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Abstract

We develop a systematic method for computing the angle combi-
nations in spherical tilings by angle congruent pentagons, and study
whether such combinations can be realized by actual angle or geomet-
rically congruent tilings. We get major families of angle or geometri-
cally congruent tilings related to the platonic solids.

1 Introduction

Two polygons are angle congruent if there is a one-to-one correspondence
between the edges, such that the adjacencies of the edges are preserved, and
the angles between adjacent edges are also preserved. Similarly, if the edge
lengths instead of the angles are preserved, then the two polygons are edge
congruent. The two polygons are (geometrically) congruent if they are angle
congruent and edge congruent.

The reason for studying different congruences arises from our attempt
at classifying edge-to-edge tilings of the sphere by geometrically congruent
pentagons. The classification of spherical trianglular tilings was started by
Sommerville [6] in 1923 and completed by Ueno and Agaoka [7] in 2002. For
pentagonal tilings, we already classified the minimal case of dodecahedron
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tilings [1, 4] (by 12 congruent pentagons). Unlike spherical triangles, for
which the angle congruence is equivalent to the edge congruence, we need to
separately study angle and edge congruences for pentagons. In [8], we studied
the combinatorial aspect of spherical pentagonal tilings and found the next
simplest spherical pentagonal tilings beyond the dodecahedron. In [2], we
developed the method for classifying edge congruent pentagonal tilings. In
[3], we show that certain types of the tiling of the sphere by geometrically
congruent pentagons do not exist.

The objective of this paper is to study the angle aspect of spherical pen-
tagonal tilings. We develop a systematic method for obtaining the numerical
information about the angle combinations in spherical tilings by angle con-
gruent pentagons. We further study some examples where such numerical
information may or may not be realized by actual angle or geometrically con-
gruent tilings. A major finding is Theorems 6 and 7, that naturally generalize
the geometrically congruent dodecahedron tiling in [1, 4].

Since we are only concerned with the angles at the vertices, we do not
care about the edge lengths and do not even require the edges to be straight
(i.e., great arcs on the sphere). The only information we use is the sphere,
the pentagon, and that the angles at any vertex should add up to 27w. The
edge length information is included only when the results are applied to
geometrically congruent tilings.

Since the angle combinations are completely understood for the minimal
dodecahedron tiling by Sections 5 and 6 of [4], and the non-minimal pentag-
onal tilings have at least 16 tiles [8], we will assume that the number of tiles
is at least 16 in this paper. Moreover, since we only consider tilings that
are naturally given by graphs embedded in the sphere, we will only consider
edge-to-edge tilings with all vertices having degree > 3.

Our results are presented as what we call AVCs (anglewise vertex combi-
nations, first introduced in [4]). A typical example is

{840°B70: (72 — y1)afy, 320°, (124+31)86° | yran®, (12 — y1)7?0%},

2 10

_ _ 6 _ _ 8
a=3m, =T, 7= 5T, 0= 5.

3 21

Here we have 84 pentagonal tiles, the angles in the pentagon are «, «, 3,7, 9
with specific values. There are five possible angle combinations afy, o,
B3, ary?, 4263 at the vertices. The coefficients 72 — vy, 32,12+ 41, y1, 12 —
are the numbers for the respective combinations. The divider | separates
the five combinations into two groups. The three combinations before the



divider are necessary in the sense that they must appear as vertices (i.e., the
coefficients are positive). The two combinations after the divider are optional
in the sense that these are the only vertices that may appear in addition to
the necessary three (i.e., the coefficients are non-negative). We may choose
y1 to be any integer, such that all the coefficients in the necessary part are
positive and all the coefficients in the optional part are non-negative. The
condition means exactly 0 < y; < 12, and we have total of 13 choices.

The AVCs are constructed incrementally. We still call such AVC pieces
constructed along the way by (partial) AVCs. We also emphasize the final
result such as the example above by calling them full AVCs. The notions of
necessary and optional parts still apply to the AVC pieces, and will still be
indicated by the divider.

In Section 2, we classify the angle combinations at degree 3 vertices. As
suggested by earlier works [2, 3, 4, 8], degree 3 vertices dominate in spherical
pentagonal tilings and should be investigated first. In fact, very little is
assumed in Section 2, so that the resulting Theorem 1 can be applied to any
angle congruent surface tiling with at most five distinct angles. The example
above is an enrichment of the (partial) AVC {af7, @*} in the theorem.

In Section 3, we use the spherical and pentagonal assumptions to further
specify the possible angle combinations in the pentagon and at the vertices.
In Proposition 5, we list the possibilities for up to three (the full list would
involve up to five) distinct angles at degree 3 vertices. We need to consider
the case that all angles appear at degree 3 vertices and the case that there
is one angle not appearing at degree 3 vertices. The example above is an
enrichment of the AVC {a?87d: a7y, a3, 363} in the second case.

Sections 4, 5 and 6 are devoted to the method for deriving the full AVCs
from the AVCs obtained in Section 3. Sections 4 and 5 give two routine
processes for computing the full AVC. Section 6 shows four examples not
covered by the two routines. In Section 7, we list all the full AVCs with up
to three distinct angles at degree 3 vertices. Moreover, we outline how to
get all the full AVCs with four distinct angles at degree 3 vertices. We also
explore the AVCs with five distinct angles at degree 3 vertices, where the
methods in Sections 4, 5, 6 may not be sufficient.

In Section 8, we study the realizations of the AVCs by actual angle congru-
ent or geometrically congruent tilings. We concentrate only on those AVCs
allowing free continuous choice of two angles (within some range), because
this is what happens to the geometrically congruent tiling in [1, 4], and no
AVC allows free continuous choice of three or more angles. Our classification



of AVCs shows that, beyond the minimal f = 12, there are only three such
AVCs, with respective f = 24,36,60. Then in Theorems 6 and 7, we find that
only the AVCs with f = 24,60 can be realized, and the realizations are the
pentagonal subdivisions of platonic solids. Although the AVC with f = 36
allows free continuous choice of two angles, this AVC cannot be realized.

We do not attempt to compute the complete classification of all full AVCs
for spherical pentagonal tilings for two reasons. The first is that in applying
the knowledge of this paper to specific tiling problems, the information other
than the angles can be used to drastically simplify the possibilities. The
insight we gain from this paper is sufficient for the partial classification of
spherical tilings by geometrically congruent pentagons in [3]. In the subse-
quent classification work where we assume all edges have equal length, the
angle information plays more important role, and the results from this paper
is also sufficient. Second, the ideas developed here can certainly be used
for angle congruent tilings in other contexts, such as quadrilateral tilings or
tilings of other surfaces. Therefore the ideas of this paper are more impor-
tant than the complete classification. This is also the reason why we do not
try to provide theoretical explanation to every observation arising from the
routines in Sections 4 and 5.

The work originates and extends the MPhil thesis [5] of the first author.

2 Angle Combinations at Degree 3 Vertices

In this section, we classify the AVCs (anglewise vertex combinations) at
degree 3 vertices. A typical answer is

{apy,ad® | 56}

This means that four distinct angles «, 3,7, d appear at degree 3 vertices. We
first get the necessary part {afBv,ad?} of the AVC, under the only criterion
that all four angles appearing at degree 3 vertices are included. Then we
look for the other degree 3 vertices, under the only criterion that distinct
angles are not forced to become equal. For example, given the necessary
part {afv,ad?}, we may also allow 320 to appear while still keeping all
four angles a, 3,7, ¢ distinct. However, 2§ cannot be a vertex because the
appearance of both «d? and o?§ would imply

a+20=2m, 2a-+0=2n,



so that a = 9.

Although 326 is allowed to appear, it does not have to appear. Therefore
we call the vertex optional, and indicate the difference between necessary
and optional vertices by a divider |. We may have several optional vertices,
which form the optional part of the AVC. The only assumption for deriving
the optional part is that all angles at a vertex add up to 27, which we call
the angle sum equation (at the vertez).

Since the very simple criteria used for deriving the AVCs in this section
are valid for tilings of any surface, our concluding Theorem 1 is not restricted
to pentagonal tilings of the sphere.

In the discussion below, we call a vertex to be of afvy-type if it is o/ 3’/
for some distinct angles o/, 8’,7'. A degree 3 vertex can also be of a3%-type
or a-type. There are altogether three types of degree 3 vertices.

Case (1). There is only one angle «a at degree 3 vertices.

The only AVC is
{o”}.

Case (2). There are two distinct angles a and (3 at degree 3 vertices.

The degree 3 vertices must be o, o3, 3%, 3. If any two appear simul-
taneously, then the angle sum equations imply o = . In order for both
distinct «, 8 to appear, therefore, either o8 or af3? is a vertex, and is the

only degree 3 vertex. Up to the symmetry of exchanging o and 3, we get the
only AVC

{ap?}.
The AVC does not allow optional degree 3 vertices.

Case (3). There are three distinct angles «, § and ~ at degree 3 vertices.

If a5 is a vertex, then all three angles already appear and we get the nec-
essary part {a/3v}. We cannot have any optional a3-type vertex because the
corresponding angle sum equations will force some angles to become equal.
On the other hand, it is possible for one of o?, 33,73 to appear while still
keeping a, 3, v distinct. But simultaneous appearance of two of o, 32, 72 will
force the corresponding angles to become equal. Up to symmetry, therefore,
we get the only AVC with the optional part

{aBy | o®}.
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Now we assume that there are no af8y-type vertices, and there are a3%-
type vertices. Up to symmetry, we may assume that o3? is a vertex. Then v
must appear as a7y, 372 or 73, without forcing some angles to become equal.
Since {a/3?, a*y} can be transformed to {a3?, 3%} viaa — B — v — a, up
to symmetry, we get two possible necessary parts

{aB? o’} {aB® 7).

It can be easily verified that neither allow optional vertices.

Finally we assume that there are no a3vy-type and a/3%-type vertices. In
other words, only o3, 5% and 72 can appear. There is no way for all three
angles to appear in this way without forcing them to become equal. So we
get no AVC.

Case (4). There are four distinct angles «, 3, v and ¢ at degree 3 vertices.

If a8y is a vertex, then up to symmetry, the angle § must appear as a2,
a2 or 63. This gives three possible necessary parts

{apy,ad’}, {aBy,a?s}, {apfy,d}.

The appearance of afy excludes any other optional vertices of af~vy-type.
The necessary part {afv,@d?} only allows 525, v28, 32, v to be optional
vertices, and the simultaneous appearance of any two from the four forces
some angles to become equal. The necessary part {a3v, a?d} only allows 362,
762, 33, 43 to be optional vertices, and the simultaneous appearance of any
two forces some angles to become equal. The necessary part {a37, 5%} does
not allow optional vertices. Therefore up to symmetry, we get five possible

AVCs
{aBy,ad® | 26}, {aBy,ad® | B},

{aBy,a®5 | B8*}, {aBy,a%s | B}, {aBy,8%}.

Now we assume that there are no a/3y-type vertices, and a3? is a vertex.
Then v must appear as oy, 72, 762, 426 or 3. Up to symmetry, we may
drop Bv% and ~%§. Moreover, for the combinations {a 3%, a?v} and {af?, 3},
we need to further consider the way 0 appears. Up to symmetry, this leads
to six possible necessary parts

{aB? a*y, 86%}, {af? a’y,7%0}, {aB? a?y,6%},



{af®10%}, {ap® 7% 0%}, {af? 9’ 6%}

The first is contained in the fourth via the transformation o« — 8 — v — «a.
The second is contained in the fourth, and the fifth becomes the third via
v <> 0. The sixth becomes the third via « =+ v — § — f — a. So we only
need to continue working with the third and the fourth necessary parts.

The third does not allow optional vertices. Under the assumption of no
aB3y-type vertices, the fourth only allows a?6 and 572 to be optional vertices,
and the two optional vertices cannot appear simultaneously. Up to symmetry,
we get two possible AVCs

{af? a*y,0%),  {af?70° | a®0}.
Finally, it is easy to see that we cannot have all vertices to be of a3-type.
Case (5). There are five distinct angles «, 3, 7, 0, € at degree 3 vertices.

If all vertices are of a®-type, then all the angles must be equal. Therefore
either there are a3y-type vertices, or there are a3?-type vertices. Moreover,
given five distinct angles, there can be at most two afv-type vertices. This
leads to three subcases.

Case (5.1). There are two a/3y-type vertices.

Up to symmetry, we may assume that a8y and ade are all the afSvy-type
vertices. This gives one possible necessary part {afv,ade}. It remains to
find optional vertices, which are of either a3%-type or o-type.

It is easy to see that the only possible optional vertex involving o is a3.

We look for optional vertices of a/3%-type. Since such a vertex cannot
involve «, up to symmetry (preserving the collection {afv, ade}), such an
optional vertex is 36%. Next we ask whether {a3v, ade, 362} (i.e., assuming
all three vertices appear) allows any further optional vertices of af3%-type.
It is easy to see that the only possibilities are 5%, ve?, v%5, v%c. Up to
symmetry, we only need to consider the combinations {a8v, ade, 552, B¢},
{afBy, ade, 462, ve2} or {a By, ade, 562, v*€}, and the question becomes whether
any of the three allows further optional vertices. It turns out that all three
do not allow any further optional vertices of a3-type. As for further optional
vertices of a-type, only the second one allows o, and {a37, ade, 862, ve2, a3}
does not allow any more optional vertices. So altogether we get three possible
AVCs

{aBy,ade | 36%, 3%}, {apy,ade | B6%, ve*,a’},  {apfy,ade | B6°, 7 e}
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Having exhausted optional vertices of af*-type for {afy, ade, 36*}, we
still need to consider optional a3-type vertices, which can only be o2, 43 or
3. Since o? is already included in the second AVC above, we get two more
possible AVCs

{apy,ade | B6°,7°},  {aBy,ade | B €}

Finally, we need to consider the case there are no af3%-type vertices, so
that the only optional vertices are of a’-type. Up to symmetry, we get the
AVCs {afBvy,ade | a3} and {aBy,ade | 83}. The first is included in one of
the five AVCs above, and the second is also included via [ < 7.

Case (5.2). There is only one af~v-type vertex.

Up to symmetry, we may assume that a7y is the only afvy-type vertex.

Since 6® and €3 cannot appear simultaneously, one of § and € must appear
in an a3%-type vertex. Up to symmetry, we may assume that one of ad?, %9,
de? is a vertex. The first two cases really mean that either § or € is combined
with «, 8 or 7 to form a vertex. So in the third case, we may additionally
assume that 6 and e are never combined with «, § or v to form a vertex,
which means that de? is the only degree 3 vertex involving & and e.

If aBvy and ad? are vertices, then under the assumption of no more aS3+-
type vertices and up to the symmetry of exchanging # and 7, the angle
€ must appear as o’e, Be2, B%, d¢ or €. Similarly, if afy and 2§ are
vertices, then e must appear as ae?, Be2, 3%, 0% or €2. So we get total
of ten combinations in which all angles appear. Up to symmetry, the ten
combinations are reduced to eight possible necessary parts, which we divide
into four groups

{aBy,ad® 6¢*}, {aBy,a’s, 6%},
{aBy,ad?, Be’}, {aBy,ad® B},  {aBy,a’s, e},
{aBy,ad® e}, {aBy,as, e}

Under the assumption of no more afv-type vertices, the necessary part
{aBy,ad? a?e} only allows Be2, 326, ve?, 720, d€2, B33, v to be optional
vertices. Up to the symmetry B <+ 7 of the necessary part, the list may be
reduced to €2, 526, d¢2, 33. However, the appearance of ad?, ae, de? implies

that « = 6 = ¢ = %’T, so that the combination should be dismissed. Then



we ask whether any of the remaining three combinations allows any one of
the original seven to be further optional vertices. Since the answer is always
negative, we get three possible AVCs

{apy,ad? e | Be*}, {aBy,ad® a’e | 320}, {aBy,ad? o’e | §°}.

The necessary part {af7y,ad?, de?} only allows S%€, v, B2, 7 to be
optional vertices. Up to symmetry, the list may be reduced to 5%, 33. The
two combinations do not allow any further optional vertices, and we get two
possible AVCs

{aBy,a0®,0¢ | B}, {aBy,ad® 0 | B°}.

Applying similar argument to {a/3v, a?d, §%¢} gives two more possible AVCs

{afy,a5,0% | B}, {aBy,a’,d% | 5%}

The necessary part {87, ad?, Be*} only allows a?e, 525, v20, v2%¢, v* to
be optional vertices. Up to symmetry, the list may be reduced to o?e, +24,
v3. The three combinations do not allow any further optional vertices, and
we get three possible AVCs

{aBy,ad?, B | e}, {aBy,ad®, B | ¥20}, {aBy,ad?, B | ).

The necessary part {afBv, ad?, 3%¢} only allows e, 426, v to be optional
vertices. The three combinations do not allow any further optional vertices,
and we get three possible AVCs

{aBy,ad? B% | vé*}, {aBy,ad?, B | 26}, {aBy,ad?, B | ¥}

The necessary part {7, a?d, 3%} only allows ae?, 36%, 762, ve2, v* to be
optional vertices. Up to symmetry, the list may be reduced to ae?, 762, v3.
The three combinations do not allow any further optional vertices, and we
get three possible AVCs

{aBy,0%, B% | ae?}, {afy,a%, % | 102}, {aBy,a®, 8% | 7).

The necessary part {afBy,ad?, ¢} only allows 320, v?0 to be optional
vertices. Up to symmetry, we only need to consider 526. The combination
does not allow any further optional vertices, and we get one possible AVC

{aBy,ad®,€ | 5}
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Applying similar argument to {a 7y, a?d, €3} gives another possible AVC
{afy, a2, é | 402},

It remains to consider the case de? is the only af%-type vertex involving
§ and €. The optional vertices allowed by the necessary part {af3v,de*} can
only involve a, 3, 7. By the discussion about the AVC of three distinct
angles with the necessary part {a/y} in Case (3), we get one possible AVC

{afy,0¢" | o*}.
Case (5.3). There are no af~-type vertices.

Since there can be at most one o®-type vertex, we may assume that
a3, 3%,+3,6% are not vertices. Up to the symmetry of exchanging «, 3,7, d
(and under the assumption of no afy-type vertices), we may assume that
af? and 6% are vertices. Moreover, up to the symmetry of o <+ v and
B <+ §, we may further assume that e appears as a’e¢, Be? or €3. This gives
three possible necessary parts

{aB? 702, e}, {apB? 8% B}, {aB? v6% ).

Since the second becomes the first via @« — ¢ — [ — «, we only need to
consider the first and the third.

Under the assumption of no a3y-type vertices, the necessary part {a/3?, v6%, a%e}
only allows 372, d¢% to be optional vertices, and the two cannot appear si-
multaneously. Therefore we get two possible AVCs

{af?,70%, 0% | B7°}, {apf? 76 a’ | 6¢%},
The necessary part {a 3%, 762, €2} only allows a?d, 8+? to be optional vertices,
and the two cannot appear simultaneously. Up to symmetry, we get one
possible AVC
{ap®,78% ¢ | o6}
The following is the summary of our discussion.

Theorem 1. For tilings of any surface with at most five distinct angles
at degree 3 vertices, the anglewise vertexr combinations at degree 3 vertices
are classified by Table 1. Specifically, for any one such tiling, after suitable
relabeling of the distinct angles, there is an AVC from the table, such that
the collection of angle combinations at degree 3 vertices of the tiling contains
the necessary part of the AVC and is contained in the whole (necessary plus
optional parts) AVC.

10



Necessary ‘ Optional ‘

’ o° ‘ ‘ ‘ ’ Necessary \ Optional ‘
2
| af” | | | 2 o
)
afy o’ pe sz
a3? a? P
i 625 ad? 526 725
ad? v’
3 B
By ey | BY o
. ﬁg afy 3 525
26 5 ae?
03 a%?f - aso B2 Wf
33", e o
35 A o TR
0656 B52772€ 63 /352
552) 3 562 (143
afBy po%, € 2 By
Be ap? 2 | ¢° de?
ad? | a’e 520 3 o2
BS

Table 1: Anglewise vertex combinations at degree 3 vertices.

Note that the argument leading to the table follows a specific sequence
of cases, and the discussion of a case assumes the exclusion of the earlier
cases. Following a different sequence of cases may lead to a different table,
and not excluding earlier cases may introduce many overlappings between
various cases.

3 Combinatorics of Spherical Pentagonal Tiling

Theorem 1 describes all the possible angle combinations at degree 3 ver-
tices. For each combination in Theorem 1, we then try to further find angle
combinations at vertices of degree > 4, which we call high degree vertices.
Unlike Theorem 1, we will only concentrate on tilings of the sphere by angle
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congruent pentagons. Moreover, we only consider tilings given naturally by
embedded graphs, so that the tilings are edge-to-edge and all vertices have
degree > 3.

Let v, e, f be the numbers of vertices, edges and tiles in a spherical pen-
tagonal tiling. Let v, be the number of vertices of degree k. Then we have

v—e+f=2, v=vstvg+---, 5f=2e=3vs+4v+---. (3.1)

It is easy to deduce (see [4, page 750], for example) that

DO |~

v =20+ (3k—10)0;, =—6=> (k—3)u. (3.2)

k>4 k>4

The two equalities are easily equivalent by the third equality in (3.1). We
call either equality the vertexr counting equation.

The vertex counting equation implies that f is even and f > 12. Since
spherical pentagonal tilings are completely understood for f = 12 by [1, 4],
and we cannot have f = 14 by [8], we will assume that f is even and f > 16
throughout this paper.

For angle congruent tilings, the vertex counting equation also implies the
following angle sum equation for the pentagon.

Lemma 2. In a spherical tiling by f angle congruent pentagons, the sum of
five angles in the pentagon is 3w + 47”.

If the tiles are geometrically congruent, then the tiles have equal area 47”.
Since the area of a spherical pentagon (with great arc edges) is given by the
sum of five angles subtracting 37, we have the angle sum equation for the
pentagon as stated in the lemma. What the lemma says is that the angle
congruence (which is weaker than the geometrical congruence) is sufficient
for the angle sum equation to hold.

Proof. Since the sum of angles at each vertex is 27, the total sum of all angles
is 2mv. Since the angle congruence implies that the sum ¥ of five angles is
the same for all the tiles, the total sum of all angles is also f¥. Therefore we
have 2rv = fX. It is also easy to derive 3f = 2v — 4 from (3.1). Then we

get
) 47
Y =2m— =31+ —. O
/ /
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By the vertex counting equation, we find that the way an angle appears
(or not appears) at degree 3 vertices imposes constraints on the way the angle
appears in the pentagon.

Lemma 3. Suppose in a spherical tiling by angle congruent pentagons, an
angle appears at every degree 3 vertex. Then the angle must appear at least
twice in the pentagon.

Proof. 1f an angle 6§ appears only once in the pentagon, then the total num-
ber of times # appears in the whole tiling is f, and the total number of non-6
vertices is 4 f. If we also know that 6 appears at every degree 3 vertex, then
f > vs and the non-6 vertices appear < 2v3 times at degree 3 vertices. More-
over, the non-0 vertices appear < >, , kv; times at high degree vertices.
Therefore we get -

vy <4f <205+ > kg

k>4

v3 < Z %kvk.

k>4

This implies

Since k > 4 implies %k < 3k — 10, we get a contradiction to the first equality
in (3.2). O

Lemma 4. Suppose in a spherical tiling by angle congruent pentagons, an
angle 6 does not appear at degree 3 vertices.

1. There can be at most one such angle 6.

2. The angle 0 appears only once in the pentagon.
3. 2u4 + v5 > 12.

4. One of af?, 6%, 0° is a vertex, where o # 6.

The first statement implies that the angle « in the fourth statement must
appear at a degree 3 vertex.

Proof. Suppose two angles 6, and 65 do not appear at degree 3 vertices. Then
the total number of times these two angles appear is at least 2f, and is at
most the total number Ekz 4 kv, of angles at high degree vertices. Therefore
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we have 2f < >, -, kvg. Since this contradicts with (the first equality uses
the vertex counting equation)

2f =) kv =2 (12+2Z(k —3)vk> =) "k
k>4 k>4 k>4
=24+ 3k — 4)vy,

k>4

the first statement is proved.

The argument above also applies to the case 6; = 65, which means the
same angle appearing at least twice in the pentagon. Therefore the second
statement is also proved.

The first two statements imply that the angle 6 appears exactly f times.
Since this should be no more than the total number ), ., kvi of angles at
high degree vertices, we get -

f=> kv = (12+22(k— 3)vk> DL
k>4 k>4 k>4
=12- 205 —vs+ Y _(k— 6)v, < 0.
k>6
By > ,~6(k —6)v, > 0, we get the third statement.

For the last statement, we assume that a6?,60%, 6> are not vertices. The
assumption means that 6 appears at most twice at any degree 4 vertex, and at
most four times at any degree 5 vertex. Since 6 also does not appear at degree
3 vertices, the total number of times 6 appears is < 2v4 + 4vs + >, <6 kU
However, the number of times § appears should also be f. Then we get the
following contradiction

F=12+2) (k—3)vp < 204 +4vs + > kg O

k>4 k>6

Lemmas 3 and 4 can be used to eliminate many combinations of angles
in the pentagon and at degree 3 vertices. The following gives the complete
answer for up to three distinct angles at degree 3 vertices.

Proposition 5. For tilings of the sphere by more than 12 angle congruent
pentagons with up to three distinct angles at degree 3 vertices, the combina-
tions of angles in the pentagon and angles at all degree 3 vertices are, up to
relabeling of angles, given by Table 2.
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’ all deg 3 vertices possible pentagons

a’ a’B
042637 Oz352
04/32 &2527
a3B 7 05262
af,a? h
0536 ,04252 ,0425 2
ozﬁQ, a27 i a25775 i
02, o’ 3y, @’ By, afy, afy?
’ R

Table 2: AVCs with angles in the pentagon and at all degree 3 vertices.

The left column of the table is the complete collections of angle combi-
nations at degree 3 vertices. The right column is split into the case of all
angles appearing at degree 3 vertices and the case one angle not appearing
at degree 3 vertices. For example, if there are two distinct angles at degree 3
vertices, then the table tells us that, up to relabeling, the AVC is one of the
following six

{@®8°: B}, {810}, {a8y:af? ad’},
{®B%y: ap?, B6°}, {a®B%y: ap?, 6%}, {a?B%y: af? 8},

We get the necessary vertices ad®, 382, 6%, 6° in the last four AVCs with the
help of Lemma 4.

Proof. The proof follows the five AVCs in Table 1 for up to three distinct
angles. We need to consider two cases

1. All angles appear at degree 3 vertices.
2. One angle does not appear at degree 3 vertices.

Consider {a?} from the first row of Table 2. In the first case, the pentagon
must be o°, and the angle sum equations

4
da = 3w + ?ﬂ', 3o = 2m,

imply f = 12. This is dismissed because we only consider f > 16. In the
second case, let § be the extra angle appearing only at high degree vertices.

15



By Lemma 4, we have {a®, o83}, {a?, 3} or {a?, 3°}, with the corresponding
a = %W and [ = g’/T, %W, %’/T. Then we consider the combinations o35~ for
the pentagon such that the angle sum equation na+(5—n)g8 = 37+ %71' yields
even f > 16. The only possibility is a3, which corresponds to f = 36, 24, 60
for the three choices of .

Consider {a?} from the second row of Table 1. Since both « and S
appear at every degree 3 vertex, Lemma 3 implies that both a and 8 appear
at least twice in the pentagon. In the first case, this means that the pentagon
is either 3% or a®3%. In the second case, if 7 is the extra angle at high
degree vertices, then this means that the pentagon is o?3%y.

Next we assume three angles «, 8,y appearing at degree 3 vertices. In
the second case, we denote by d the extra angle at high degree vertices.

Consider {af7y | a®} from Table 1. We note that a3y cannot be the only
degree 3 vertex because Lemma 3 would then imply that there are at least
six angles (two each of «, 3,) in the pentagon. Therefore the AVC becomes
{afBy,a?} (the devider | is dropped to indicate the necessary appearance of
a?). Since the AVC contains all the degree 3 vertices, we see that o appears
at every degree 3 vertex. By Lemma 3, therefore, o appears at least twice
in the pentagon. In the first case, up to the symmetry of exchanging S and
7, this means that the pentagon is a®8v or a?/3%y. In the second case, the
pentagon must be o23~4.

Consider {a?, oy} from Table 1. Since a appears at every degree 3
vertex, Lemma 3 implies that o appears at least twice in the pentagon. In
the first case, this means that the pentagon is o387, a?5%y or a?8+%. In the
second case, the pentagon must be a?3vd.

Consider {af?,7*} from Table 1. We claim that 3 and ~ together must
appear at least three times in the pentagon. If not, then they appear once
each in the pentagon, so that the total number of 5 and ~ is 2f. From the
AVC {aB? ~3} that contains all the degree 3 vertices, we get 2f > 2vs. On
the other hand, the non-(5,~) angles appear three times in the pentagon,
so that the total number of non-(3,7) angles is 3f. But we also know that
the non-(3,7) angles appear < v times at degree 3 vertices, and appear
< > sy kvg times at high degree vertices. Therefore we get

3U3 S 3f S U3+Zkvk.

k>4

contradicting to the first equality in (3.2).
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Once the claim is established, then it is easy to see that in the first case,
the pentagon is a?3%y, o372, a3%y, o372 or o373, and in the second case,
the pentagon is o3%yd or a37?6. However, the angle sum formula for the
pentagon af%y? gives 3 + 47” = a+ 26+ 2y = 2r + 2%, so that f = 12,
and the case is dismissed. O]

4 AVCs with Finitely Many f

Using Proposition 5 as the starting point, we try to find all the angle combi-
nations at the other (necessarily high degree) vertices. We may also calculate
the numbers of tiles and vertices.

Let us consider the AVC {a?8vd: afy,a?, 36%}, which means that a,
a, 3, 7, 0 are the angles of the pentagon, a8y and o? are all the degree 3
vertices, and 36 is also a vertex.

The angle sum equations for the pentagon a?476 (Lemma 2) and at the
vertices a7, o, 852 are

4
2a+ﬁ+7+5:37r+77r, a+B+y=3a=p+30=2m.

Solving the equations, we get

2 12 1 12 1 4
a:§ﬂ,ﬁ:<1—7)w,7:(5—1—7)%5:(5—%?)#.

By f > 16, all angles are positive. For the angles to be distinct, we also
require f # 24, 36.

Besides the existing three, any other vertex a®/3°y¢0¢ is given by a quadru-
ple (a, b, ¢, d) of non-negative integers satisfying the angle sum equation

2 2 + 11 12 b+ L + 12 + L + 1 d
= —a - — -+ —|c -+ =

3 f 3 3 f) 7
and the high degree requirement

a+b+c+d>4.

The angle sum equation can be rephrased as an expression for f

;- 12(=3b+ 3c+d)
 2a+3b+c+d—6
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By f > 16, the angle sum equation also implies

2 1 1 1
2> 3a+ 4b—|— 3c+ 3d.

We substitute the finitely many quadruples of non-negative integers satisfying
the inequality above and the high degree requirement into the formula for f.
We keep only those quadruples yielding even integers f > 16 that are not 24
and 36. They are listed in Table 3.

Note that we should also consider the possibility that the substitution
yields f = %, which means 30 = 3¢+ d and 2a 4+ 3b + ¢ + d = 6. Since this
violates the high degree requirement, we are not concerned.

vertex a®3°v¢6?
number P ‘ 3 ‘ c\ Vd f
1 1111 0
To 31010 0
T3 0]11(0 3
y Jo0l0]2] 2 | 48
w |1]0]1] 2
s (0103 1 |60
ys 10010 5
y 10014 0 |72
vy 111013 0
» o002 3 | ¥
w10 l2] 1
n o014 |'®
Y1 0103 2 132
vy 10|04 1 |156
Y1 0]0(0 5) 180

Table 3: Vertices for {a?8vd0: afy, a?, B33}

Next we find the number of each vertex. In the table, x1,x9, 3 are the
numbers of existing afvy,a?, 363, For f = 48, y; is the number of 252,
and a3y, a3, 36,4262 are all the vertices. Since the pentagon is a?3vd, the
total numbers of a, 3,7, ¢ in the tiling are respectively 2 x 48,48, 48, 48. On
the other hand, we may count the total numbers from the viewpoint of the
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vertices. This gives the angle counting equations

2 X 48 = x1 + 3z,

48 = T + x3,
48 = T+ 2y1,
48 = 323 + 2u1.

The unique solution x; = 36, xo = 20, x3 = 12, y; = 6 gives the full AVC (the
specific values of the angles are obtained by substituting f = 48)

{4802 B70: 363y, 20a®, 1236% | 6+%6%),

_2 _3 _ T s_ 5
a=3m, B=3m, =137, 0 = 5.

For f =60, the angle counting equations are

2 x 60 =21+ 329 + y1,
60 = x1 + x3,
60 = 1 + y1 + 3y,
60 = 3z3 + 2y1 + Y2 + 5Ys.

The solution is
x1 =60 —y1 — 3y, v2 =20+ Yo, X3 = y1 + 3Y2, Y1 + 22 +y3 = 12.

The last equation is obtained by eliminating 1, x5, x3 from the four equa-
tions, and is satisfied by finitely many (total number = 142 = 196) triples
(y1,Y2,y3) of non-negative integers. Among these triples, we only choose
those yielding positive integers 1, z2, x5 (total number = 142 — 18 = 178).
We denote the full AVC as (with the implicit understanding on the choices

of (yl7y2,y3))

{60080 (48 — y2 + 3ys)afy, (20 + yz)a®, (12 + yo — 3ys) B6°
| (12 = 22 — y3)ayd?, 1270, y3d°},
az%w, Bz%w, yzﬁw, 52%7&
The full AVCs for all the f in Table 3 are given on page 43.

Strictly speaking, we still need to consider the possibility that, for f not
listed in the table, the existing vertices may already form a viable full AVC.

19



This means solving the angle counting equations

2f = x1 + 3w,
[ =x + 13,
J =,
f=3xs.

Of course, the earlier solution for f = 48 implies that the system has no
solution (because y; # 0 for f = 48).

Now we describe the general process. For an angle combination a®3%y¢ - - -,
we call the collection of orders (a,b,c,...)T its order vector (we always write
order vectors vertically). In the example above, the pentagon o237 has
the order vector P = (2,1,1,1)T, and the existing vertices a3y, a®, 86 have
the order vectors X; = (1,1,1,0)7, X, = (3,0,0,0)%, X3 = (0,1,0,3)T. The
given data form an order matrix

(P X) =

— = = N
O ==
OO O W
w o = O

What is important for the example are the following two facts:
1. The order matrix is invertible.
2. The constant parts of all angles are positive.

Let (the horizontal vector) & = (a, 3,7, ... ) be the distinct angles in the
pentagonal tiling. The angle sum equations are

4
ap = (3+ ?) T, ax;=on.

The invertibility of the order matrix implies the unique solution

—

62:620+ d;h OZOZ(O(07607707"')’ 0_21:(0417/317717"')’

=

where

Go(P X) =7(3,2,2,2,...), & (P X)=m(4,0,0,0,...).
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The second fact above means that all the coordinates of @ are positive.

Next we verify the requirement that o, 3,7, ... are distinct positive an-
gles, which often means that f cannot take certain finitely many values.
Moreover, we may estimate a = ag + % as follows.

1. If ag > 0, then we have ag + % > ( for all but finitely many f.
2. f ap < 0 and a; > 0, then o > 0 for only finitely many f.

3. If ap =0, then o = % can become arbitrarily small.

Up to the exception of finitely many f, therefore, the last is the only case «
has no positive lower bound. The same estimation can be carried out for the
other angles.

Next we try to find all the other vertices a®3°y¢---. The order vectors
7= (a,b,c,...)7" satisfy the angle sum equation

2r =aa+ b3 +cy+ - = QU = Aot + -1 U,

and the high degree requirement
degv=a+b+c+--->4.

Given the positivity of all the coordinates of @y, the lower bounds for all
the angles translate into the upper bounds for the coordinates of . There-
fore there are only finitely many choices for . We substitute those choices
satisfying deg v’ > 4 into

—

. Oéll_})
f N 2m — &0177
and keep only those yielding even integers f > 16 such that all angles are
positive and distinct. Then we get finitely many possible f and for each f,
finitely many optional vertices.
We need to consider the possibility that dyv = 27 and @;v = 0. Since

the order matrix is invertible, we may write ¥ = (P X)#. Then we get

£y

Y

T U=ady(P X)u=7(3,2,2,2,...)
02&16:&1(PX)17:W(4,0,070,)

S
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Therefore @ = (0, A1, Ag,...), with Ay + Ay + .-+ = 1. If all the existing
vertices (i.e., columns of X') have degree 3, then

T= (P X)i = MX1+ XX+,

also has degree 3. Due to the high degree requirement, we are not concerned.
Our experience also suggests that we should not be concerned when the
existing vertices include a high degree vertex given in part 4 of Lemma 4.

For each possible f, the order vectors of the corresponding optional ver-
tices form a matrix Y. The numbers z; and y; of all vertices satisfy the angle
counting equations

fP:Xf+Yg, f:(l'l,l'g,...)T, g:(yl,yg,...)T.

Since the order matrix (P X) is invertible and f already has a specific value,
the solution is an expression of & in terms of ¢, and one equation for i that
does not involve Z.

If all the existing vertices have degree 3, then we claim that the equation
for ¥ is exactly the vertex counting equation. Indeed, multiplying @ and
(1,1,...) respectively to the angle counting equations, we get

4
<3+?>fw—f&P_&Xf+&Yg

=2n(1,1,...)@+ 2 (1,1,...)7,
5f=f(1,1,..)P=(1,1,..)XZ+(1,1,...)Y7
—3(1,1,.. )@+ (1,1,.. )Y

Eliminating & from the two equalities gives exactly the second equation in
(3.2)

5—6: [(1,1,...)Y =3(1,1,...)]y.

Therefore the vertex counting equation can be derived from the angle count-
ing equations.

If there is an angle not appearing at degree 3 vertices, then the last column
of X is given by part 4 of Lemma 4, and the vertex counting equation also
includes the number of this vertex. For example, in the earlier example, for
f =60, the vertex counting equation is

60
x3+y1+y2+3y3:7— = 24.
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On the other hand, the last angle counting equation gives us

1
x3 =20 — §(2y1 + y2 + 5ys3).

Substituting this into the vertex counting equation above, we get
Y1+ 2y2 + y3 = 12

This is a general way of getting the relation among ;.

5 AVCs with Variable f

The routine in Section 4 assumes that the order matrix (P X) is invert-
ible, and the constant part of every angle is positive. In this section, we
still assume that the order matrix is invertible, but allow one angle to have
non-positive constant part. As pointed out in Section 4, if the constant is
negative, then there are only finitely many f making the angle positive, and
the problem of deriving the full AVC becomes a finite one. So we will only
consider the case that the constant is zero for one angle.

Let us consider the AVC {a8+%§: a3?, 73, a3}, which means that a, 3,
7,7, § are the angles of the pentagon, o/3? and * are all the degree 3 vertices,
and ad® is also a vertex.

The order matrix

1
2
0

w o O
o O =

(P X) =

— =N

0 0 3

is invertible. The solution of the angle sum equations is

24 12 2 2 8
04277T,ﬁ:<1—7)ﬂ',’)/:§ﬂ',(5:<§—?>7T.

We note that a has zero constant part. By f > 16, all angles are positive.
For the angles to be distinct, we require f # 36, 48.
The angle sum equation at a vertex a®3°v¢6% implies

f

‘T

1 1 2 1
—3b—2c—2d)+ =(3b+2d), 2> b+ -c+ =d.
(6—3 c )+6(3+ ), _4+3c+6
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Substituting the finitely many triples (b, ¢, d) of non-negative integers satis-
fying the inequality into the expression for a, we get all the possible optional
vertices in Tables 4 and 5.

Specifically, if 6 — 3b — 2¢ — 2d = 0, then we need to consider the cases
that a = %(31)—1— 2d) is a non-negative integer, which would give vertices valid
for all f. It turns out that we only get all the existing vertices.

Table 4 consists of those (f, b, ¢, d) satisfying 6 —3b—2c—2d < 0, f is an
even integer > 16 and # 36,48, a is a non-negative integer, and the degree
of the vertex is > 4. It turns out we have ¢ = 0 in all cases.

]number\a\b\c\d\ f \
w0221
Us 0olol 2] 4 ’number\a\b‘c‘d‘ f ‘
ys 04|12 w0 l1]2]1
Y4 08100 Yo 0/5(0/0
ys 10| 2]1]5 ys 102 11]2
Ys 060 3 f=16 Ya 0/3(0]3 f=20
Y7 00|18 Ys 00|15
Us 0406 Yo 0/1]0]6
Yo 0209 Y1 014100
Y10 0[0]0]12 Yo 02111
0 012120 Y3 0]0[2]2
Yo 0/4]1]0 Y4 012013 f=2
Y3 002 3 Us 0]0]1|4
Y4 06100 Ys 0/0(0]6
ys | 021|383 | f=18 v O [1|1]2]f=28
Y7 0/0|1] 6 Yo 0/0(01|5 f =30
ys 0/210] 6

Table 4: Vertices with fixed f for {af720: af?, 3, ad®}.

Table 5 consists of those (b, ¢, d) satisfying 6 — 3b — 2¢ — 2d > 0 (and the
three existing vertices a3%, 3, ad®). Such vertices allow f to be arbitrarily
large, but some modulus conditions must be satisfied in order for a to be
non-negative integers. Moreover, the high degree requirement becomes the
lower bounds for f.
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vertex a®B0~y¢6?

number " ‘ b ‘ c ‘ g condition f mod 72
7 1 [2]0]0
P 0 |0[3]0
s 1 |0|0]3
2 / ;260 1lol1] ! Jfgéf) 12
2 / ;236 1i1lol| ! f;’ﬁ(g;) 36
23 % ol2]o0] / ]TZO%@ 0,36
2 / ';624 ololal / ?3&6) 12,48
s / ';612 ol1]1] 7 ;;4((536) 24, 60
2 / ;412 1lolol f ;;%4) 12, 36, 60
2z % 01110 f;z()(5148) 0,18, 36, 54
2 f1—+86 olol1] ]Tfé(lf) 12, 30, 48, 66
29 1—f2 0|00 f;z()(go?) 0,12,24,36,48, 60

Table 5: Vertices with variable f for {a87%0: af8%, 73, ad?}.
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There is no overlapping between the two tables. For example, although
f = 18 appears in Table 4, we require f > 54 for f = 0(18) in Table 5. For
each f in Table 4, we may try to solve the angle counting equations as in
Section 4. It turns out that we always get a contradiction.

The angle counting equations for all the vertices in Table 5 are

f=m+ag+ 0% + L%, + Loy 4+ 22
+f+125+f+12z6—|— Z7+f+628_’_12297

f=2x1+ 21 + 20 + 2,

2f = 3wy + 29 + 223 + 25 + 27,

f=3x34+ 21+ 224 + 25 + 25.

It is then easy to get x; in terms of f and z;

— 1
Ty = 2f - _Zl 22 2267
— 2 1
T2 = §f - 522 343 — 325 — 377,
1 1 2 1
T3 = gf — 3”1 T 3”4 — 325 — 378

Like the routine in Section 4, we also expect an equality relating f and z;
(and not involving z;). We can get this by noting that the angle counting
equations imply the vertex counting equation

b=+ (B2 - D)o+ (B Dzt (£ 1) 2
(5 = Dat (G2 =1 s+ (552 - )26

()t (B8 - 2) st (L —3)
Substituting the formula for x3, we get “modified vertex counting equation”

F-f-6= (2 1= D)+ (B2 - D+ (- 1)
+ (R 1=k (B 1= Dt (G- 2)
F- D+ (2= Dat (h-9)a

It turns out that f — 36 is a common factor on both sides. Since f # 36, 48,
we may divide the factor and get the relation for z;

21+ 29 + 223 + 224 + 225 + 326 + 427 +4Zg + 629 =12.

The relation does not involve f! We will explain that this is a general phe-
nomenon at the end of the section.
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We summarize the full AVC as (see page 47)

{fapBy?6: z1af?, xo7°, w30:0°
£+60 f+36 F42
| 210”7 B0, zoa ™ [, 2304367 2404 36 0°,

412 12
2500 36 Y0, zga 2t [3, z7oz187 250 St 5 29a12},

Ty = §f - 521 - %2‘2 - %267

Ty =3f— 32— 323 — 325 — 37,

T3 = %f - %2’1 - %2‘4 - %25 - %Z&

21+ 2o + 223 + 224 + 225 + 326 + 427 + 42g + 629 = 12,

U §= ( >7r7 W(s—(-—§)w.

We note that the relation for z; implies that we cannot have all z; = 0. This
means that the existing vertices a2, v3, ad® only cannot form a full AVC.
To read the full AVC, we need to consider the modulus condition because
failing the condition means that the corresponding vertex cannot appear (i.e.,
the corresponding z; = 0). For example, if f = 0 mod 72, then only z3, 27, 29
can be non-trivial, so that the AVC becomes (f = 72k for positive integer k)

{72]{045’726 wla527 £I§'2’Y3, 1’3@(53 ‘ Z3a2k’727 Z7a4k77 Z9a6k}a
T = 36]{5, Tog = 24k — 22’3 - %27, T3 = 24]{3 223 + 42’7 + 62!9 = 12,
Oz:?%kﬂ',ﬂ:( 1)7r 7——7r 5—(——9%)71

The possible non-trivial z; for the other modulus classes of f are listed in
Table 6.

For each modulus class of f, there are finitely many combinations of the
corresponding non-trivial z; satisfying the relation derived from the vertex
counting equation. Among these, we choose only those combinations such
that x, 9, 23 are positive integers. Moreover, all vertices with nonzero z;
should have degree > 4.

Now we describe the general process, which assumes two basic facts:

1. The order matrix is invertible.

2. The constant part of one angle is zero. The constant parts of all other
angles are positive.
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’ f mod 72 ‘ allowable variables ‘

0 23,27, 29

12 L1y R4y 26y 285 29
18,54 Kard

24 255 29
30,66 s

36 29, 23, 26, 275 29

48 244 28y 29

60 2545 26y 29

Table 6: Non-trivial z; for various modulus classes of f.

Let a be the special angle in the second fact. Then

(8% 5 — . —
o= 71, d = (0, 80,70, ---) = (0,60), a1 = (a1, B1,m,...) = (a1, ).
The order vectors @ = (a, b, c,...)T = (a,@)T of the other vertices a®3¢- -

satisfy the angle sum equation

9 _,_,+1_,_, 5_,_}_1 +1g_,
™ = — 01U = PoU —1a —01u.
f f f
We solve the equation for a
_— 1 -5
a= i(27r — Potl) — — 4.
aq (07]

The lower bounds for the angles 3, ~, ... translate into the upper bounds for

the coordinates of @ and therefore finitely many choices for @. Substituting
these choices into the formula for a, we get three possibilities.

1. If 27 — goﬁ < 0, then only finitely many f yields non-negative integer
a.

2. If 2m — goﬁ = 0, then in case a = —O%BIE is a non-negative integer, we
get a vertex valid for all f.

3. If 27 — 5017 > 0, then we get non-negative integers a for f beyond a
lower bound and satisfying a modulus condition.
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The case 27 — 5017 = 0 includes all the existing vertices. If there is any
besides the existing ones, then we should include the new vertex in all cases.
As shown in Section 4, if all the existing vertices have degree 3, then the case
does not yield any new vertex. Our experience suggests that we do not get
new vertices even if the existing vertices include a special one from Lemma
4.

From the case 27 — Eoﬁ < 0, we get a finite collection of f, and for each f,
a finite collection of all optional vertices. Our experience suggests that there
is always no overlapping between this case and the case 27 — 5017 > 0, and
the corresponding angle counting equations always lead to contradiction.

So our experience suggests that only the case 2m — 501_[ > () leads to full
AVC. The order vectors of the vertices in this case form the columns of a
matrix

Z = 2o+ [ 2,

where Z, and Z; are matrices with constant entries. The angle sum equation
for Z becomes

1
27’(’(1, 1, .. ) =aJ = O?(]Z() + &121 + f&oZl + ?&1Z0.

Since this is satisfied by infinitely many f, we get
GoZo + 12y = 21(1,1,...), @oZi = &1Zy = (0,0,...).
Like Section 4, we solve the angle counting equations
fP=Xi+ 277

Since (P X) is invertible, the solution is an expression of Z in terms of f, Z,
and one equation involving f, Z but not .

Our example suggests that f can be canceled to get one equation involving
Z only. This is no accident, because multiplying @; to the angle counting
equations gives

Therefore 2 does satisfy an equation 47 = (&1 Z;)Z with constant coefficients.
This has to be equivalent to the equation involving f, 2" but not Z, because
both are derived from the angle counting equations.
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6 Some Complicated Examples

The routine processes in Sections 4 and 5 cover all except two of the AVCs
in Proposition 5. In this section, we first compute these two AVCs. Then we
compute two more examples not covered by Proposition 5.

Example (1). {a3%v5: af8%,73}, no other degree 3 vertices.

The AVC is from the last row of Table 2. By Lemma 4, the angle ¢ appears
as ad3, B35, 763, 6% or §°. The AVC {a?vd: af? 73, ad®} can be handled by
Section 4, and the result is given on page 47. The AVC {a8%vd: af8%,~3, 363}
can be handled by Section 5, and the result is given on page 48. It re-
mains to consider the AVCs {af%*yd: a8?, 3,763}, {aB%vd: af?,~43,6*} and
{aB?v§: aB?,v3,6°}. What is special about the three cases is that the order
matrices are singular.

We deal with the last AVC {a3?vd: af?,+3,6°} first. The AVC means
that o, 3, 3,7, 0 are the angles of the pentagon, a3? and v2 are all the degree
3 vertices, and 6° is also a vertex. The angle sum equations are

4
a+26+7+5:37r+?7r, a+ 20 =3y =>50=2m.
The solution is
2 2
a+ 206 = 2m, 7:§7T, 52571', f =60.

Since the pentagon is a3%yd, the total number of 3 should be twice of
the total number of a. Among the existing a/3%,73, 6%, the equality 2a = b
always holds. Therefore to maintain this doubling relation between the total
numbers of a and 3, we either have 2a = b for all the vertices, or have vertices
with 2a > b as well as vertices with 2a < b.

If < B, then a < %’/T and g > %7?, and the angle sum equation for a
vertex a®(Pv°6? implies

2> 2b + 2c + gd
3 3 5
If there is a vertex with 2a < b, then we have b > 1 for this vertex. The

following are all the triples (b, ¢, d) satisfying b > 1 and the inequality above

(2,0,1),(2,0,0),(1,1,1),(1,1,0),(1,0,3),(1,0,2),(1,0,1),(1,0,0).
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Since optional vertices have degree > 4, the only ways we can add a < % to
(b, c,d) to get a vertex of degree > 4 are (1,2,0,1) and (0, 1,0,3). We note
that (1,2,0,1) cannot be a vertex because

a+28+6>a+28=2nm

On the other hand, if (0,1,0,3) is a vertex, then

5227?—352&7, oz:27r—25227r:5,
5 5

contradicting to the distinct angle assumption. We conclude that, if o < (3,

then the existing a2, v3, 8% are all the vertices.
If « > 3, then a > %7‘(‘ and § < %7?, and the angle sum equation for a

vertex a®/3°v°6? implies

2> ga + gc + 2d

3 3 5
Like the case a < (3, we try to look for vertices of degree > 4 satisfying
2a > b. Such a vertex must have a > 1, and the possible list of (a, ¢, d) is the

same as the case a < [ (except a and b are switched)
(2,0,1),(2,0,0),(1,1,1),(1,1,0),(1,0,3),(1,0,2),(1,0,1), (1,0,0).

Now we try to add b < 2a to the list to get vertices of degree > 4. The only
such possible quadruples (a, b, ¢, d) are

(2,3,0,1),(2,2,0,1),(2,1,0,1),(2,3,0,0),(2,2,0,0),

(1,1,1,1),(1,1,0,3),(1,0,0,3),(1,1,0,2).
By a+ 28 =27 and a > §7r, we have

0t 425 = %a+%(a+25)+25> %-§7r+%-27r+2-§7r> o,
This implies that (1,1,0,2) is not a vertex. The similar reason excludes
all except (1,0,0,3). If (1,0,0,3) is indeed a vertex, then we have the AVC
{af?yd: aB? 73, ad?, 6°}. However, the AVC contains {a3%yd: af?, 3, ad®},
which can be handled by Section 4. The resulting full AVC is given on page
47. The current case is exactly the case f = 60 in that full AVC.
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If (1,0,0,3) is not a vertex, then the argument so far implies that we
must have 2a = b in all the optional vertices. Using o + 25 = 2, the angle
sum equation then becomes

2 2
2=2a+ -c+ —-d, a=2b.
3 5
The solutions give exactly the existing vertices a3%, 73, 5%, and there are no
optional vertices. The solution of the angle counting equations is
1

1
:El:f:607 mﬂzgf:207 x3:gf:12a

and we get the full AVC on page 49
{60a%v6: 60032, 207°, 126°}.
Now we turn to the AVC {a8%vd: af?, 73,752}, Tt is easy to show that

2 4
a+2ﬁ:27r,7:§7r, 5:§7r, f=36.

If « < B3, then @ < 27,3 > 27, and the angle sum equation for a vertex

3 3
a®Bby¢5¢ implies

2 2 4

2> b+ Ze+ -d.

> 3b—l— 3c—|— 9d

Since

2 2 4 2 2 2
- —d>=-b+ — —d
3 —|—3c+9 =3 +30+5 ,

we have tighter constraint than the AVC {a/3?vd: a8? ~v3,6°}. Then by the
same argument, we find no vertices satisfying 2a < b. The case of a > /3 can
be handled similarly, and we find no vertices satisfying 2a > b. Therefore
all optional vertices must satisfy 2a = b, and the angle sum equations show
that the existing vertices are the only ones. Then from the angle counting
equations, we get the full AVC on page 49

{36a3%v6: 36032, 8v%,1270°}.

Finally, for the AVC {af%vd: af8%,73,*}, we have
2 1
o+ 26 = 2m, 7:§7T, 5:§7T, =24
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We get even tighter inequality

2 2 1 2 2 4
2> -b+ - —d > =-b+ — —d.
>3 —|—30—|—2 =3 —|—30+9

The same argument leads to the full AVC on page 48
{24a4%v6: 24032, 873,66}
Example (2). {a?87v3: aff%,a*y}, no other degree 3 vertices.

By Lemma 4, the angle § appears as ad®, 563,762, 6% or 6°. The cases of
ad® and 6° can be handled by Section 4, and the results are given on pages
44 and 46. The cases of 36% and §* can be handled by Section 5, and the
results are given on pages 45 and 46.

It remains to study {a?Bvd: af? a?y,v6%}. The order matrix is still
invertible, and we can solve the angle sum equations to get

24 12 48 16
a—77r,ﬁ—(1—7)7r,7—(2—7>7r,5—77r.

The problem is that two angles have zero constant part.

For the angles to be positive, we require f > 24. For the angles to be
distinct, we require f # 28,32,36. By f > 26, the angle sum equation for a
vertex a®(%y¢6? implies

8 12 48 71
2>+l s (12 b4 (2-2) e Lot —o
zb e 2 2% )" %6 )¢~ 13" T 136

This allows too many possible choices of (b,c). So we treat the first couple
of f separately, and then consider those f with bigger lower bound. It turns
out that f > 32 is convenient enough.

For f = 26,30, the angles are

12 7 2 8
/ T T A TN T U
4 3 2 8
f—30.0&—g7’(, —371',’}/—571',5—1—571'.

Then it is easy to find the corresponding optional vertices in Table 7.
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Since f # 28,32,36, next we should consider f > 32. Then the angle
sum equation for a vertex a?3°y¢3¢ implies

1
£(2—b—20)+g(b+40):)\f—l—u, 2>§b—i——c.

3 2d =
a+ 3 5

Substituting couples (b, ¢) of non-negative integers satisfying the inequality
into the formula for 3a + 2d, we get the following:

1. For (b,c) = (2,0) or (0,1), we get A = 0 and the three existing vertices
aB?, oy, 6%,
2. For b+ ¢ = 2 or 3 and (b,¢) # (2,0), we have A < 0, so that

the number of possible (f,b,c) is finite. Actually we can only have
(f,b,c) = (40,0,2) or (44,1,1). The full details are

3 7 4 2
— 4 2 _ = _ _ Z.
f=40, 770 « Wﬂ o™ 7 57r,5 7
6 8 10 4

Then it is easy to find the corresponding optional vertices in Table 7.

3. Forb+c=0or1and (bc) # (0,1), we get two families of optional
vertices

a®B6%: 3a +2d = lez

. f=4(8);
a® 6 3d/ +2d = g, f=0(4).

Considering f > 24, f # 28,32, 36, that the cases f = 26, 30,40, 44 are
to be separately treated, and that f = 0(4) for the two vertex families
above, this remaining case is only for f > 48. The vertices for this
remaining case are the three existing vertices 8%, o+, v6% and the two
families above.

Solve the angle counting equations, we get contradictions for f = 26,30
and full AVCs for f = 40,44 on page 7. For f > 48, the angle counting
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vertex a®[30~y¢6?

alblc|d

number condition

I 1 2

e}

T2

x3

hn

Y2

Y3

Ya f=26

Ys

Ys

Y7

n

Y2

Y3

25

Y2

Y3

n

Y2

—lw olojvoloo oo o olo ol
o|lol~|lo|lo|olor oo v ololv ool o
o|o| || o | v ro| w| K] o o | o | w|| || oo
P RO R OO OO R OO N | | w o

Y3

3a; + 2d; = 212

N
8
—
(e
=

8
f=4(@),f =48
3a, +2d, =1
f=0(4),f =48

N\
S

o
o
)

Table 7: Vertices for {a?876: af?, a?y,~v63}.
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equations are

2f_x1+2x2+2alzl+2al 2,
=2$1+Zzi,
f:$2+w37

The solution is expressions of z; in terms of f, z;, 2.

xlzl _lzzla
Ty =241 diz+ 1> di,
l’gzgf—gz:dzzz Zdl Ziy

together with an equality involving only f, 2;, 2;. To get this equality, we may
start with the vertex counting equation

/

Substituting the formula for z3, we get

%—%—6:Z(al+d<—— —2) ZH‘Z (af + d — 3d; — 3) 2
_Z (3a; + 2d;) — 2 zz—i-z (3a; + 2d}) — 3) z;
_Z +12_2 .+Z L —-3)z

=35> (f=36)z+ 15> (f—36)z

Canceling f — 36 on both sides, we get

Z zi+ 2 Z z;, = 4.
Example (3). {a?876: afy, ad?}.

According to Table 1, for {a?870: afBy,ad?}, we need to consider the
possibility that 326 or 3% appears as a vertex. The order matrix is invertible
in these two cases, so that the routines in Sections 4 and 5 can be applied.
We omit the details.
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So we assume that there are no other degree 3 vertices. The order matrix

(P X)=

— o= =N
O ==
OO =

is singular due to lack of enough existing vertices. The angle sum equations

Oz:;m54—7:(2—;)7@(5:(1—%)71

Example 1 of this section shows that singular order matrix itself is not a
big obstacle for computing the AVC. The difference here is that the constant
part of a is 0, so that the angle has no positive lower bound. From Sections
4 and 5, we expect the solution to involve one more discrete variable.

By f > 16, we get

give

3 3
> — > —Tr.
5+’y_27r, 5_47T

Due to the symmetry of exchanging 5 and ~, we assume [ < v without loss
of generality. Then

3
5 6217r>5, B+v+0=3)> 2.

The angle sum equation at a vertex a®3°y°6? implies

3 3
2> - —d.
_4C+4

Then we have ¢ + d < 2 and the following possible high degree vertices
(a,b,c,d):
1. (e,d) =(0,2). By o+ 2 = 27, we must have a = 0, so that the vertex
is (0,0,0,2) with b > 2.

2. (e,d)=(1,1). Bya+~v+0>a+20 =2r and f+ v+ 0 > 2m, there
is no such vertex.

3. (¢,d) =(2,0). By a+2y > a+ [+~ =2m, we must have a = 0, so
that the vertex is (0,b,2,0) with b > 2. But this implies b3 + 2y =
2(8 4+ ) > 27, a contradiction.
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4. (¢,d) = (0,1). We get (a,b,0,1) with a+b > 3.

5. (¢,d) = (1,0). By a+p+v = 2m, either a or bis 0. So we get (a,0, 1,0)
with a > 3, or (0,b,1,0) with b > 3.

6. (c,d) = (0,0). We get (a,b,0,0) with a +b > 4.
In summary, we get the following list of possible high degree vertices
(07 b? 07 2)7 (a7 b7 07 1)7 (a7 07 170)7 (07 b7 170)7 (a7 b’ O? 0)'

The pentagon o289 implies that 3 and v appear the same number of
times in the tiling. Since among the existing vertices a3y and ad?, § and
~ always appear the same number of times, they must also appear the same
number of times at high degree vertices. This implies that among five families
of high degree vertices above, either only those with b = ¢ can appear, or at
least one with b < ¢ must appear.

First consider the case that only those with b = ¢ can appear. This means
that the high degree vertices are either (a,0,0,1) with a > 3 or (a,0,0,0)
with @ > 4. Solving the angle sum equations at the vertices, we find that
they are a6 and af. Then we solve the angle counting equations for

{a2B75: afy, ad? | o5, a%} and get the full AVC

(fa2B78: faBy, (3f —2+ya)ad® | (4—2p)a’s 6, yatl,
a:%w, B+vy= (2—%)%, §= <1—%>7T.

Next consider the case that a vertex with b < ¢ appears. From the list,
we find the only possibility is (a,0,1,0), a > 3. We use g (another variable in
addition to f) in place of a and get an updated AVC {a?374: afy, ad?, a9}
in which all vertices are necessary (i.e., must appear). The updated order
matrix

211y
A 1100
(PXY=111 01
1020

is now invertible, so that we can calculate all the angles

_8 5 8-D :<_8_9) :<_é>
« fmﬁ 7 T, Y 2 f7r,5 1 f7r.
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The remaining four families in the list above are the possible optional
vertices. In fact, (0,b,0,2) cannot be a vertex because b > 2 implies

bB + 20 > a+ 26 = 2.
Moreover, (0,b,1,0) is also not a vertex because b > 3 implies
bB+~v>28+7y>a+p+y=2n.

On the other hand, (a,b,0,1) and (a’,¥’,0,0) can be optional vertices, and
solving the angle sum equations at the vertices gives

(a,b,0,1): a4+ (g —1)b= %7 f=4(8);
(a',b',0,0): a" 4+ (g — 1)V = %, f=0(4).

Then we solve the angle counting equations similar to Example 2 of this
section and get the full AVC

{fa®B78: maBy, zead?, xsady | yia®B%8, yia%iph}, (6.1)
a;+ (g —Vdy = 52, aj + (9 — 1)d; = 1,
v =f- Zbiyi - Zb;yga
T2 = %f - %Zyi;
T3 = Z biyi + Z by,
Zyi +2 Zyi =4,

a:%w, 5:8(9;1)7r,’y:<2—879)7r, 62(1—%)7?.

Example (4). {aBvd¢: afv, 53}, no other degree 3 vertices.

The assumption of no other degree 3 vertices follows from Table 1. By

Lemma 4 and up to symmetry, we may assume that one of ae3, 53, e, € is

also a vertex. If ae® is a vertex, then we get

(1 (2 2 (14
a—(—T)W,5+7—(+7>7T, —§7r,e—(§+?)7r.

Using to the positive lower bounds for «, 6, €, the study of {aSyde: aBy, 53, ae®}
can proceed similar to Example 1 in this section. We omit the details.
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For {afBvyde: afy,d?, €}, we have

2 2
a+ 6 +v=2m, 5:§7T, e:gﬂ, f = 60.
This is similar to {a8%yd: a3%,73,6°} in Example 1 of this section, except
a + 28 = 2m is changed to a 4+ 8 + v = 27. It is easy to see that the only
vertices of the form §%¢ are 6 and €. Therefore if a7 is the only vertex

involving the three angles, then /3y, 3, €® are all the vertices, and we can
easily get the full AVC

{60aByde: 60a By, 206%, 126°}. (6.2)

So we assume that «, 3,7 appear at vertices other than afv. Since the
total number of times they appear are the same, and they appear the same
number of times at degree 3 vertices, each of them appears at some high
degree vertices. By symmetry, we may further assume o < 8 < . Then
v> 2 and ay?- -+, By, 8%y, B0 -+ cannot be vertices because the
angle sums are > 27. We will study how v appears at a high degree vertex.

If o appears at all the vertices where v appears, then by a and v appearing
the same total number of times, and ay? - - - not being a vertex, such vertices
must all be of the form o~y - - -, with the remainder - - - not containing o and
v. Since afvy is already a vertex, the high degree vertices a-y--- must be
ayd?e, d + e > 2. With the exception of d = 0, e = 2, we always have

16
B=2r—a—~y=di+ee>—m,
15
so that 14
7<a+7:27r—(d5+ee)§1—577<ﬁ,

contradiction to the assumption f < . We conclude that the only high
degree vertex involving a or 7 is aye?. Then we get

4 2 2
Oé—i-’}/:gﬂ', 6:577, 5:§7r, €=,

and find that the only other possible high degree vertex is 8¢®. A simple
calculation then determines the full AVC

{60apyde: (60 —y1)aBy, 208°, (12 —y1)e®, yraye | y1 86’}
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Note that y; = 0 reduces to (6.2). Moreover, y; > 0 belongs to the case
{aBvde: aBy,d® ae’} after exchanging o and .

It remains to consider the case that v appears at a high degree vertex
without a. By the similar angle sum consideration, this vertex must be ~e>.
So this belongs to the case {afyde: aBy,§>, aec®} after exchanging o and +.

We conclude that the full AVC derived from {aSyde: afBy, 3, €} is either
(6.2), or belongs to the full AVC derived from {aBvde: afv,d3, ae’} after
some exchange among «, [3, .

Next we consider {aBvyde: afy, 63, 6e3}. We have

4
—m, [ =36.

2
+B8+y=2m 6="nr e=
a+f 3 € 9

Like Example 1 in this section, this is tighter than the case f = 60. In fact,
the similar argument shows that, if a« < g < =, then the only high degree
vertex where v may appear is aye?. If arye? is a vertex, then

10 8 2 4
a+y=—m, f==-m 0 =—-m, €= —m,

9 9 3 9

and o and ~ appear only in a8y and a~vye?. However, this implies that the
only possible vertices involving 3 are a8y and pde. Since [Sde has degree
3 and is therefore excluded, comparing the total numbers of «, 3, shows
that aye? is not a vertex. So we conclude that aye? cannot not appear, and
afBy, 63, 8€ are all the vertices. A simple calculation determines the full AVC

{36a7yde: 36a By, 85°, 125¢%}. (6.3)
Finally, for {afyde: afy, 53, ¢*}, we have
2 1
a+ B +vy=2m, 5:§7T, €=, f=24.

The argument similar to the cases f = 60,36 shows that a3y, %, €* are the
only vertices, and the full AVC is

{24apvde: 24a By, 85°, 6e'}. (6.4)
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7 Classification of AVCs

Up to three distinct angles at degree 3 vertices

Starting from Table 2 and applying Sections 4, 5, 6, we get the complete list
of all the AVCs with up to three distinct angles at degree 3 vertices. One
should keep the following in mind while reading the list.

1. The list assumes f > 16 (equivalent to f # 12). Any anglewise vertex
combination with up to three distinct angles or with four distinct angles
but one not appearing at degree 3 vertices is contained in one of the
AVCs in the list. There are some overlappings between the AVCs in
the list.

2. All coefficients in the necessary part (i.e., before the divider |) are
positive integers. All coefficients in the optional part (i.e., after the
divider |) are non-negative integers.

3. All angles are distinct. This implies that f should not take certain
specific values. Although allowing angles to be equal can still give an
AVC, such an AVC is contained in another AVC in the list.

4. All optional vertices should have non-negative integer exponents and
have degree > 4. This implies that, for the corresponding coefficient
to be nonzero, f should satisfy some modulus condition and has some
lower bound.

The following are the full AVCs from {a*}, which must include an extra
angle 3 not appearing at degree 3 vertices.

{240"B: 320%, 68}, a = 2m, B =1im
{3603 440°, 12a8°}, o = 2r, B = im;
{60a'B: 800®, 1258°}, o = 2m, B = Zm.

The following is the full AVC from {a3%}.

{fa?8%: (3f =24 p)af® | (4—2p)a’s B, pat),
az%r, B = (1—%)71
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For three angles a, 3,7 at degree 3 vertices, we first list the full AVCs
with «a, 3,7~ as the only angles, then separately list the full AVCs with an
angle § appearing as ad®, 363,63, 5% or §°.

The following are the full AVCs from {af3y, o}

{240°8%y: 2407, 8a®, 64}, a = -7T, B=3m, v= %W;
{3602B%y: 36aBy, 8a®, 1203}, a = 2m,

B =
3
{60a°5%y: 60cBy, 200°, 128°}, a = 2, B =
The following is the full AVC from {af7, a ,a53}.
25 . 3 3 _ _ _
{360°B76: 36y, 8a’, 1206°}, v = 27, B+~ = 3m, v = 5.

The following are the full AVCs from {afv, a3, 36%}. The transformation
B <> 7y gives the full AVCs from {a8v, a3, v53}.

{48042675' 36a3y, 2003, 1265° | 67252}
—7r b= 7T v = —7T 0=
{600425’75- (60 — y1 —3y2)045% (20+ZJ2) ; (?Jl + 3y2)36°
| y1a752 Y278, (12 — - 2y2)55}
o= 7T ﬁ——ﬂ 7— 7T (5—
{7204257(5 480457, 3203, 24583 y 67},
7r b= 7T v = —7r 0=
{84042675- (72 —yl)aﬁv, 32a° (12+y1) 53 ! yay’, (12 —y1)y%0°},
az%w,ﬁ §7T 'y—ﬁﬁ 5—
{108042675' (84— yl)aﬁ% 440° (24+y1)55 | y1ay?s, (12 = yi)rd'},
—7T b= —7T v = —7T 0=
{1320?@5 96a3y, 5603, 3655° | 127352}
——Wﬁ 117‘(‘ y—ﬁw (5—
{15602 B0 : 108afy, 68a°, 4835° | 12745}
a=3m B=g3m y=17, 6 =5
{180042675 120@57, 80a?, 6085° | 1275}
—7T b= 1—57r v = —7T (5—

The following is the full AVC from {37, a3, 54}.

N[

{2402 B0 : 243y, 8a®, 66}, a = %W, B+~vy= %7?, 0=
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The following is the full AVC from {a37v, a?,6°}.
{600°Byd: 6003y, 20a°,120°}, a = 27, B+~ = 4m, & = 7.
The following are the full AVCs from {af?, a?v}.

{320°B+7: 1608, 240y | 107*}, a = 2, 5 21, v = 3T,
{52022 16a%, 440y | 2089°}, a = 7T B = Eﬂ' v = 163 :
{f@zﬁz’yi T3, 532042’7
f4 f-12 f+4 = 374 :

| afy e, pfPy T, ysay S Py usBY T yey ),

$1=f—%y1—392—y4—%y57

Ty = 3f — 101+ 3y2 — 3Ys + 3ya + 1us,

Y1+ Y2 + 2ys + 2ys + 3ys + 4ys = 8,

:<1_4>7r g:<1+z>7r y = 8m;

f+4

{f’By: Gf =2+ p)af®, faPy | (4 —2y)as B, y2044}
—?7?, g = (1—?>7T, v = (2—%)71’
The following are the full AVCs from {af?, a*y, ad®}.

{56a257(5' 28a62 3602y, 12a0° | 107267},

Wﬂ 357T ’7—%71' (5—;2%
{760425’75- (28+y2)04527 (56 — y2)a*y, (12 + yo)ad®

| 20—2@/2)6752 Y270},

7r b= 1971' v = E?T (5—

{96042575 48aﬁ2 5602 7, 32a6% | 104 }
= —7T b= 7r v = —7T 0=

{116042676 48a52 7602 7, 32a53 | 205725}

7r £ = Eﬂ' ’}/_Eﬂ' (5—
{156@%75 68a62 96a%y, 52ad° | 20573}

_ _ 16
7r B = 1371' v = —7T 0 = 7.
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The following are the full AVCs from {af?, a?v, 36%}.

{fa25751 901&527 $2042% $3553
f=4 f+28 =20 f+12
| Y1875 8%, gy & 6, y362v B 5, yaafy s

f+12 f—=36 f+12
ysy B 6°, 96537 w By 6, ysay o
f—12

Yo T, iy 82, By, ),
Ty = gf - gyl + gyz - gys - 53/4 + §y5 - §y6
— 3yr — Yo + 3y10 — SY11,
To=32f+ Sy — Sy + SYs — 3y1 — 3Ys + Sye
+ %297 - %ZUS + 1—12?J9 - %ylo + }13/117
T3 =5 — 31— 3yo — SYs — Ys — 3y — 3910,
yr+ -+ ys + 2(yr + - + yi0) + 311 + 4yie = 8,

a:(l—u)wB < f)w ’)/_2;17'(' 5-(%—%)%.
The following are the full AVCs from {a?, a2y, 753}

{4002Bv6: 2008, (30 — ya)ay, (14 — yo — 2y3)76°
| (y2 +ys — 2)725 Y208, y355}
= —7T b= 7r v = —7T 0=
{44042675. (24 — yo — yg)aBQ, (32 Yo ) fy, (16—3/2 — 2y3)76°
| (2y2 + 2y3 — 4) 879, y2a35 y3a54}
e 16171' 6—1817T 7* 7T (5*
{fa?By6: maf?, 1207y, 2578° | yix “lﬁéd, yia“;5d;},

3a; +2d; = T2 30 +2d, = L, f > 48,
—lZyi,
F+3Y dyi+3> dy,
F=5> dgi—3> dyl,
ZyﬁQZy,—‘l

a——ﬂﬁ ( f>7r,'y:(2—%>7r,(5:%7r.

xr1 =

To =

C,OIP—‘ wWIN l\')l)—‘
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The following are the full AVCs from {af3?, a?v, 5}

{fOéQﬁ’y(S: x1a627 1'2052'7, 1'354
S f=8 f+16 f—16
| y17328%, Yoy 2 6%, yzay 2 6, iy S,

[+8 [=24 I [=a
ysaBy 52, Yy I yryi66°, ysfiy T 6,
I8 [=8 35 3/-8 i

Yoy 5, 41087 T, Y1y @6, gy T L yisy )
Ty =5  —3Y> — Ya — 3Ys — 26 — 5Ys — Y10 — 3Y12,

_ 3 1 1 1 1 3 1 1 1 1
T2 =4f+ Y2 — 3Ys + 3Ya — 3Ys + 3Y6 + 1Ys — 3Y0 + 3Y10 T 7Y12,
T3 = %lf - %yl - %y2 - iyg - iy4 - %y7 - %ys - %ylla
yit e+ ys + 20y + - 4 yo) + 3+ y2) + 4yis = 8,

:<1—%>7T,ﬁ:<% 4)77 7——77 o=1

The following are the full AVCs from {af? a?y,°}.

{40a2575' 2003, (30 — y1)ay, (2 y1)8° | y16°6°, (10 + y1)76°},
—7T g = Eﬂ' v = —7T 5——7T
{80a2575 40a52 60a?y, 120° | 107252}
o=, B=5m 7 =4n 5=2
{100042575 4oa52 80a?y, 120° | 205752}
7T b= 257r v = 7r (5—
{120@2575 60a@2 90a?y, 220° | 10735}
Wﬁ 307r 7*—7r 5*57r;
{160042576 80a52 1200y, 326° | 109*},
——7T g = —7r ’}/——7'(' 5——7r

{18004%7(5 80a52 14002 7, 326° | 205725}

7r b= 4—57T v = 4—57T 0= —7r
{26()042675 120a52 20002y, 526° | 20573}
7T b= 137r v = —7r 0= —7r
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The following are the full AVCs from {af?, v}

f+12 £ f+4 I I
{faBy®: ziaB?, x27® | ha 2 By, paiiy?, ysa's B, yaasy, ysatl,
Ty = %f - %yl - %y:&»
_ 1 2 1
Ty = f— 3Y1 — 3Y2 — 3Y4,
y1 + 2y2 + 3yz + 4ys + 6ys = 12,

=tm p=(1-9)m 1=3m

{24ap%y: 24a?, 8y | 68}, a=m, B=14im, 7=
{3608%y: 3603, 8y* | 128%7}, a = Lr, B=ir, v=2m
{60a3%y: 60a5?, 207* | 12B8°}, a =

{480%B~?: 24a?, 327 | 18a*}, a = =
{240°B%y: 2405, 89° | 6o}, a=1im, B=3r1 7= 2r;
{360°*y: 36a8%, 89° | 12a°4}, a =57, B =Im, v=2im
{60a°B%y: (48 + y2)af?, 2077 | (24 — 2y5)a’B, yo0°},

az%%, BZ%?T, 7:§7r

The following are the full AVCs from {af3?, 3, ad®}.

{60045275' (60 — yl)aﬁ2 207°, ad® | 15207, (12 — y1)d8°},
=im, B=232m y=2%m 6="=2m
{84046275 72032, 2073, 12a6® | 24ﬁ752}
—7r B = —7r v=3 27, (5—
{13%5%5. (120 — yl)aﬁz 20, (12+y1)a53 | 118%6, (24 — y1)Bd"Y,
a:%m —1617'(' v =3 7T(5—
{f@5’725' 1‘10452 332’}’ ) 9?330453
f+24

| o’ B0, yza 2 By, ysoz%’y yaa' 5 0%, ysa w0 s,
fH12

Yo 21 [3, y7a18% Ys&x i 5 y90412}
T = §f - §y1 - §y2 - §y6,
vy = 3f = 3¥2 — 5Ys — 395 — 35U,
T3 =5f — 391 — Y1 — 3Y5 — 3Yss
Y1+ Y2 + 2ys + 2ys + 2ys + 3ys + dyr + 4ys + 6yo = 12,

a——wﬁ (1—1f2>7r v = 7T(5_<——%>7T.
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The following are the full AVCs from {af?, 3, 36%}.

{fCYBQV(S' $1Oé32 56273, 903553
|3/16Y = i 5 y204 ;5657 y30f = 75 y404f¢21255 y504f726 55,
y6oz36ﬁ yra'm 75 ysa' 5 85, yoor 5 6%,
Y10 £ 7(5 yua o 5 yuozf24125
f 5f—12
Y130187y, Yra& i 5 , Y1500 720, y160412}

21 =of + 5y — sY2 + §Ys — gYa + 3Us + 5U7 — 3Ys + 3%
+ %ym - %yn + %?/12 + %ym + %9157
Ty =3 — 3y — §y2 — 3Ys — 3Ys — 3Y7 — 3Y10 — 3Y13,
T3 = 3f SUL— Y3 — 2ys — 2Ys — Syr — 3Us — 30
3y10 Y12 — 3y14 - %9157
yi+ -+ ys +2(Y6 + - + o) + (Y10 + Y + Yi2)
+ 4(y13 + y14) + 5y15 + 6y16 = 12,

7r b= ( f>7r v=3 2r, 8 = ( %) T,
{8404572(5‘ 36aﬁ2 5677, 1285° | 24a252}
——7r b= 147'(' v =3 2r, 5—
{22804&726 84aﬁ2 1527 , 6085° y 48a35}

Wﬂ 7r'y——7r (5—E7r

The following are the full AVCs from {a 3?3, v6%}.

{3608%70: 3608, 8+°, 1296°}, a+ 28 =2r, v = im, § = im;
{720,876 36a5?, 44~°, 1276° | 182267},
=§m B=fim y=3m i=im
{10804672(5' 54a52 6273, 3076 | 18a35}
7T 8= 277r v =3 27, (5—
{144045725 72a52 8073, 48v5> | 18a4}
——7r b= 7T v =3 2, (5—
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The following are the full AVCs from {af?,~3, §*}.

{24aB%y0: 2403%, 8%, 60*}, a + 26 =27, v = %7?, 0= =m;
{7208720: 3603°, 44+°, 186* | 12a°4},

a:§W,5:7

1
2

moy=2m 6 =1im

{9608720 : 483%, 56+°, 186* | 24a*0},
a:%ﬂ, ﬁz%w, 7:§7T, 52%%;

{120,376 (48 + yo)a 8%, 807°, 305* | (24 — 2u0) B, 120},
az%m /3:%7, 7:§7T, 5:%7r;

{192a87%5: 96a8%, 128+, 425 | 24a's},

az%w, 5:%7T, ’yz%w, (5:%71
The following and the case of f = 60 for the AVC on page 47 are the full
AVCs from {a3?,73,6°}.
{60ap?v6: 60a5?, 207°, 120°}, a+ 26 =2, v = 2m, 6 = 2m;
{120a87%5: 60a3?, 807*, 126° | 30062},

_3 _ 7 _ 2 _ 2
a=z:m, =T, y=3mT, 0=;:T.

Four distinct angles at degree 3 vertices

If there are four distinct angles at degree 3 vertices, then the pentagon is
a?Byd, af?ys, afy?6, aByé? or afyde. The possible degree 3 vertices are
listed in Table 1.

For {af37, aé?}, by Lemma 3, we get the following possible combinations
of the pentagon and degree 3 vertices:

1. The pentagon is o®3vd, and degree 3 vertices are {a v, ad?}.

2. The pentagon is o247, o870, aBv?6, or a2, and degree 3 vertices
are {afv, ad?, 320} or {afy, ad?, 3}

3. The pentagon is afyde, and degree 3 vertices are {afvy,ad?, 320} or
{afBy,ad?, 33}, and one of ae?, Be3,ve®, §e3, e, €0 is also a vertex.

The first combination is Example 3 in Section 6. The order matrix is invert-
ible in the later two combinations, and the routines in Sections 4 and 5 can
be applied.
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The AVC {afBv, ad?} is completely similar to {a3v, @d?}. One combi-
nation is similar to Example 3 in Section 6, and two combinations can be
treated by Sections 4 and 5.

For {afB7,d8%}, we note that {afv6%: afvy, 5} is impossible because the
combination implies f = 12. Then up to symmetry, we get the following
possible combinations of the pentagon and degree 3 vertices:

1. The pentagon is a3+, and degree 3 vertices are {a3v, 6}

2. The pentagon is a3yde, and degree 3 vertices are {7, 5%}, and ae® is
also a vertex.

3. The pentagon is afyde, and degree 3 vertices are {a3v, 6%}, and one
of §e3, €, € is also a vertex.

The first combination has positive lower bounds for «,d, and the second
combination has positive lower bounds for «, d, €. Both can be treated similar
to Example 1 in Section 6. The third combination is Example 4 in Section
6.

For {a/3?,~v6%}, if the optional vertex o?§ also appears, then Sections 4
and 5 can be applied. If a3? and 762 are the only degree 3 vertices, then by
an argument similar to the case {a3? 7} in Proposition 5, we find that j3
and 0 together must appear at least three times in the pentagon. Therefore,
up to the symmetry of exchanging 5 and 7, we may assume the pentagon is
af?yd. The combination {a3%yd: aB?,v4?} has
8T 4T
) d=m— )

f f
and can be treated similar to Example 3 in Section 6.
For {af3%, a?v, 5%}, Sections 4 and 5 can be applied to all the cases.

So we know how to find all the full AVCs when there are four distinct
angles at degree 3 vertices.

a+28=2m, v=

Five distinct angles at degree 3 vertices

If there are five distinct angles at degree 3 vertices, then the pentagon is
afyde. The possible degree 3 vertices are listed in Table 1.

The AVC {afv, ad?, e} is the simplest. By Lemma 3, one of the op-
tional vertices [Be?, 325, 32 must appear. Then Sections 4 and 5 can be ap-
plied.
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For {af7, ade}, by Lemma 3, at least one of the optional vertices must
appear. If 362 is a vertex, then

4 4 1 4 1
a=|1—=|)m v= <1+—>7r—5, d=m— =B, e=—-m+ =[.
( f > f 2 foo2
The situation does not happen for up to four distinct angles at degree 3
vertices. The difficulty also appears for other AVCs. For example, for
{aBy, ad?, Be*}, we have

8 8 1 4 1

6:<2—?)7r—a,7:?7r, 5:7T—§0z, €:}W+§a'

For {afy, ad?, de*}, we have

16 16 8 4
a—<2—7)7r, ﬂ—l—’y—Tﬂ, 5—?71', 6—(1—?)7{'.

Although some of the techniques we developed so far may still be used to
compute the full AVC, we choose do not pursue further. We expect the
other considerations (so far we only used the numerical constraints), such as
the topological configurations of the tiling, should be used to provide more
restrictions on the possible AVCs.

We remark that the examples above allow free continuous choice of at
most one angle. Among the AVCs with five distinct angles at degree 3 ver-
tices, the only possible one allowing free choices of two angles is {37, d¢?}.
However, we already have

8 4
a+ [+ :271',5:—7'(',6:<1——)7T,
! f f

and the appearance of one more vertex will cut the number of free choices.
For example, according to Table 1, we should consider the case a? is also a
vertex. In this case, we get

2 4 8 4
a:§7r,ﬁ—l—7:§7r, 5:?7r, 62(1—?)71'.

Now assume «? is not a vertex, so that a3y and de? are the only degree 3
vertices. Since f > 12, there must be a high degree vertex. Up to symmetry,

3
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we may also assume oo < < ~. If ay--- is a high degree vertex, then the
vertex must be ayd?, and we get

_(y_ % 89 s 8 (12
04—1-7—(2 f)ﬂ,ﬁ f7r,5 fﬂ,e <1 f)w

If v appears at a high degree vertex without «, then by an argument sim-
ilar to Example 4 in Section 6, we get all such possible vertices and the
corresponding angles

We conclude that, if there are five distinct angles at degree 3 vertices,
then the AVC does not allow free continuous choice of two angles.

8 Tilings Allowing Free Continuous Choice of
Two Angles

Since only numerical constraints are used to obtain our AVCs, we expect
that many cannot be realized by angle congruent tilings. In [4], we saw that
only some AVCs from the complete list in [4, Proposition 17] can be realized
as angle congruent tilings in [4, Section 6], and there is only one family of
geometrically congruent tilings [1].

The family of geometrically congruent tilings in [4] actually allows free
choice of two angles (continuously and within some range). It can be con-
structed by the pentagonal subdivision illustrated in Figure 1. Start with
any tiling of the sphere (or any compact oriented surface without boundary).
We add one vertex at the center of each tile and add two vertices on each
edge. For each tile, the orientation of the surface determines the direction of
the boundary edges, and can be used to label the two new vertices on each
boundary edge as the first and second. Then we connect the center vertex
to the second new vertex of each boundary edge. The subdivision divides a
tile with n edges into n pentagons.
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Figure 1: Pentagonal subdivision.

If we start with a regular tiling, then we may triple divide each edge in
such a way that the first and third sub-edges have equal length a (see the
left of Figure 2), to get a tiling by geometrically congruent pentagons (see
the middle of Figure 2). Moreover, by only requiring o +  + v = 27 instead
of a+~ = = 27 (i.e., we no longer keep the original edges straight), we get
a tiling by geometrically congruent pentagons given on the right of Figure 2
(the original regular tiling is made up of n-gons and each vertex has degree
m). By the same argument as in [4], the pentagonal tile allows free choice
of two variables, which can be two angles from «, 3,7 (a, b, ¢ are determined
by these two angles).

Figure 2: Geometrically congruent tiling: a4+ g+ v = 2w, 6 = %7‘(‘, €= %7‘(‘.

The pentagonal subdivision of the regular tetrahedron is the geometrically
congruent tiling in [1, 4]. The pentagonal subdivision of the regular cube on
the left of Figure 3 is a tiling of the sphere by 24 geometrically congruent
pentagons. The pentagonal subdivision of the regular octahedron on the
right of Figure 3 is the same tiling, with the duality between the cube and
the octahedron exchanging a and b and the corresponding angles. Similarly,
the pentagonal subdivisions of the regular dodecahedron and the regular
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icosahedron are the same tiling of the sphere by 60 geometrically congruent
pentagons.

Figure 3: Pentagonal subdivisions of the cube and the octahedron.

The pentagonal subdivisions of the platonic solids give three families of
the tilings of the sphere by f = 12,24, 60 geometrically congruent pentagons.
Each family allows free choice of two parameters that can be chosen to be
two angles among «, 3,. The natural problem is whether these are the only
families of the tilings of the sphere by geometrically congruent pentagons
that allow free choice of two angles.

Since this paper is mainly concerned with the angle congruent tilings,
we will investigate the problem by first ignoring the edge lengths a, b, c in
the pentagonal subdivisions. The pentagonal subdivision then gives us three
families of angle congruent tilings that allow free choices of two angles. Now
the question is whether the three families are the only angle congruent tilings
that allow free choice of two angles.

For f = 12, by [4, Proposition 17], the only AVC allowing free choice of
two angles is {12a28vd: 8a3,126376} (the exchange o, a, 3,7, — 6, ¢, a, B,
translates into the notations used in the pentagonal subdivision). By [4,
Proposition 19], the AVC can be realized (up to the symmetry of exchanging
B,7,0) by the pentagonal subdivision of the tetrahedron, and by the further
modification of six independent exchanges of 3, .

For f > 12, by the discussion in Section 7, the only AVCs allowing free
choice of two angles are (6.2), (6.3), (6.4) from Example 4 of Section 6, with
respective f = 60, 36,24. We already know that the AVCs (6.2) and (6.4) can
be realized by pentagonal subdivisions. It turns out that no other realizations
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are possible (so there is no further modification similar to the case f = 12).
Moreover, the AVC (6.3) cannot be realized.

Theorem 6. The following are all the angle congruent tilings of the sphere
that allow free continuous choice of two angles.

1. Pentagonal subdivision of tetrahedron, and the further modification of
six independent exchanges of two angles. See [4, Figure 22].

2. Pentagonal subdivision of (cube, dodecahedron,).
3. Pentagonal subdivision of (dodecahedron, icosahedron).

We note that the proof does not use the free choice of two angles from
a, 3,7, and only uses the consequence that the five angles are distinct.

Proof. We first consider the AVC {24a87de: 24a3v,853,6¢*} in (6.4). To
simplify the presentation, we introduce some notations. Denote by P; the
i-th tile, and illustrate the tile in the picture as circled 7. Denote by 6; the
angle 6 in P,. Denote by Vp,; the vertex of P, where the angle 6 is located.
The notations are unambiguous because the pentagon has only one 6.

We start with a vertex €*. In Figure 4, two of the four tiles around the
vertex are denoted Py, P». If € and 0 are adjacent in the pentagon, then up
to symmetry, we may assume that d; is located as on the left of Figure 4. By
the AVC, we get V5, = §3. This gives a tile P3 out of Py, P, and we know
the locations of dy,0d3. Up to symmetry, we may assume that the angle €3
adjacent to 03 in Pj is located as indicated. Then by the AVC (we will not
repeat saying “by the AVC” again), we get V.3 = e!. This implies that there
are two ¢ in P, a contradiction.

So we conclude that ¢ and € cannot be adjacent in the pentagon. Up to
the symmetry of exchanging «, 3, v, we may assume that all the angles in the
pentagon are located as on the right of Figure 2 (edge lengths are ignored).
We may also assume that all the angles of P; are located as indicated on the
right of Figure 4.

By Va1 = afy and the non-adjacency of 35, €3, we get the locations of
Y2, B3. Then €3,72 determine all the angles of P». By Vs = §°, we get (the
location of) d3. Then f33, 63 determine all the angles of P5. By V, 35 = a7y and
V.3 = €', we get a tile P, outside Py, P3. We also get au, €4, which determine
all the angles of P;.
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Figure 4: Derive tiling from {aBvde: afy, 63, €'}

Note that the starting point for deriving the right of Figure 4 is the full
angle information about P; at a vertex e*. Now we know the same full angle
information about P,, Pj at their respective e? vertices. So we can repeat the
same argument by starting with P, P, and get all the angles of more tiles.
More repetition of the same argument gives the pentagonal subdivision of
(cube, dodecahedron).

The proof for f = 60 is completely similar to f = 24. The key point
is that our argument for f = 24 only concerns two adjacent tiles around a
degree 4 vertex €*. Such argument is clearly still valid for two adjacent tiles
around a degree 5 vertex e* in the AVC {60a8vde: 60a3v,206% 12¢°} in (6.2).
The only difference is more complicated combinatorial structure of the tiling
we get at the end, which is the pentagonal subdivision of (dodecahedron,
icosahedron).

Finally, we prove that the AVC {36a83vdc: 36a3v,80%, 12563} in (6.3)
cannot be realized.

We start with four tiles P;, P>, Ps, Py around a vertex de3. If € and ¢ are
adjacent in the pentagon, then up to symmetry, we may assume that d; is
located as on the left of Figure 5. By V51 = 62 or d¢® and only one € in P, we
get Vi1 = 6%, atile Py outside Py, P», and the location of §3. Up to symmetry,
we may assume that the angle €3 adjacent to d3 is located as indicated. Then
Ves = de3, so that P; has either two € or two §, a contradiction.

Since ¢ and € cannot be adjacent, up to the symmetry of exchanging
a, 3,7, we may assume that the angles in the pentagon are arranged as on
the right of Figure 2, and all the angles of P, are located as indicated on the
right of Figure 5.

By Va2 = afy and the non-adjacency of v, €, we get a tile P5 and
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Figure 5: Derive tiling from {afvyde: afy, 83, de3}.

(the locations of) (1,75. Then f;,€; determine (all the angles of) P;. By
Vso = 0° or de® and the non-adjacency of s, €5, we get Vso = 6°, a tile Pg
and 05, 0. Then 73,5 determine Ps. By V1 = Vg5 = a7y, we get P; and
az. By V, 2 = afy and the fact that d¢ is adjacent only to ag,vs, we get Py
and ag, 76, Bs. The angles ag, d6, 76 determine Fs. By Vzo = afy and the
non-adjacency of ag, fs, we get asz,vs. Then as, e3 determine P3 and [g, s
determine Ps. From 83,05, we get Vi3 = V53 = 0%, a tile Py and dg. Since
ay is adjacent to 09 and cannot appear at the same vertex as ag, we get aq.
Then ag, dg determine Fy. By Viog = V,9 = afy, we get Py and Bi9. By
V.6 = V.s = d€> and the non-adjacency of By, 19, we get €19. From e, €5, €10
at the vertex de3, we get Py and d1s.

By Vo5 = V,6 = afy, we get Py and B12. By Vg6 = a8y and the non-
adjacency of aq, 812, We get aqq, y12. Then aqq, 011 determine Py and Bi2, 12
determine Pjp. By V.11 = 012 = de3, we get Pis, €13. By Va2 = a7y and the
non-adjacency of i3, €13, we get Py and Si3,714. By Vis = Vo2 = d€® and
the non-adjacency of 714, €14, we get €7,014. Then a7, e; determine P;. From
d1,07, we get Vs = Vs = 6%, a tile Pi5 and d;5. Since V1 = a3y has degree
3, Pi5 is also glued to P; as indicated. Now the angle 8 at V1 = a8y must
be either §4 or 315, so that f and 0 must be adjacent in either P, or Pis5, a
contradiction. O

Now we add the edge length consideration to the conclusion of Theorem
6 and get geometrically congruent tilings allowing free choice of two angles.
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The five distinct angles enable us to label edges in a tile by the two angles at
the ends of the edges. For example, the pentagon on the right of Figure 2 has
ad-edge, [o-edge, Py-edge, ve-edge, and ae-edge. Then in the pentagonal
subdivision in the middle of Figure 2, the ad-edge of one tile is identified
with the fd-edge of an adjacent tile. This implies that the ad-edge and the
[Bo-edge have equal length. By the same reason, the ae-edge and the ye-edge
have equal length. Applying such argument to the conclusion of Theorem 6,
we get the following result.

Theorem 7. The geometrically congruent tilings of the sphere that allow free
continuous choice of two angles are the pentagonal subdivisions of platonic
solids.
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