6 = [o(t) —t| < elt].

Since f(x) is integrable, we have |f(x)| < M for some constant M. Then

o
1Pl < 57 = f@)Az] < MI|\P|| <6 = |¢(f(x7)Azs) — f(27)Azi| < el f(27) Azi].

Therefore
|So(P, f) — Pfr<2\¢ DAz — sz|<eZ|f )Az;| < eM(b— a).

This shows that limp|_o Ss(P, f) converges if and only if limpj_oS(P, f) converges, and the
two limits are the same.

EXERCISE 3.1.29
We have log II(P, f) = S,(P, f), the modified Riemann sum with ¢(t) = log(1 + ¢). Then

the conclusion follows from Exercise 3.1.28.

EXERCISE 3.1.30
By Theorem 3.1.3, for any € > 0, there is 6 > 0, such that

1P| <6 = ) woyag(/)Az; < e(b—a).

Given the right side, we must have w, , ,,(f) < € for some 4, because otherwise, we would
have

Wiy ad(f) 2 € = D W 0g(H)Az; > €Y Axy = €(b—a),
contradicting to the right side.
EXERCISE 3.1.31
Since limy, .o Wia, 5,1 (f) = 0, for any € > 0, there is n, such that wy,, ,1(f) < €. This means
an <1y <by = |f(x) — fy)] <e
Since a,, < ¢ < by, for 6 = min{c — a,,b, —c} > 0, we have

|t —c|<d = a, <x<b, = |f(x)— f(c)| <e

This proves that f is continuous at c.

EXERCISE 3.1.32

Suppose [ is integrable on [a,b]. By Exercise 3.1.30, for ¢ = 1, we can find some [aq, b;] =
[z;—1,2;] C [a,b], such that wp, 4,)(f) < 1. In fact, since f is also integrable on [a + 0,b —
d], by carrying out the argument on [a + 0,b — §] instead of [a,b], we may further assume

1
la1,b1] = [xi—1,2;] C (a,b). Next, by the integrability of f on [a;.b;], for € = 5 We can find

some [ag, bo] C (ai,by), such that wye, 4, (f) < 3 Keep going, we find a sequence of intervals

1
[an, by] C [a,b], such that [ay41, bpy1] C (G, by) and wig, 4,1 (f) < - The inclusion between the



intervals tells us there is ¢ such that a, < ¢ < b, for all n. Then we may apply Exercise 3.1.31
to conclude that f is continuous at c.

The existence of a continuous point in any interval (¢, d) contained in [a, b] follows from the
fact that f is also integrable on [c, d].

EXERCISE 3.1.33

The limit that defines w(x) converges because wi;_s,45)(f) is increasing in §. The limit as
§ — 07 is then the limit of a monotone function, and we have w(z) < wyy—s4+46)(f) for any 0.

The continuity of f(x) at zo means that for any € > 0, there is 6 > 0, such that |z — x| < ¢
implies |f(x) — f(xg)| < e. By the Cauchy criterion, it is easy to see that this is equivalent to
for any € > 0, there is 6 > 0, such that |x — zo| < § and |y — xo| < § implies |f(z) — f(y)| < e.
Since the condition is equivalent to w[x,(;,xﬂ;}( f) < ¢, the whole Cauchy criterion is the same as
lims_o+ Wiz—s2+8)(f) = 0.

EXERCISE 3.1.34

Now suppose f(x) is integrable. Then for any € > 0 and 6 > 0, by Theorem 3.1.3, there is a
partition P (one among all with sufficiently small mesh), such that the corresponding Riemann
sum of the oscillation

Zw[xiflywi}(f)Axi < de.

If (2;—1,2;) contains & with w(x) > 6, then wy, | +,(f) > w(x) > 6. Let U be the union of all
such intervals and let {(U) be the sum of the length of such intervals, then

Y wpw)(HAT = Y W ey (AT =6 Y Az =61(U).

[xi—1,2:]CU [i—1,24]CU

Therefore de > 0l(U) and we conclude {(U) < e.

The argument above missed the possibility that some partition points x; may satisfy w(z;) >
0. However, since P is fixed in the argument above, the exception only happens at finitely many
points. BY enclosing these finitely many points in very small open intervals, U is enlarged a
little bit and we can still keep the length of U < e.

EXERCISE 3.1.35
By Exercise 3.1.34, for any € > 0 and natural number n, there is a finite union U,, of closed
intervals such that

1
1. w(z) > — implies x € U,,.
n
2. The sum of the lengths of the intervals in U is < 2%
Then U = U, UU, U - - - is a countable union of closed intervals satisfying
1. w(z) > 0 implies € U. By Exercise 3.1.33, this means that all the discontinuous points
are contains in U.

oo €

2. The sum of the lengths of the intervals in U is < ) ' on

= €.

EXERCISE 3.1.36



By Exercise 3.1.32, there is ¢ € (a,b), such that f(x) is continuous at c. By f(c) > 0, there

is 0 > 0, such that f(z) > %d on [c — d,c+6]. Then

o c+d c+6
/abf(x>d$:/a f(x)df”/cz f(@)dx + C;f(x)dx > /: fz)dz > 25@ >0

EXERCISE 3.1.37
The second property implies the fourth by

M / 1 (@)de > / | (@)g(x)|da >

b
|ty
The fourth implies the first because

/cdf(x)dx = /ab f(@)X(ea(r)ds

1 ifzeled
where xjcq(z) = {0 ifx & [c,d]

continuous functions are integrable.
Next suppose the fifth property does not hold. The we have f(x) continuous at some

¢ € [a,b] and f(c) # 0. Suppose f(c) > 0. Then by the continuity at ¢, we have 6 > 0,
c+0

such that f(x) > 0 on [c — 4, ¢+ J]. By Exercise 3.1.36, we get f(z)dz > 0, so that the

is integrable. The fourth also implies the third because

first property does not hold. Moreover, we can also find a Cont1nu8us function g(z) such that

) )
g(x) > 0on |c— 3¢t 5], g(x) =0 on [a,b] — [c — d,c+ d], and g(z) > 0 otherwise. Then

) o
and f(x)g(x) > 0 on [c — 3¢ + 5] . By applying Exercise 3.1.36 to f(z)g(z) on

, we get

0
é-
2

/ F(2)g(x)dz > /+ f(2)g(x)dz > 0.

)

Again the third property does not hold. Thus we have shown that both the first and the third
property implies the fifth.

It remains to prove the fifth property implies the second. On any nontrivial interval [c, d| C
la,b], by Exercise 3.1.32, f is continuous at some & € (¢,d). By the assumption, we have

(&) = 0, which implies

[f (@) = [f(z) = f(E)] < wea(f) for any x € [, d].
Therefore we get
SPIf) =D _1f@)AT < w0 (f) A,

By the Riemann criterion, the right side has limit 0 as || P|| — 0. This implies that the left side
has limit 0 as ||P|| — 0, which is exactly the second property.



EXERCISE 3.1.38
Suppose the part of Q on [z;_1,2;] i Qe Tic1 = Yp < Y1 < - < Y1 < Y = ;.
Then for k& < j <1, we have [y;_1,y;] C [2;-1,2;]. This implies wy,, , ,1(f) < Wia,_, .2, (f) and

Z w[y] 1 y] ij < w[ﬂ?z 1 Iz] ) Z ij = w[l‘i—lyl‘i](f>A'xi'

J=l+1 j=l+1

Adding these together for all i, we get

Zwyy ol ij<zwxl i) (F) Ay

On the other hand, we may divide the sum ) wyg, , ,1(f)Az; into two parts. The first part
>~ consists of the intervals [x;_;, 2;] in which extra points are added in order to obtain Q. The
second part Y. consists of the intervals in which no extra points are added. Since total of k
points are added, the first part consists of at most k intervals, and all the oscillations are no
bigger than wy, s (f), we have

/
wal 1, :BZ sz < w[ab )ZAQ:Z < w[a,b](f)kaH

Since P and () are the same for the second part, we get

wal Ll () Ax; = Zw[yj L) (f)Ar; < Zw[y ) () Ay,

Combining the two parts, we get
waz el (N)AZ; < wiap (KNP +Zw[yj L) () Az

EXERCISE 3.1.39

The integrability condition is on one P and is weaker than the one in Theorem 3.1.3. So
we only need to prove this condition implies the one in Theorem 3.1.3.

Suppose for a partition P (partition points denoted ;), we have ) wiy, | 2, (f)Az; < e Let
() (partition points denoted y;) be any partition. Let " (partition points denoted zj) be the
partition obtained by combining P and @) together. Then

Zw[zkflvzk](f)Azk < Zw[xiflymi](f)Axi <e

by the first inequality in Exercise 3.1.39. Moreover, if P consists of n points, then @)’ is obtained
from () by adding no more than n points. Thus by the second inequality in the exercise,

> Wiyl (DAY < w g () Az + 0| Qlwiay (f)

Combining the two estimations, we get

> " Wiy () AY; < €+ 0| Qllwiay (f)-

This tells us that
IRl < ———= = > Wiy, (N Ay < 2.

[a,b



Since n is a fixed number for the fixed P, the condition in Theorem 3.1.3 is verified.

EXERCISE 3.1.40
We have U(P, f) > L(P, f). Moreover, by

UP ) =) ( sup f(z ) Az <> <supf ) Az; = <sup f<x>> (b - a),

[Ti—1,2i] [a,b] [a,b]

for a refinement @ of P, we have

ZU zllzl Z( sup f) xz—l):U(Paf)

[xz 1 xl]

The inequality L(Q, f) > L(P, f) can be proved similarly.

EXERCISE 3.1.41
b

Denote [ = / f(z)dz. Then for any e > 0, there is P, such that U(P, f) < I +¢. Now for

any partition @, Tt Q' be the partition obtained by combining P and @) together. Suppose P
contains n partition points, then @)’ is obtained from () by adding no more than n points. By
a proof similar to Exercise 3.1.38, we get

U@, f) U@, f) +nlQl S[ugf-

Since @' is also a refinement of P, by Exercise 3.1.40, we also have U(Q', f) < U(P, f) < I +e.
Thus we conclude that

€

- U, f) < I+ 2e.
nsuby 17 @7)

QI <

On the other hand, the definition of I tells us I < U(Q, f). This proves that I = limp|_o U(P, f).
The proof for the lower Darboux sum and integral is similar.

EXERCISE 3.1.42
The inequality follows from Exercise 3.1.40. Moreover,Exercise 3.1.41 tells us that

b b
/f(x)dx—/ f(z)de = lim (U(P, f)— L(P, f)).

1Pll—0

U(Paf)_L(Paf):Z< sup f(l‘)— inf f >sz ZW[L 1:1:1] sz

[@i—1,2] [@i—1,2]

and Theorem 3.1.3, the upper and lower integrals are equal if and only if f is integrable.
b
Finally, the Riemann integral / f(z)dz is the common value by L(P,f) < S(P,f) <
U(P, f) and a proof similar to the sandwich rule.

EXERCISE 3.1.43



We have L(P, f) < > ¢;Ax; < U(P, f). The a proof similar to the sandwich rule shows
that

b
lim L(P,f) = lim U(P,f)= / f(x)de = lim Z¢iA$i:/ flx)da

[P[l—0 |Pl[—0 I1P[[—0

EXERCISE 3.1.44

First we consider Proposition 3.1.9.

For the same partition P and the same choice of ¥, we have S(P, f+g) = S(P, f)+S(P, g),
S(P,cf) =cS(P, f). Then

U(P, f+g) = sup(S(P, f) + S(P,g)) < sup S(P, f) + sup S(P,g) = U(P, f) + U(P, g),

all x¥ all =7 all z¥

and
B ) esupyy - S(P, f)=cU(P,f) ifc>0
UP,ef) = sup eS(F, /) = {cinfau v S(P.f) = cL(P,f) ifc<0
Therefore
— — — —3 flx)de ite>0
/ (f(z) + g(x))dz < / f(2)da + / g(x)dr, / / |
a a a a / flz)de ife<0

There are similar relations for the lower Darboux integrals. Moreover, by

/ab(f(x) + g(z))dx — Lbf(x)dx = Z(f(x) + g(x))dx + /ab(—f(x))dx > Zg(x)dx

we get

/ (F() + g(a))dr > L flads+ | 'g(a)da

The inequalities may become strict. For example, take f(x) = D(z), g(z) = 1 — D(z).
Then

[+ otanae = [ st 7 Jir=b—a

Next we consider Proposition 3.1.8.
We have

b b
f<g = supf<supg = U(P,f) <UPyg) = /f(x)dl'ﬁ/g(ﬂf)dﬂf-

Finally we consider Proposition 3.1.9.
For any € > 0, there are partitions P’ and P” of [a,b] and [a, c] and choices of x} for both,
such that

b c
S(P',f)g/f(a:)da:—l—e, S(P”,f)g/bf(x)dx—i—e.




By combining the partitions and choices of z} together, we have a partition P of [a, ] and
choices, such that

¢ T b T
[ sz <SP =P+ 8P < [ et [ e+

On the other hand, for any € > 0, there is a partition P of [a, ¢| and choices of z}, such that

/Cf(:c)d:c +e> S(P.f).

By the proof of Proposition 3.1.9, we can construct partitions P’ and P” of [a,b] and [a, ¢] and
choices of x; for both, such that

[S(P, f) = S(P', f) = S(P", f)l < 2(sup [f])[| P]].

Therefore

/ f(x)d + /bcf(fv)dfv <SP )+ S f) <SP f) + 2(sup [ £ P

S/f@@+ﬁn@mmww

Combining the inequalities and the fact that € and ||P|| can be arbitrarily small, we conclude

that — L L
d dz = dz.
éf@x+lﬂ@x lﬂ@x
EXERCISE 3.1.45

Since intervals in P has equal length §, for x € [z;_1,2;] and [t| < J, we have z + ¢ €
[im2y @1 U [i1, @] U [, Ti1] = [2i-2, 2i41]. This implies

|f(ZL’ + t) - f($)| < W[Iiﬂ,l‘iﬂ](f) < w[$i72»$i71]<f) + W[JfFl,J?i](f) + w[ﬂﬁi,xi+1](f)

and

/. i |f(l‘ + t) - f(ZL‘)|dl‘ SAl‘i<w[xi—271'i—l](f) + w[a?ifl@i](f) + w[l’i,xiJrl](f))

:5(01[%72,%71}(]0) + w[mifl»mi](f) + w[ﬂ:i,xiﬂ](f))'

EXERCISE 3.1.46

For any natural number n, we divide [a, b] evenly into n parts and get the partition P,, with

o ” h—
xT; = M. Further denote 6, = || P,|| = ¢
n

, 1 =a—20, Tpr1 = b+ 9. Then by



Exercise 3.1.45, for |t| < d, we have

/ab|f(x+t) |dx—2/ fl@+4) — f(z)|de

< Z O(Wiai 2,25 1) () + W1,z () + Wizizi00) ()
i=1

n—1 n n+1
<0 (Z w[wiﬂ,ﬂci](f) + Zw[ziﬂ,xi](f) + Z w[frilwi](f))
i=0 i=1 =2

S(S (3 Zw[xi—lﬂii](f) + W[a—d,a](f) + w[b,b-{-é](f)) .
=1

By the integrability of f, we have lim, 0o 0 Y i1 Wi, 12, (f) = iMoo Doty Wiy 00 (f) Az =
0. Moreover, since f is bounded, we have lim,,_,, § (w[a,(;’a}( [) +wpprs(f )) = 0. Therefore we

b
conclude that limtﬁo/ |f(z+1t) — f(x)|dz = 0.

The product version lim;_; / |f(tx) — f(z)|dz = 0 of the integral continuity can be proved
similarly. Under the set up in Exercise 3.1.45, we have |tx —z| < |t — 1| max{]al, |b|}. Therefore,

when [t — 1] < we have |tz — | < ¢, so that the argument in Exercise 3.1.45 still

)
max{|al, [0}’ '
works, and the estimation above still works.

EXERCISE 3.1.47
Let L be the linear function satisfying L(a) = f(a), L(b) = f(b). Then f(x) < L(x) on
[a, b], and we have

’ ’ L L(b b
where the first equality follows from the linearity of L.
b b
Let K be the linear function satisfying K (%) =f (a;— ) and f(x) > K(z) on [a,b]
(see Proposition 2.3.5). Then

/abf(x)dxz/abK(x)dx:w(b_@:f((a;b) (b—a):f(a;—b) b—a)

EXERCISE 3.1.48
For any linear function L(z) = Az 4+ B, we have

b
/ AMz)L(z)dr = A(1 —p)a+pb)(b—a)+ B(b—a) = (1 —p)L(a) +pL(b) = L((1 — p)a+ pb).

Let L be the linear function satisfying L(a) = f(a), L(b) = f(b). Then f(x) < L(z) on
[a, b], and we have

b b
/ A(w)f (x)de < / (@) L(z)dz = (1 — 1) L(a) + pL(b) = (1 — 1) f(a) + pf (b).



Let K be the linear function satisfying K ((1—pu)a+pb) = f((1—p)a+ub) and f(x) > K(z)
on [a,b] (see Proposition 2.3.5). Then

/ M) f ()de > / A K (2)dz = K((1— p)a+ ub) = F(1 — p)a+ ub).

EXERCISE 3.1.49 [A(z) is a weight function on [«, 5] instead of on [a, b]]

Let ¢ = 3 i - /B A(t)o(t)dt. Let K(x) = Az+ B be alinear function satisfying K (c) = f(c)
and f(x) > K(x) on la, b] (see Proposition 2.3.5). Then f(z) > L(x) on [a,b], and we have
I 1
o [Dwsewnr = [orema =zt [ oo s

K0 =1 (522 / Aol >dt)

EXERCISE 3.1.50
Denote

- b , v B b ) 7 _f __9
o= ([ 15we) " ot = ([lsrar) ' o= i =gl

1 1
Then by the Young inequality, |¢pu| < —|p[P + —|¢|‘1. By the obvious equality
p

/ |¢|pdx—/ e

nalis

and the similar one for v, this implies

/ F@g@)dz = |1l llgll / 9z |dx<||f||p||gllq( / o1 L / |¢|de)
— 171 lgll (}—) n 5) — £ llgl

This completes the proof of the Holder inequality.
Applying Holder inequality to f and (|f + g|)P~!, we get

/ab|f(x)|’f(:r) + g(x)[Ptdx < </ab|f(l‘)\pd:c); (/ab|f(x) +g<x>|(p1)qu);

BY exchanging f and g, we get another inequality. Addint the two equalities and using (p —
1)q = p, we get

b b b
/ (@) + g(a)Pde < / @) + gla) P + / 9|1 (@) + g(x)Pde

< (( / b If(rc‘)|”dw); v b |g<:c>|pdx)’l’> (/ i) +g<x>|pda:);



1 1
By 1 — — = —, this is the same as the Minkowski inequality.
q p

EXERCISE 3.1.51

Let M = max(qp) f" and m = min, ) f’. Then for any x € [a, b], by the mean value theorem,
we have m(z —a) < f(x) — f(a) = f'(y )(x —a) < M(z — a). This implies

/ f(@)de = (b —a)fla) = / (f(z) = f(a)dw < / Mz~ aydz = "Dy

We have similar estimation for the lower bound m.
The inequalities above means

m<I= (,)_L) ((b —a)f(b) - /abf(fv)dm) <M

By Exercise 2.2.34, this implies I = f’(c¢) for some ¢ € [a,b]. Moreover, by Exercise 3.1.18,
I =m or M only if f"is constant, in which case ¢ can be chosen in (a,b). If I # m and M,
then ¢ can always be chosen in (a, b).

EXERCISE 3.1.52
Using the set up in Exercise 3.1.51, we have

/a bf(a:)g(a:)dx—ﬂa) / bg(x)dx = / b<f<x)— f(a)g(z)dr < / bM(I—a)g(x)dx =M / b(x_a)g(x)dx

We have similar estimation for the lower bound m. Therefore we have

m/ab(x—a dx</ F@)g(x)dz — f(a )/abg(x)d:vg/ab(x—a)g(x)dx.

The rest of the argument is similar.

EXERCISE 3.1.5?2) b
Let d = %. Applying Exercise 3.1.51 to f(z) on [a,d] and using d — a = % we get

inf, ' d u !
—m(éd)f(b—a)Qg/a f(x)dx—@( —a)S%(b—@)z-

By considering L(x) = f(b) +m(z — a) in Exercise 3.1.51, we can similarly prove

sup f !

inf (4 )
en S0 < jo)o - a) /f WS g, gy

b
By applying the inequality to f(x) on [d, b] and using b — d = Ta’ we get

—inf“gb)f/(b—a)%fb b—a) /f Supdb)f(b—a)?



The two estimations on half intervals can be combined to give us

[ r@ar =IO oy < ([ orte - L0 -)) - (Bo- - [ swrar)

SUp(q, inf sup(,p f— infap f/
< Dy d)f2 (dbf(b_a>2§ Dy ,b)fz (’b)f(b—a)2

_Wan(f)
- 8 (b a)Qa

/f g — 1Y I0) Hf (b—a) (/f fa)(—a))—(@(b—a)—/dbf(x)dx)

inf, —su infap) f" — sup(p) f
S infwn f : Pan ", 2 5 Mlen / : Pan I, _ 42

o wap(f) 9

EXERCISE 3.1.54
a+b

Let d = — Let M = supy,, f” and m = infj,4 f”. Then for any = € [a,b], by the
remainder for the second order Taylor expansion, we have

U _ "W

Do =P < f@) — F(d) — Fd)o—d) = 2 @ —df < - d)?

Integrating from a to d and from d to b, this implies

@-ap < [ e (a-as@+ 50— r <

f'(d)
2

SIERSIE

—d) < / Fla)de — (b= d)f(d) — L2 (b - d)? <

b
Adding the inequalities together and substituting d = %, we get

M 3
24b—a /f dx—(b—a)f(d)gﬂ(b—a).

Then by Exercise 2.2.34 and an argument similar to Exercise 3.1.51, we get

[ 1@ = 0w = H0 - oy

for some a < ¢ < b.



EXERCISE 3.2.1

b bn+1
(1)/x”dx: :
0 n+1
b 1
pott —1
2 de = ——.
@) [ arde =T

b
(3) / sinxdr =1 — cosb.
0

b .
1 2 2b 2
@) [ cos2zde = / I1+cos2z, _ 2b+sin2b
0

b
(5)/ e®dr = e’ — 1.
0

b 2% — 1
6 2%dx = .
( )/0 v log 2

2 v 4

—

EXERCISE 3.2.2 ,
sin tzdt> = sin z2.

$2 !
sintdt | = 2xsin x2.
sinx /
tht) = sin? z cos .

@] ’
sin t2dt> = sina? for x > 0, = —sin2? for z < 0.

0

J

J
x /

/ sin t2dt> = sinaz? — (sinsin®z) cos z.
si

J

J

sinz !
|t|dt> = | sin x| cos z.

EXERCISE 3.2.3
For any integer k, we have

sin 2km — sin 0

2w . :

/ cos kxdx = k =0 1fk7£07

0 2 ifk=0
or —cos 2km +cos0 )

/ sin kxdr = k =0 1fl<7é0‘
0 0 ifk=0



For non-negative integers m and n, we then have

2w 2w
1
/ cos mx sin nzdr = 5 / (sin(m + n)z — sin(m — n)z)dx = 0.
0 0

o | e 0 ifm#n
/ cos mx cos nxdr = 3 / (cos(m +n)x +cos(m —n)z)dr =<7 ifm=n=#0,
0 0

27 ifm=n=0

1

2 2 v
/ sin mx sin nxdr = 5 / (cos(m + n)x — cos(m — n)z)dx = {0 ifm+#n
0 0

T ifm=n

EXERCISE 3.2.4 -

(1) Taking the partition P, of [0,1] to consists of z; = 2—2, 0 <i <n and choosing z} = w;,
n

21 —1
by Al’ZZTWG get
12:1422.34+---4+n*-2n—1 L 1
lim i i I (20 ): lim S(P,,z?) :/ xzdx:§.
n—oo n n—oo 0

(2) Taking the partition P, of [0, 1] to consists of z; = Z—W, 0 <7 < n and choosing =} = z;_1,
n
we get

1 2 -1 1 ["
lim — (cosz—i—cos—ﬁ—l—---%—cosu) = lim S(P,,cosx) = —/ cos xdx = 0.
0

n—oo 1, n n n n—00 ™

(3) Taking log, we get

n

Vn! 1 1 2 !
lim log—n = lim — (log——irlog——l—---—I—logE) :/ log xdx = —1.
n n n 0

n— oo n n—oo M

n

n!

Then taking the exponential, we get lim,,_,oc — = e L.
n

o

(4, 5) Taking the partition P, of [0,1] to consists of x; = —Z, 0 < i < n and choosing
n

. 21

T; , we get
g L3 2o D) 1S(P a)+(2n+1)a 1/1 “ 1
111 = l1m — ny L _ ] = = de = ———

n—00 nat+l n—oo \ 2 notl 2 0 2(0[ + 1)
Moreover,

. 13+ 4+ (2n— 1) . 13+ + 2n+ D) . (2n+ 1) 1
lim = lim — lim = .
n—00 natl n—00 notl n—00 notl 2(@ + 1)
EXERCISE 3.2.5

0 ifz#0 , * - .
Not true. For f(x) = - 0’ the function F(z) = f(z)dz = 0 is differentiable
Ir = 0

everywhere, although f(z) is not continuous at 0.



EXERCISE 3.2.6
For any € > 0. there is 6 > 0, such that |f(z) — f(zg)| < € for =6 < — 9 < 0. Then

|[F(x) = Flxo) = f(ag)(x — 20)| =

/mo(f() f(ty) dt‘ /‘f £ dE < el — o).

This shows that F' (z) = f(zq).
EXERCISE 3.2.7
1
The function F(x / f(t)dt is continuous on [a, b]. Since the value = / f(z §F (b)

1
lies between F'(a) = 0 and F'(b), by intermediate value theorem, we get §F (b) = F(c) for some
a<c<hb.

EXERCISE 3.2.8 . .
(1) Taking derivative on both sides of / f(t)dt = / f(t)dt, we get f(x) = —f(x). This
0 T

implies f(x) =
(2) Taking derivative on both sides of A/ tf(t)dt = :c/ f(t)dt, we get v f(x) = xf(x) +
0 0
f(t)dt. Thus / f(t)dt = 0. Taking derivative again, we get f(z) = 0.
0 0
(3) Since f(z) is continuous, f(x)? is differentiable. Thus f(z) is differentiable at places
where f(x) # 0. Taking derivative on both sides of (f(x))? = 2/ ft)dt, we get 2f(x)f'(x) =

0
2f(x) at places where f(x) # 0. This implies f'(z) = 1 at places where f(x) # 0.

Suppose f(x) is positive at a. Then by the continuity of f(x), we have f(z) =z + f(a) —
0

for # > a — f(a). Since f(0)? = / f)dt = 0, we also have f(0) = 0. If f(a) > a, then

0
0>a— f(a)and 0 = f(0) =0+ f(a) — a tells us a = f(a). The contradiction shows f(a) < a,
then f(z) =x —bfor x > b=a— f(a) > 0. We also note the following.

e We must have a > f(a) > 0. Therefore positive values can only happen on (0, +00).

e If there is another V', such that f(z) =z — ¥ for x > & > 0. Then evaluating f(z) at a
big z > b,b" would give us x — ' = x — b. This shows that b is unique.

Similar discussion can be made when f(z) is negative somewhere. In particular, we know that
f(z) cannot be negative on (0, +oc). Therefore we conclude that on [0, +00), either f(z) =0
or

for some b > 0.

f(x):{:r—b ifz>b

0 fo<xz<bd

T

Both satisfy the equation (f(z))* = 2 / f(t)dt. Combined with the similar conclusion for

x <0, we find all four possibilities.

1. f(z) =0 for all z.

for some b > 0.

N f<x):{x—b ifz > b

0 ifz<bd



—b ifx<b

3. f(z)= X %x_ for some b < 0.
0 ifx >0
z—b ifax>0b

4. f(x)=140 ift < x<b forsomeb>0and b <O0.
z=0V ifz<¥

EXERCISE 352'9
Since / f(t)dt is independent of z, taking the derivative in z, we get bf(bx) — f(x) = 0.

1 1
Since this holds for any b, by taking b = — we get f(z) = —f(1) = —
x T

EXERCISE 3.2.10

Consider F(z) = (/: f(t) ) / f(t)*dt. We have F'(x / f(t)dt —

fG, where G(x) = 2/ f(t)dt — f(x)%. We further have G/ = 2f — 2ff" = 2f(1 — f'). Note

that f > 0 implies f(z) > f(a) = 0 for > a. Therefore combined with f' < 1, we get
G’ > 0. This implies G(x) > G(a) = 0 for © > a. Therefore F’ > 0. This further implies
F(z) > F(a) =0 for z > a.

EXERCISE 3.2.11
Suppose F'(x) is continuous on [a, b], and is differentiable on (a,c) and (¢,b). Then by the
fundamental theorem, we have

/cf(x)dx = F(c) — F(a), / f(z)dz = F(b) — F(c).

b
Adding up, we get / f(z)dx = F(b) — F(a). The more general case of more than one point is
similar. ‘

EXERCISE 3.2.12
Suppose f’(z) is integrable. Then by Theorem 3.2.2, we have f(x / f'(t)dt. In

other words, we can take g(z) = f'(x).

T

Conversely, suppose f is differentiable and f(z) = f(a)+ / g(t)dt for some integrable g(t)

(Note that this does not imply f’ = g because the values of g ‘can be changed in finitely many
places). Suppose m < g < M on [¢,d]. Then for z,y € [c, d], we have

f@)—fly) 1 7
m < p—y —x_y/xg(t)dtSM.

This implies that m < f* < M on [c,d]. Therefore we conclude wyq(f") < wi,q(g). Based on
this, it is easy to see that the integrability of g implies the integrability of f’.

EXERCISE 3.2.13



b [a]+1 la]+2 [a]+3
x| f'(x)dx = alf'(x)dx al + 1) f'(z)dx al +2)f'(x)dx + - -
[ = [ ) +/[ () + )f @do+ [ (la) + 27 @z + -+ +

al+1
(o] b
/m—l([b] — D f'(z)dz + /[b] ] f/(x)dx = [a](f([a] + 1) — f(a)) + ([a] + 1)(f([a] +2) — f([a] +

1) + ([a] +2)(f([a] +3) — f(la] +2)) + -+ ([b] = 1)
01 f() — [a]f(a) — f([a] + 1) — f(la] +2) — -~ — f([]).
EXERCISE 3.2.14 .

Suppose f(¢) = 0. Then |f(z)| = / (@) |da
[ 1r@las

b b/ b
The first part implies that if f(z) vanishes somewhere, then/ |f(z)|dz < / (/ \f/(x)|dx> dr =

<

b
(b — a)/ |f'(z)|dz. On the other hand, if f(z) does not vanish, then by the continuity and

/a ’ Haydal.

b
the intermediate value theorem, f(x) does not change sign, so that / |f(x)|de =

The second part thus follows.

EXERCISE 3.2.15
By Holder inequality, we get
2

(b—a) / )i = / 12 / e > ( / . f’(w)dw) — (f(b) - f(a))*

(1) In case f(a) = 0, we have f(x)? = (f(z) — f(a))* < (z — a) /x fl)2dt < (z —

b
a)/ f'(t)*dt. Integrating on [a, b], we get

/f dm</a x—adx/f 2dt<

/ f/(t)%dt.
(2) In case f(a) = f(b) =0, we let ¢ = =

/f )2dx < /f )2dt = _8a)2 /acf’(t)th

and the similar 1nequahty for the integration on [¢, b]. Adding the two inequalities together, we

get /abf(m)2da: < / f )2da.

(3) In case f(c) =0, ¢

2
/dea:< /f )2dt = b_“/f

and the similar inequality for the integration on [c, b]. Adding the two inequalities together, we

get /abf(m)2dx < (b—Ta)Q /ab f(z)*dw.

and get




EXERCISE 3.2.16
2

1
2vVx2 +a 1
log(x + Va2 +a)| = = :
(>d| 2 ) —|— 2?2 +a 2 +a
1d

<>__x<arcsmx+xm> (ﬁ+m+x2m>:m.

d 0 COS bx + bsin bx acosbx + bsin bx s —absin bz + b% cos bx
a? + b2

d

a? + b? a? + b?
(4) dx(-%" og |z| — x) = log x| +93— —1=log|zl.

EXERCISE 3.2.17
L' L
+x

dx 1 1
(1)/m:/(;_ 1+x>dleog :

; (2) /x(1+x)9dg; = /(1+x)10dx—/(1+x)9dx _a J;ir) e J;g:) _a +x)11<(1)0x _1)

@ /ﬁ =/ - +x>2(1_+2<;): L L I

(1 +2)5(282% + 8z + 1)

168

(4) /a:(l + z)"dzx = /(1 + )" dr — /(1 + x)"dr = — +C.

+C.

n+2 n+1

e +e = e cos bz.

(5)/wdx:/wdm:/(m+1)2—3(x+1)+3dx:_ 1

(1+ax)n (1+z)m
1 1

+C. In case one of n = 1, 2 or 3, one of the antideriva-

3 -3
(n—2)(1+ x)"2 (n—1)(1+ z)1
tives is log.
490_ -
2T 427y = [ (4 +47"+Dde = ——— +2 .
(6)/( +27%)%dx /( +47" + 2)dx logd +2z+C

$2

7)/|x|dx:C'+ 2962 :

1 1 1
(8) /sin 2x cos 3xdr = 3 /(sm Sz —sinz)dxr = —— cos bz + = cosx + C.

ifz>0

10 2
2x + sin 2x

1
(9) /Cos2 xdr = 5/(1 + cos 2z)dx = — +C.
(10) /taandx = /(sec2:c —1)dx =tanz —x + C.
1 1 3

(11) /sin3a:dx = 5/(1 — cos 2x) sinzdr = 1/(2sinx —sin3z + sinz)dr = — cos® +
1
ECOSBQ?—FC 2 2

2xd — si d
(12)/%:/(008.x2 51n2x) ’ :/(CSC2SL’—SGCQ$)d$:—COtx—tal’lx—FC:
. sin® x cos? x sin® z cos? x

)

Sin x cos &
EXERCISE 3.2.18

(14 x)™ (n—3)(1+ x)"3



(1, 2) We have
I = /e‘” sinbrdr = a~! /sin brde™ = a~'e® sin bx — a_lb/e‘”” cosbrdr = a e sinbx — a~'bJ.
J = /ea”‘" cosbrdr = a~! /cos brde™ = a~'e cosbr + a~'b / e sin brdr = a ‘e cosbx + a 'bI.

Solving I + a~'bJ = a~'e® sinbx and —a~'bI + J = a~'e® cos bx, we get

/eaﬂ: sinbrdr — I — ae®® sin bxr — be®” cos bx e
a? +b?

be®® sin bx + ae®® cos bx

/e“"’“" cosbrdr = J = pra— + C.

Moreover,

be*loga gin b 1 rloga b
/ax cos b = /ezbg“ cos by =20 sinbe + (loga)e? B cosbe |,
(loga)? + b2
_ ba”sinbx + (log a)a” cos bx
N (loga)? + b?

1 1 2 1 2
3) [ 2?2%dx = 2d2" = 27— / 2% dx = 221‘——/ 2" =
( )/m ‘ log2/$ log2$ log 2 vear log2x (log 2)? v
2

Ly

+C

2
2% _ T — 20 o T
og2” ° T og22™ Tog22 ) T T log2” T T (og2)"” T (log2)?
(4) Using the result of (1 )
— 1
/xex sin xdr = d< “(sin w2 cos ) = ge“(sinx —CoST) — 5 /e””(sinx — cos x)dz
_ gex(sinx _ cos) — % (em(sian— cosw) ex(sinx; cosx)) Lo

1
= 5(:1;63‘” sinz — (z — 1)e” cosz) + C.

(5) Using the result of (1),

/.2726_36 cos 2rde — e *(2sin 2z — cos 2x)

5

22d

e *(2sin 2z — cos2x) — — ¥(2sin 2x — cos 2x)dx

e ¥(2sin 2z — cos2x) — — E

&m O—'|Hw U‘|Hw\

2

-3 [oe

) Q/xde””(—4sin2$—30052x)
)
2z

= —e “(2sin2x — cos2z) + 2—56_I(4 sin 2x + 3 cos 2x)

e *(4sin 2z + 3 cos 2x)dx

2
e " (2sin 2z — cos 2x) + 2—§e’x(4 sin 2z + 3 cos 2x)

2
- Ee‘“”@ sin 2z — 11 cos 2z)dx + C

B 5002 + 40z —4 . —2522 + 30x + 22

195 e ¥sin2x + 195 e Tcos2x + C.




(6) We have

N 1 ns1  x"Tlarctanz 1 " dx
™ arctan xdx = arctan zdz = — .
n+1 n+1 n+1 1422
By
n+1 1 2 n—-1_ ,.n—-3 n—>5 .
x :( + %) (x A )+y:xn—1_‘rn—3+xn—5_’_.”+ Y 7
1+ 2?2 1+ a2 1+ 22

where the sum ends at (—1)* 'z and y = (—=1)% if n = 2k — 1, and ends at (—1)*"'z and
y = (=1)*x if n = 2k. We have

/ " yrotan od " arctan x " N "2 v
2" arctan zdx = — —
n+1 m+n (m+1n-2) nm+1)(n—14)
t
(—1) p(—pn T ifo =2k —1
I n+1 n1—|—1(1+ 2)
T 0g T .
B L - ALY TPV
( )2(n+1)+( ) 2(n+1) i n

EXERCISE 3.2.19
(1) We have

/sin" zdr = — / sin" tzdcosx = —sin" 'z cosz + /cos xdsin™ ' x
_ coon—1 . n—2 2
= —sin" " zcosx + (n—1) /sm x cos” xdx
_ on—1 con—2 2
= —sin" " zcosx + (n—1) /sm x(1 — sin® z)dz

= —sin" tzcosz + (n—1) /sin”_2 xdx — (n—1) /sin" xdx.

Solving for / sin" zdx, we get

) 1. n—1 e
/sm”azdaf: ——sin" ' xcosx + sin" 2 7.
n n

For n = 6, we have

1 5
/sin6 xrdr = 5 sin® z cos = + 5 / sin xdx

= ——sin xcosx——sin?’xcosx—i-g/siandx
6 6-4 6-4

L.

1, 5, 5-3 . 5-3-1
= —=SIN XCOST — — SN X COST — sinx cosx + dlL‘
6 6-4 6-4-2 6-4-2

5
3pcosw — 1—68inwcosx+ —ax+ C.

o 5 7
= 6 Sl X COsT 24 S 16



Moreover, we have

/sin5 x cos* xdr = /sin5 z(1 — sin® z)%dr = /(sin9 x — 2sin” x + sin’ z)dx

1
— _§sin8xcosx—|—/ ((g —2) sin7x—|—sin5x) dx

/ sin® xdx

:—%singa:cosx—i-%O%sinfsxcosx—i-/(—%Ogle) sin® zdx

1. 10 . 4 11 ., 14
:—§sm xcosx—i—@sm xcosx—ﬁgsm xcosx—l—ﬁg
:—lsingxcosx—i—gsinfixcosx—Lsin‘lxcosx

9 63 105

141 ., 142 .
—ﬁggsm $cosx+ﬁg§/smxd:p
:—§sin8xcosx+@sin6xcesx—msin‘lxcosx
—isiDchosm—icosquC’.

315 315

(2) We have

/Cos" rdr = /cos”_1 zdsinz = cos" ' rsinx — /sin xd cos”

=cos" txsinz — (n —1) /cos”2 xsin® xdx

=cos" txsinz — (n —1) /cos"_2 z(1 — cos® z)dx

=cos" ' xsinz — (n — 1) /cos"_2 xdr + (n — 1) /COS" xdx.

Solving for / cos” xdx, we get

1 n—1
/COS” zdr = —cos" ' rsinz + cos" 2 zdzx.
n n

(3) We have

/tan” rdxr = /tann_2 $(Sec2 r—1)dx = /tan”_2 zsec? zdr — /tan"_2 xdx

tan™ !z
= ——1 /tan"2 zdzx.
n —_—

Then

tan® x tan® x tan® x
/tan6xdx— 3 —/tan4xdx— R —|—/tan2xdx

tan®z  tan®z N tan / tan®z  tan®zx
— — . T = _
5 3 1 5 3

+tanx —x + C.



and

tan~? tan~?® tan—3
/tan_ﬁxdx: an5x—/tan_4xdx: an5:v_ an3$+/tan_2mdx

tan®x tan 3z N tan~!x /d 1 N 1 1 Lo
= — — r = — — —z .
-5 -3 -1 S5tan®x  3tan®z  tanx

(4) We have
/sec" xdx = /sec”2 rd(tanz) = sec" *ztanz — (n — 2) /tan:c sec" %z tan xdx
=sec" *rtanz — (n — 2) /Secn_2 z(sec’ v — 1)dx

=sec" ?rtanz — (n — 2) /sec" zdr + (n —2) /sec"‘2 T.

Therefore L
/Sec” rdr = sec” “wtans  n 2 /sec” 2 xda.
n—1 n—1
(5) We have
/x”exdx = /x”dex =z"e’ — n/x"‘lexdx.
Then

/xg(x—l— 1)e*dx :/x4ezdm + /Ise”dx = xle” — 4/x3ewdx + /m3exdx

=zte® — 32%e® +3-3 / 22e®dx
=zte” — 323e® +3-32%* —3-3- Z/xexdx

=z*e® — 323 +3'3J}26x—3'3'21’6x+3'3'2'1/6xd$

=(2* — 32% + 92 — 18z + 18)e” + C.

(6) We have
[atoglalydn = = [ togalde = St oglal ~ i [ 2" doglal)”
= —a oglel) - T [[a loglal)- dx
_ %Hxaﬂaog )" — QLH +*(log |2])"\da.
Then

4
ot (loglal? - 3 [ Valog]olds

4 (2
22 (log |z|)? — 3 (3x2 log |z| — —/\/_dx>

4472

5 (2 49
—z [ Z( — - ““Z) s
T (3(0glx|) 58 og|9:|+333)+



(7) We have
/e”” sin” zdx = /sin" zde® =e*sin"x —n / e sin" teosxdr = e sin"x —n / sin® ! cos xde”

= e¥sin" x — ne*sin" 'z cosz —n / e®((n — 1)sin" %z cos® v — sin” x)dx

= e"sin" ' w(sinz — ncosx) —n / e“((n —1)sin" 22 — nsin" x)dz.
Therefore
T 1T 1 T ian—1 : n T i an—2
e sin" zdr = ———e"sin"" z(ncosx —sinx) + e’ sin""“ xdx.
n*—1 n+1
Then

1 4
/ e” sin' zdr = 1—5695 sin® z(4 cosz — sinz) + R / e’ sin® xdx

1 4 /1
= 1—5@“"” sin® z(4 cosz — sinz) + R (gex sinz(2cosz — sinx) + /exdx)

= —(4sin® 2 cos v — sin* x + 8sinx cos v — 4sin’ x + 12) + C.

15
(8, 9) We have
/x" sin xdr = —/x”dcoszz = —z"cosx + n/yc"_1 cos xdz,
/x" cosxdxr = /m"dsinx =z"sinx — n/x"l sin zdx.
Combining the two, we get
/x" sinzdr = —x"cosx +n / 2" cosxdr = —x" cosx + na" ' sine —n(n — 1) /x"2 sin zdzx,
/m" cosxdr = z"sinx —n / 2" 'sinzdr = 2" sinx + na" ' cosz — n(n — 1) /m”2 cos xdzx.
Then
/x4sinxdx = —a'cosz +4rdsina + 4 - 30" cosx —4-3 - 2we”sine —4-3-2-1e* cosz + C.
(10) We have
/(1 + ax?)"dz = x(1 + az®)" — /a:d(l + az®)"
= 2(1+ az®)" — 2na / (1 + ax®)" 'dx

=2(1 + az®)" — Qn/[(l + az®)" — (1 + ax?)" ]dr.



Therefore
(1 + az®)" 2n

2n+1 +27’L+1

/(1 +az?)dr —

Replacing n by —n, we get

/(1 + az®)" dz.

dx B T 2n — 3 dx
/ @1 2n—D)@ 01 21 / @i

Then

dx T n 1/ dx T n 1 ; e
= — = —arctanz .
(I+2%)? 2(z2+1) 2] 1+22 222+4+1) 2

EXERCISE 3.2.20
If m # 1, then

I(m,n) = / cos™ xsin" xdr = — / cos™ zsin™ ! xd cos x

1 cos™ ! rsin™ ' & 1
=—— /sin”_1 xdcos™ x = — + /cosm+1 xdsin" 'z
m+1 m—+1 m+1
cos™tgsin" e n-—1
=— -+ / cos™ ! £ sin™? x cos xdx
m+1 m—+1
cos™ M xsin” e n-—1
=— + I(m+1,n—2).
m+1 m—+1

If m + n # 0, the same computation still tells us
(m+1)I(m,n) = —cos™ ™ wsin" 'z + (n—1) /COSer2 zsin® 2 zdx

= —cos™ M asin® a4 (n—1) /COSm z(1 — sin® z) sin" 2 x cos xdx
= —cos™ M asin" x4+ (n—1)I(m,n—2) — (n—1)I(m,n).

Solving for I(m,n), we get

1 son—1
. cos™ M zsin" 'z n-—1 o
cos™ xsin" xdr = — + cos™ xsin" 2 zdz.
m-+n m-+n
In particular,
4 .5 L 5 .y 4 4 -3
cos” rsin® xdr = — 9 cos’ rsin™ z + 9 cos” zsin® xdx
1 ) 41 ) 2 )
=— —cos®xsintr — —=—cos® rsin’x + —= [ cos* zsin xdx
9 97 97
1 . 41 . 421
=— —cos’xsin*z — —=cos® rsin’xr — —==cos®z + C.
9 97 975
Similarly,
cos™ txsin"r m—1

/ cos™ xsin” xdx = / cos™ % xsin™ xdx,

m-+n m-+n



or

cos™ M psin™e m4n+2

m—+1 + m+1

/ cos™ xsin" xdxr = — / cos™? rsin” zdzr.

In particular,

- 4

sin® x _ ) 1 _ ) 3 _ :

3 dr = [ cos 2 rsin*zdr = ——— cos 2 xsin® x + — [ cos™! zsin® zdx
CcoSs> T 2 —2

1 31 33
25 cos 2 xsin®r + 33 sin® x — 33 /COS_1 xsin? zdx

sin® sinz 3 1 1 .
= + - = . + - —1)dsinz.
2cos? x 2 2 2(1+sinz)  2(1 —sinx)

sin® sinz 3 3 .
— —log —|—§smx+C’.

1+sinz

:20082x 2 4 1 —sinz

EXERCISE 3.2.21
We have

1

I(m,n) = /(x —a)™(z —b)"dx = : /(a’; — a)™d(z — b)"H

n -+
1
_ _ m _ p\ntl _ p\n+l _ m
— )" g:ﬁ/@ by ld(z — a)
1 1 m
— —_ )™ . I(m—1 1).
n+1(x a)™(x —b) 3 (m—1,n+1)

Then

/(x 1P+ 1)z = 1(3,10) = %@ 1Pt 1) — 13—11(2, 1)

= 1—11(x — 1)z +1)" - 13—1%(:(; —1)*(z+ 1)+ 1—?’1%1(17 12)
= L e ) - 1 1)
+ %%1—13(9: — Dz + 1)~ %%%](0, 13)
= - ) - S - 1)+ 1)
" ' 3211 212
/_1(x S ) = e T T

EXERCISE 3.2.22

@ fdw 1
(”/fgxf <m2ﬂg—avuw*+o'
(2) de = /W = arctan f(z) + C.

(3) /Qf(x)f'(x)d:c = /Qf(x)df(x) =2/@]og2 + C.




EXERCISE 3.2.23
(1) By x = 45, we have

/ /6y5dy _6/<92—y+1—L)dy=293—3y2+6y—610g|y+1|+C
\/‘+\/_ Yy y+1
=2V = 32 +6V/x — 6log(Ve +1) +C

(2) By o = %, we have

Vadz /y36y5dy / 2_ 4 6 1 1
_ =6 (-1-y*—y' - d
—vz ) 1-p VYT Ty Ty

6 6
= 6y — 2> — —y° — —y" —6log|l —y| +6log|l +y|+C

5 7
66 66 1_%
= 69 —2 - T 5— — 7 1 '
6z — 2/ 5\/;1: 7\/90 + 6log 1+%’+C

(3) By x = (y — 1), we have

y13 y12 yll
/(1+\3/E)1°dfr=3/y1°(y—1)2dy=3 (——2_+_) +c

13 12 11
B o (L Ve’ 1+ Ve
=3(1 + V) ( 13 1 ) te

286(1+\/_)11(66\/_—143\/_+ 1)+



(4-8) By x + 1 = 2t, we have

/ dx / 2dt D retan P L
———— = | ——— = - arctan ,
2422 +5 (r+1)2+4 A2 +1) 2 2

o2

2t —1)2dt 1 )

————— = —log(t* + 1) — arctant 4 C
/x2+2x+5 / A2 +1) 9 g(t*+1) — arctant +

1 1
=3 log(x® + 2z + 5) — arctan - +C,
—z+ 10 1 (—2t + 11)2dt
o [ T e = 2?2 A bl bt
—1—21:—1—5 - +/:L’2+2x+5$ 2" :r;—l—/ 412 +1)
1 1 11
= 5:52 —2r — §log(t2 +1)+ 5 arctant + C
1 1 11 1
:§x2—2x—§log(x2+2x+5)+?arctanx+ +C,
dx 2dt 1 t 1
= | ———5 = - | = + zarctant C (E ise 3.2.20(10
/(x2+2$+5)2 /16(252—{— 7~ 3 (2(752 Y + 5 arctan ) + C (Exercise (10))
r+1

1
+C,

1 T
_ — arct
(2 120 15) 16 e

/ z3dx _/ x—2 d:c+/ —2 4+ 10 dx_/(zt—3)2dt+/(—2t+11)2dt
(z24+22+5)2 ) 22+ 22 +5 (2422 +5)2 " ) 4(2+1) 16(£2 + 1)2

3 1 11 t 1
= —log(t* +1) — ~arctant + ————— + — (2(— + —arctant> +C

—_

2 2 s(2+1) ' 8 \22+1) 2
:%—i—%log(tQ—l—l)—i—garctant%—C
:%log(x2+2x+5)+2(x2+12x+5)_3/%+11/(ﬂ+§i+5)2
:Q(xlzligxlig))—|—%1og(a:2+2x+5)—%arctanzgl—1—0.

(9) By o + 1 = 2t, we have

t t2
%+ 22 + dx—/ 4(t2 + 1)2dt =4
/¥ Vi Rt s
=2tV12 + 1+ 2log(t + Vt2 + 1) + C (Exercise 3.2.16(1))

1
:§($+1)\/.732+2$—|—5+210g($+1—|—\/£L‘2—|—2£L'+5)—|—C.

> (Exercise 3.2.19(10))

d(x —1)

dx
10)/\/2x—x2: V1= (z—1)2

(11) We have

= arcsin(z — 1) + C.

1
/x\/5+4:c—x2dx:—5/[(5—1—43:—xz)’—4]\/5+4:c—x2dx
1



By x — 2 = 3sint, we have

/\/9—(x—2)2dx:/3cost3costdt:

9 r—2 x-—2 r—2\?
= i 1— C
arcsin 3 + 3 \/ ( 3 ) +

2
9 —2
5 in +(x—2)Vh+4x — 22+ C.

9
(2t +sin2t) + C = §(t—|—sintcost) +C

>~ O

arcsin

Thus
1 2\ 3 . r—2
x\/5+4x—x2dx:—§(5+4x—x)2 + 9 arcsin +2(x —2)Vb+4dr —22+C
1, 5 r—
= g(x — 10z + 7)V'5 + 4z — 22 + 9 arcsin

2
+C.

(12) We have

vda (x*+22+2) -1 1 "
- do=-ee | |
/(x2—|—2x—i-2)g / (22 + 22 +2)° Va2 + 2z 42 (x+1)2+1)2

By Exercise 3.2.19(10), we have

dt t
= +C.
/kﬂ+1ﬁ 2+ 1

Therefore
rdx 1 z+1 x4+ 2
= — — +C=——+r———+C
(22 + 22 +2)2 V2 +2r+2 Va2 +2x+2 Va2 + 2z +2
2 1)d 1 d
() [Getlde  [le(zt D x_aw (x+1)+C.

x(x+1) Var(r+1)

dx dlogx

(14) /mlog:p = | Toss =log |log z| + C.

1

(15) 8% gy = /loga:dlogx: (logx)* + C.

x

dz e“dz de”
16 = = = arctane” + C.
(16) JEr— e2r 1 1 /(ex)2+1 arctan e +
(17) /COtZL‘de‘ = / Cosxdm = log |sinz| + C.

sin

(18) By y = g— x, we have /cscxdx = —/secydy = —log|secy + tany| + C' =

—log | cscx + cot x| + C.
’ 1
(19) /tan3xdx:/tanxsecQIdx—/tanxdx:/tanxdtanx—/ Y e = §tan2m+

COS T

log | cosz| 4 C.



(20) We have [ sec® zdx = /sec rdtanx = secxtanz — /tanQ:Usec xdr = secxtanx —

1 1
sec’ a:da:—l—/ sec xdx. Therefore by Example 3.2.14, /sec3 xdr = 5 sec r tan x+§ log | sec z+

tan x| + C.
(21) By t = sinz, we have

. 4 .4 4
sin® x sin® x thdt
dr = d(si = [ —
/cos?’x . /cos“a: (sin.z) /(1—152)2

3 3 1 1
__/<L+M#%D_4@+U+4@—1V+4@+1P)ﬁ

42 ! L ¢
= —O — —
il PR TP S ST )

. L3 sinx — 1 sin
=sinz + - lo —
1 %% |sing + 1 2(sin®x — 1)

sinx — 1

+C

sinzx

+sinzx +
2cos? x

COS T

(22) By t = cosx, we have

.5 .4 2\2
sin® x sin® (1 —t*)*dt
dr = — d = | —
/ oz / costx (cos z) / 4
1 2

L 2 et
= — cos T )
33t 3cosdx  cosx

(23) By « = sint, we have

/(arcsin r)’dr = /t2 costdt = /t2d sint = t*sint — 2/tsin tdt

:tQSint—l—Q/tdcost:tQSint—l—thost—Z/costdt

= t?sint + 2t cost — 2sint + C = x(arcsin x)? — 22 + 2v'1 — 22 arcsinz + C.

T
We note that we take [t| < B in z = sint, so that cost > 0.
(24) By x = sint, we have

1 1
/;E(arcsinx)Qda: = /t2 sint costdt = —§/t2dcos 2t = —§t2 cos 2t+/tcos 2tdt
1 1 1 1 1
= —§t2 cos 2t + 3 /tdsin2t = —§t2 cos 2t + §tsin2t — §/sin2tdt
1, 1. 1 1 ) . .
= —§t cos 2t + §tsm2t+ ZcosZt—f— C= 1(1 —2t*)(1 — 2sin”t) + tsint cost

1
= 1_1(1 —22%)(1 — 2arcsin® ) + rv1 — r2 arcsinz + C.

EXERCISE 3.2.24

(1) /(ax + b)*dz = é /(ax + b)*d(ax + b) = (ax + b)*T 4+ C.

ala+1)



dx tdt 1 1 x
(2) Byx—at,/a2+x2 _/a2+a2t2 —aarctant—i—C—aarctanaﬁLC’.

(3) By = at and using Exercise 3.2.19(10), we have

/ dx _/ ady _l/ dt
(a2 + 22)3 (a®+a2t2):  a® ) (1+2)3

3
1 t 25 -3 dt
A E AE (1+ )k
2(——1) (1+2)3 2(——1)
2 2
t T
L _4o=-—21 ¢
a’V1+t? a’va? + x?

d 1 1
(4) By:v:at,/—x:/a—:—arcsmt%—C——arcsinz—l—C.
Va2 — 2 Va2 — a2t? a a

tdt
(5) By z = atant and Example 3.2.14, / m / Ses(;ct /sec tdt = log | sect+
a?+x

2
+\/x—2+1 + C =log(z + Va? +2%) + C.
a

(6) By * = asect and Example 3.2.14,

tant| + C = log a
a

asecttantdt

v _ tdt =
Va2 —a? B a2secit —aZ vee B
=log |z + Va2 —a?| + C.

2

log |sect + tant| + C = log Ty
a

2

2
(7 ) By = = asint, /\/a2 — 22dx = az/COSQtdt = a_/ (14 cos2t)dt = az(%—i- sin 2t) +
a2
C= (t +sintcost) + C = 5arcsm— + x\/a2 -2+ C.
(8 = atant and Exercise 3.2.24(20), we have /Va2+$2dl‘ = /a2 sec’ tdt =

2 1
% (secttant + log|sect + tant|) + C' = 3 (:10\/@2 + 22 + a®log(x + Va2 + x2)> +C
(9) By x = asect and Example 3.2.14, Exercise 3.2.24(20), we have

/\/ 2?2 — a’dr = /a2 tantsect tan tdt = a /(8603 t —sect)dt

2
) B

2
- secttant — log|sect + tant|) + C
2

1 2
= §x\/x2 —a?— %log(x—i- Va2 —a?)+C

¢ —a
(10) =V —-a2+C.
/\/ 2 —q? /2\/1’2—@2 ;
1 secttantdt 1 1 T
11) B = t — | —— = —t+(C == —+C.
(11) By = asec ,/m —:L'z—a2 - —— - + aarcseca—l—



(12) By = = asect, we have

/\/xQ—CLde_/atant
x

asecttantdt = a/(secQt — 1)dt
asect

t
=qatant —at + C = V12 — a? — agarcsec— + C.
a

leo

1 1
(13) /:zc\/a2 — 22dx = —3 /(a2 —2*)Va? — x2dx = —g(oz2 — 2?2+ C.
1 1 3
(14) /:EVCL2 + 22dx = 5 /(a2 + 22)Va2 4 22dr = g(az +2%)2 + C.

(15) /m\/av2 — a?dx = %/(mQ —a®)'Va? — a?dx = %(:pQ — aQ)% +C



EXERCISE 3.2.25

/0 " f(t)dt = xf(x) - / (0t = 2f(2) — / " p(ar

= af(@) = el )+ [ EFOd = af@) - gt @+ g [ roa
1, 1 5., L (% 5.

—of@) = gl @)+ gt w0 - 5 [ era

= @) = G @) () e [

EXERCISE 3.2.26
We have
[UU(n_l) . ulv(n—Q) NN (_1)n—1u(n—1)v}/
:uv(n) + ulv(n—l) _ ulv(n—l) . uuv(n—z) T (_l)n—lu(n—l)vl + (_1)n—1u(n)v
=uv™ + (=1)" "™y,

Therefore uv™ ™1 — /v ... (—=1)" 14Dy is the antiderivative of uv™ + (—1)""tuMy.
By the fundamental theorem of calculus, we get

r=b

r=a "

b b
/ ww™dz 4 (—1)" / uModr = [uv™™ — o™ 4 (1) ]
By taking z, u, v, n to be t, (x — )", f(t), n+ 1, we get

[ w—ore

=[(z=)"f") +n(x—t)" V@) + - Fnn—1) - 1f(t)L:r0

=n(n—1)---1f(2) = (& = 20)"f™ (w0) = n(x — wo)" " f@V(wg) = - = n(n = 1)+ 1f(x0)
=n!R,(x).

For continuous f"+)(x),

1 [* max fotl) e max frtD)
_ _\n p(n+1) [z0,7] A\n gy [z0,7] . n+1
R, (x) = o / (x—t)"f (t)dt < y /xo (x—1t)"dt = (n+ 1) (x—x0)" .

Zo

min[zo,m] f(TH-l)

(n+1)!

(x — x9)""1. The by the intermediate value theorem

(n+1)
for the continuous function 1 (¢) on [z¢, z], we get R, (z) = {Tl()cl)(az — xo)" L.
n !

On the other hand, for continuous f*V)(x), we apply Exercise 3.1.15 to the continuous

function (z=1)" f(0) for € faa. ] and get | (2 =) (D (0t = (r—20)(a—0)" 170

( = mo)(x — )" f" ) (¢)
n! ’

Similarly, we have R, (z) >

for some ¢ € (zg, ). Then R,(z) =



EXERCISE 3.2.27
For any € > 0, there is ¢ > max0, a, such that |f'(z)| < € for > ¢. Then

c b
%/abf(oc) sinzdr = %/a f(x)sinzdx — %/c f(x)dcosx
¢ b
= % /a f(x)sinzdr — %(f(b) cosb — f(c)cosc) + % /C f'(z) cos zdz.

Since a and ¢ are fixed, there is N, such that

¢ 1
b>N — ‘%/ f(z)sinzdz| < e, Ef(c)(cosb—cosc) < e
For b > ¢, we also have
’ b— 1 "(d)|(b—
’%/ F(x) coszdr| < 2—CSe < e, ‘g(f(b) £(0)) cos| < )|b( )<

Thus for b > max{N, c}, we have

< 4e.

’% /b f(z) sin xdx




EXERCISE 3.2.28

1 ! 1 e—1
(1) / ze” d = / e da? = / evdy = —(e' — ") = :
2/, ; 2 2

1

2

(2)/2 xdx _ / dx? 1
0 1—|—x2 o 1+22 2

dy 1 log 5
2yd 2 1 1 2 -1 21
0 [ i Lo LG ) o= B -
v avrrl Jewr-1ly Je\y-1 y+1 241 V2 +1
logMTH.

EXERCISE 3.2.29
If f(x) is an even function, then

/_Zf(ﬂ?)dmz/oaf(x)dx+ _Oaf(as)dm:/oaf(x)dx+/aof(_xd_

EXERCISE 3.2.30
The only non-trivial proofs are the second or the third items implies the odd function.
b
Suppose / f(x)dx = 0 for any b. Then by taking the derivative in b, we get f(b)+ f(—b) =
—b
0, which means f is odd.

Suppose f(z)g(x)dz = 0 for any even continuous function g(z). By

/_Zf(:z) d:zc—/ fla dx—l—/oaf(:t)g(x)dﬂvz/Oaf(—x)g(x)d:c—i—/Oaf(;g)g(x)dx

—/0<f< ©) + f(2))g(z)dr,

and the fact that any continuous function on [0,a] can be extended to an even function on
a

[—a,al, we get / (f(=z) + f(x))g(z)dr = 0 for any continuous function g on [0,a]. By

0
Exercise 3.1.18, this implies f(z) + f(—z) =
EXERCISE 3.2.31
/ dt /my ydt /x dt /$y dt
_+ p—
Lt ),

dt dt dt
logx+logy =

Yt
/ n log(wy)
1



EXERCISE 3.2.32

We have
/ab f(x—irhf)L—f(x)dx _ % (/abf(:c—i—h)dx_ /abf(x+h)dx)
1

-1 ( ih f(@)da — / b f(x)dm)
-1 ( bb+hf(x)dx - /:Mf(x)dx) |

By Theorem 3.2.1 and the continuity of f at a and b, the limit of the right side as h — 0 is
f(0) = fa).




EXERCISE 3.2.33
By the fundamental theorem, we have F’ = f. Therefore F' has (n + 1)-st order derivative
and has Taylor expansion (and Lagrangian remainder)

F'(a) P (0

F(z)=F(a)+ F'(a)(x —a) + 5 (x—a)*+--+ o (x —a)" + CF (z —a)".
b
We get the expansion of F(b) = / f(z)dx by using F(a) = 0 and F®) = fk=1),
Alternatively, we have the Tay(ior expansion of f
" (n—1)
@) = 5@+ Faa =0+ e ap ot B a4 o)
i (n)
By Lagrange remainder formula, we have M(m —a)" < R,(z) < sup(a’b') ! (x —a)".
Therefore " "
b " (n—1) b
o = [ (1@ rae -0+ Do DS 0ok [ R
1 (n—1) b
=f(a)(b—a)+ fz('a) (b—a)*+---+ fn—ll(a)(b —a)" + /a R, (z)dzx.
Moreover,

inf " (n) inf " (n) b b
—m( - {), (b — ayrt <o ST / (z — a)"da < / R, (v)dx
n ! n! a u

(n) b (n)
su su
<SPan [ gy = SPen S
n! a (n+1)!
b (n)
By Exercise 2.2.34, we have / R, (x)dx = (f +(g' (b —a)"™™! for some ¢ € (a, b).
a n !

EXERCISE 3.2.34
Let d = %. Applying Exercise 3.2.33 to (a,d) (expanding at a) and (d,b) (expanding at

b) respectively, we get

[ s@az =s@a—a) + L0 —ap s LD g T e

2! n! (n+1)!
/bd f(@)dz =f(b)(d —b) + f;(!b) (d=b)°+--+ W(d —b)"+ {:I%{ (d — by,
By d—a= b_a = —(d—b), we get
/f da:—/f dx—/f
Z e k n 1);21f(k Oy -yt 4L (n)(cl)(n_ +(_1>1.)2++11f ea) gy



If n is odd, then

1F ™ (er) = (=)™ P (eo)] = [F M (er) = f™ ()] € wia) (F™).

If n is even, then

2inf f™ < f(cr) — (=1)" f0(ca) = [ (er) + 7 (ca) < 2sup .

(a,b) (a,b)

By Exercise 2.2.34, we have f((c;) — (=1)"*1 f(™(cy) = 2™ (c) for some ¢ € (a,b).
EXERCISE 3.2.35

Let d = GT—H). Applying Exercise 3.2.33 to (a,d) (expanding at d) and (d,b) (expanding at
d) respectively, we get

a / (2n-1) 2n)
/d f(x)dx =f(d)(a —d) + f<‘d)(a—d)2+-~-—l——f Fd)(a—d)"—f— (e ))l< —d)*th

2! (2n)! (2n +1
b (d) Fe(d) FOe) s
| 1@ =r@yo—a+ 5Ro—ap v+ IomQo—ap + S0 - g,
By —(a—d) = b;“ = b—d, we get

/abf(:c)d /f daz+/f

= (k: + 1)!2k

0<k<2n,k even

(2n) (2n)
= 00

By Exercise 2.2.34, we have f®"(c;) + f?"(cy) = 2™ (c) for some ¢ € (a, b).

EXERCISE 3.2.36
By Exercise 3.1.51, we have z;_; < x] < z;, such that

()= [ ey =Y (saa - | fyir) = Y P ax = P05

Since f’ is integrable, by Theorem 3.2.1, this implies

nmn<slefm /f dx):b‘“/ Fa)de = "2 (7 0) ~ fla),

n—oo

EXERCISE 3.2.37
By Exercise 3.1.54, we have x;,_1 < 2] < x;, such that

[ 10— s = ([ star- 5 (%) A )

Zf i: 242 Zf// Al’l



Since f” is integrable, by Theorem 3.2.1, this implies

i o ([ e = swaaeatn)) = G [ e = O ) -

EXERCISE 3.2.39

AVigteprd (f(z + ) = T ! W ). Cf(:c +c)d / iy
=Aviy (f()),
1 b
Avpa (f(AT)) = W f()\ac)
b — / f Av[ab (f( ))

AAV[a,c}(f) + ( A)AV[C b]

—a/f Ydx + (1 — A b—c/f

/f dx—l——/f r)dr = Aviy (f).

b—a

frg = / f(@)do > / g(2)de — Avin(f) = Avis (9).

If f(x) is continuous, then Avy,y(f) = f(c) by Exercise 3.1.15.

EXERCISE 3.2.40 .

By change of variable, we have g(z) = / f(xt)dt.

0
(1) By lim, 1o f(x) = 1, f(z) is bounded. Assume |f(z)| < M for all x > a. For any
€ > 0, there is N > 0, such that x > N implies |f(z) — | < e. Then for x > ¢ ' N, we have
xt > N for t € [¢,1]. Therefore

l9(x) — 1] < ( [+ ) [Fat) — lld < e(M + 1) + (1 — e,

(2) For 0 < x <y and t > 0, we have zt < yt and f(zt) < f(yt). Therefore
1 1
~ [ s < [ snae=gt)
0 0
(3) For 0 < A <1, z,y >0, we have

M)+ (1-N)g(y) = / A (t) + (1= ) f )t > / FOrt+ (1= \yt)dt = gz +(1—A)y).

EXERCISE 3.2.41
AMz+c
Av&;ﬁblcﬁf(x +0)) = Av) y(f(2)).
AV (F(pa)) = AV, (f (@)



If ¢ = Aa + (1 — A)b, then Av[ab (f) = AV () + (1 = MAVE, (f)-
If f > g, then Av(, ,(f) > Av[ab( ).
If f(x) is continuous, then AVW, (f) = f(c) for some a < ¢ < b.

EXERCISE 3.2.42

/ d:c—/ flz dm+/ Tf(x)d:z::/an(:c)der/TaJrTf(x_T)d(x_T) _

/ flx d:p+/ flx=T -T) :/ f(x)dx. The equality f(x —T) = f(x) is used in the
second equality. "

EXERCISE 3.2.43
Suppose |f(x)| < M on [0,T]. By periodic property, we have |f(x)| < M for all z. For any
b > x, let n be the natural number satisfying a + nT < b < a + (n+ 1)T. By Exercise 3.2.42,

/abf(a:)da: = /aa+Tf(x)dx + /a+2T flx)dz + -+ /a+nT . f(z)dx + /b f(z)dx

a+T a+(n—1 a+nT

—n /0 " fw)de+ /0 TR

Then
1 b 1 T n T b—a—nT
—/ f(x)dx — —/ flx)dx| < |+ — = / f(x)dx| + - f(z)dx|.
b a T 0 0
T b—a—nT
The limit follows from — < b r<? i and / flx)de| < M(b—a—nT) < MT.
no-n n 0

EXERCISE 3.2.44
The periodic integrable function f is bounded. Assume |f| < M, |g| < M. For any ¢t > 0,

consider the partition of [a, b] by intervals of length § = "

P:a=xy<ri=a+0<z9=0a+20<---<x,=0a+n<b.

The right end of P, is b. Let P/ be the partition of [a,a + nd] with a + nd in place of b as the
right end. .
Choose any z} for the partition. Then

@ [ st | " gt

<> / (12 |g(a?) — g(z)|da

<M Z Wiz;_1,2;] (g)Axl
=1

By Exercise 3.2.42, we have

/ fFltz)d /mzlﬁéf(tx)dx _ %/” flz)de = %/OTf(x)dx.

Ti—1



By Ax; =9, we get

Zg /fmda:—Zg /f (%/Ochc)d:c)S(a',g).

Moreover,

S(PLg) — S(Prg)| = lg(at)|(b — 2,) < M5,

/ i
a+nd

/ f(t)g (x)de — / F(t2)g(x)dx

Combining all the estimations together, we get

'( /f dm) (P, g) /ftx r)dz

By the integrability of g, the estimation implies that

tlirgo/ftx d:c-( /f dx)thPt, /f dx/ x)dx

EXERCISE 3.2.45
(1) Taking derivative of both sides, we get

< M?*(b—x,) < M.

< Mwal L2 (9) Az + 2M36,

i=1

1 _ Acosxz — Bsinx (n—1)(Asinx + Bcosz)(acosz — bsinx)
(asinx +bcosz)”  (asinx + bcosz)! (asinz + bcos )"
1

(asinz + bcos )2
Comparing the two sides, we get
= (Av — Bu)(au + bv) — (n — 1)(Au + Bv)(av — bu) + C(au + bv)?
for all u, v satisfying u? 4+ v? = 1. Comparing the coefficients, we get

—(n—=2)aA +(n—2)bB +2abC =0

(n—1)bA —aB +a’C =1
bA —(n—1)aB +b*C =1
The solution is
b —a n—2
A= (n—1)(a®+ %)’ B = (n—1)(a®+ %)’ ¢= (n—1)(a®+ %)’

(2) Taking derivative of both sides and multiplying the common denominator, we get

1= Acosz(a+bcosz) + (n— 1)bAsin?x + B(a + beosx) + C(a + beos x)?,



Comparing the two sides, we get the equations
aA+bB = 2abC =0, bA+b*C = (n—1)bA, (n—1)bA+aB +d’C =1,

The solution is

B b ~ —(2n—3)a B n—2
A= (n—1)(b% —a?)’ B_(n—l)(bz—cﬂ)7 ¢= (n—1)(b* —a?)

EXERCISE 3.2.46
If b — a # nx, then by

sin(a — b)
t —t b) =
an(r + a) — tan(z + b) cos(z + a) cos(z £ D)’
we have
dx 1 1 cos(z + b)
= _ — 1 .
/ cos(z + a)cos(z +b)  sin(a —b) /(tan(a:+a) tan(z-+b))d sin(a — b) o8 cos(x + a) ’+C
If b —a =nmn, then
dx dr
= (1" | ———— = (=1)" [ sec’(a+a)dz = (-1)"¢ C.
/ cos(z + a) cos(z + b) (=1) / cos2(z + a) (=1) /Sec (z+a)dz = (—1)" tan(z+a)+
Similarly, by
cos(a — b)
t t b) =
cot(z 4 a) + tan(x + b) (@ T a) cos(z 1)’
we have
dz L g[S D | o gt (n )
/ - o cos(a — b) cos(z + a) )
sin(z + a) cos(z +b) (=1)"cot(x 4+ a) + C ifb—a= (n—l—%)w
By
cos(a — b) _ cos(a —b)

tan(x + a) tan(x +b) + 1 = (tan(x + a) — tan(z + b)),

cos(z + a) cos(x +b)  sin(a — b)

we get
sin(x + b) .
t(a —b)log| ————=| —2+C ifb— 41
/tan(x—i-a)tan(x—i—b)dx: €0 (a )Og COS(%-'-(I) z ! &# (n 2)71..
—x+C ifb—a:(n+%)7r
Then
. x—a
T 4 sin 5 ‘ 1
/ dx :4/ d§ _ cosalog Cosx+a +C 1fa7é(n+5)7r
sinz — sina Sinflf—i-acosx—a N 5 )
2 2 (—1)"C0tx a+C’ ifa:(n+%)7r




and

/—dx = / 2 = Sinalog R +C ita# (ntg)m
cos T + cosa r+a r—a
08 cos T+ a
2 2 (—1)" tan +C ifa=(n+in

EXERCISE 3.2.471

1
w(p, q) :/(1—x;)q_1dx—/(1—xp) Lyvdy = w(p,q — 1) +/ g 1—xp 7 =
0 0 0

=1 p 1
- —/ (1 —a7)idz = w(p,q — 1) — —w(zx q).
z=0 ¢ Jo

w(p,g—1)+ § (1 — av)
EXERCISE 3.2.48 . o
Fory = (1— x%)q, we have z = (1 — y%)p and w(p, q) = / (1— :v%)qd:v = / yd(1— y%)p =

0 1

—/1 yp(1 — yé)pléyé‘ldy = g/o (1 — o) lysdy = g/o (1 —yr)p = (1 —ya))dy =
g(w(q,p — 1) —w(q,p)) = g (?w(q,p) - w(q,p)> =w(q,p).

EXERCISE 3.2.49 By Exercise 3.2.47,

__n _ n(n —1)
vl ) = =) = e 2
S n(n—1)---1 w(m, 0) = m!n! 1= mln!

(m+n)(m+n—1)---(m+1) (m+n)! (m+n)!"

EXERCISE 3.2.50 ) .
w is strictly decreasing in ¢ because (1 — x7)9 is strictly decreasing in ¢ (since 1 — z» < 1).
By symmetry, w is also strictly decreasing in p.

EXERCISE 3.2.51

11 ! B B 1 [z
w <—,—> —/ \/1—x2dx—/2 costd(sint) —/2 cos? tdt = —/2(1+C082t)dt—
2°2 0 0 0 2 Jo

EXERCISE 3.2.52
By Exercises 3.2.47 and 3.2.48,

1 1
w<n+1n+1)— n+§ w(n+1n 1>—1 n+§ w(n 1n 1)
2 2 n—l—l—l—njt1 2 2 2n+1—|rn—1 2 2
2 2 2 2

2n +1 1 1 (2n +1)(2n — 1) 3 3

" & w(n—§,n—§): &n(n —1) w(n—ﬁ,n—i)

B _(2n—|—1)(2n—1)---3 11

T 8mn—1)---1 w<§,§)

Then by Exercises 3.2.49, 3.2.50, 3.2.51,

m02>w(n+1 ]>::@n+n@n_1yu3w

(2n)! "3

8n(n—1)---1 4



By 2n(2n —2)---2 = 2"n!, this is the same as

(2n(2n —2)---2)3 ~ (2n(2n—2)---2)?
2n)!2n+1)2n—1)---3  (2n+1)((2n —1)---3)2°

7T<
2

The other inequality is similar.

EXERCISE 3.2.54

n

> F(i)g(a)Ax; = > Si(P, f)gla:) Az

i=1 =1

S(P,Fg) — ZS P, f)g(z:)Az;

<Z () — SUP. ) gl |, < Z (Z - A%) ()|,
(wal Ll ( sz> Z lg(x;)|Az; = <Zw[xl Ll ( A:pl) S(P,|g|),
i=1

where the second inequality follows from the second inequality in Exercise 3.1.16.

EXERCISE 3.2.55

Z Si(P, [)g(wi)Az; + Z f(i)Az;5i(g, P)

Z f(zj)Az;g(z;) Az; + Z f(zi)Azig(z;) Az,

1<j<i<n 1<j<i<n

Y fa)Awmgla)Az+ Y f(r)Amig(e) Az + D flw)Awig(e) Ax;

1<i<j<n 1<j<i<n 1<i<n

_ ( Z f(a:z»)Axi> (Z g(xj)ij> + Z fxi)g(a:) Az}

1<i<n 1<j<n 1<i<n
=S(P, f)S(P,g) +Zf3:Z (x;) x

[In fact, the computation holds for general choices of x7].
EXERCISE 3.2.56
By Exercises 3.2.54 and 3.2.55, the difference between S(P, F'g)+S(P, fG) and S(P, f)S(P, g)

is bounded by the three quantities: (37| Wi, 2, (f)Az:) S(P, |g]), (X Wi 1.0 (9)Azs) S(P, | f]),
and Y7 | f(xi)g(x;)Az?. If we can shows that the three quantities approach 0 as ||P|| — 0,

then we get

I1Pl— [1Pl—0
= lim S(P, f) lim S(P g) = F(b)G(b).

1 Pll—0 I1Pl—

b
/(F(fﬂ)g(x)Jrf(ﬂﬂ)G(ﬂi))dﬂf: lim (S(P,Fg)+S(P, fG)) = lim S(P,f)S(P,g)

Since f and g are integrable, their absolute values are also integrable. Therefore S(P,|f|)
and S(P,|g|) are bounded, and Y} | Wy, ,4,](f) and Y | Wi, 4,](g) approach 0 as || P|| — 0.
Thus the first two quantities approach 0.



Suppose |g| < M (this happens becuase g is integrable). Then |Y " | f(z:)g(x:)Az?| <

M||P|| > 1 f(z:)|Az; = M||P||S(P,|f|). Then by the boundedness of S(P, |f]), wesee > 1 | f(x:)g(x;)Az?

approaches 0 as ||P|| — 0.

EXERCISE 3.2.57
We have ¢ = F(a), d = G(a). Exercise 3.2.56 tells us

/ ((F(z) = c)g(x) + f(2)(G(z) = d))dx = (F(b) — ¢)(G(b) — d),

Therefore

/ (F(2)g(x) + f(2)G(x))de = / (cg(x) + df (x))dz + (F(B) — ¢)(G(b) — d)

—cG(>+dF(> (F(b) = )(G(b) —d)
=F(b)G(b) — ed = F(b)G(b) — F(a)G(a).

EXERCISE 3.2.58
By integration by parts, we have

/a ' fl)a(e)de = / bf(w)dG(:r) / @) (@)dz < F(b) / f'(z) Md

b) = M(f(b) — f(a) G(b) = M)+ Mf(a) < Mf(a
where the first 1nequahty makes us of f decreasmg so that f’ < 0) and the second mequal

ity makes use of f(b) > 0. The proof of mf(a / f(x)g(x)dx is similar. Then by the

intermediate value theorem, we have / f(x)g(z)dxr = f(a)G(c) = f(a) /Cg(x)dx for some
€ (a,b). ’ ’
EXERCISE 3.2.59 X
Suppose f is decreasing. Then by Exercise 3.2.58, we have / (f(x) — f(b)g(x)dx =

(f(a) — f(b)) /Cg(x)dx for some ¢ € (a,b). This is the same as

[ @terdn =10) [ gwis+ (50 - 10) [ gtorts
~f@)(f@) = £0) [ gle)dz+50) [ glardr

For the case f is increasing, we may consider — f, which is decreasing.

EXERCISE 3.2.60
If f(a) <b, then a < f~1(b), and

a b a f(a) b
/0 f(x)dz + /0 )y = /O f(x)de + /0 £ )y + /f W
> / " fla)dr + / " @) ) + F @) b~ f(a)
_ /a(fdx +2df) + alb — f(a)) = af(a) + +a(b— f(a)) = ab.

0

1



If f(a) > b, then a > f~*(b), and

/Oaf(as)da:+/0bf‘l(y)dy=/fal(b)f(x)dwr/of1(b)f(a:)da:+/obf—1(y)dy
) _

;e IO
> f(f7 ) (a— (D)) +/O f(x)dx +/0 FH(f(@))df ()

F=1(b)
~ba— f0) + / (fdz + df)

0

=b(a— (1) + [0 f(f71(b) = ab.



