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Abstract

We give unexpected examples of monohedral tilings of the 2-dimensional sphere by
quadrangles, three of whose edges have the same length. We show that to classify
monohedral tilings by quadrangles with this property, we must consider a condition
between four angles, in addition to combinatorial consideration, which we developed
in [8] for the case of triangles.

1. Introduction

This paper is a continuation of our previous paper [8]. In the paper [8], we gave a
new classification of tilings of the 2-dimensional sphere consisting of congruent triangles,
and clarified some obscure points in Davies’ classification [1]. As our next problem, we
consider monohedral tilings by quadrangles and pentagons. Especially its classification as
we carried out for the case of triangles is an interesting and important problem. (We can
easily show that if the sphere is tiled by n-gons, then we have n = 3, 4 or 5. See § 3 (3).)
We are just now carrying out it, but actually it seems that this is a quite hard problem.
(See the explanation at the end of § 3 (1).)

In this paper, we give unexpected examples of tilings of the 2-dimensional sphere by
quadrangles with the property that three of whose edges have the same length (Theorem
2). We found these examples during the process of classification. In addition, we prove
an equality and an inequality which four angles of quadrangles of this type must satisfy
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(Proposition 3). We also show that at least two edges of the prototile of monohedral tilings
by quadrangles have the same length (Proposition 1).

In this paper, we do not assume a transitive group action on the set of tiles, and treat
the problem purely from the combinatorial standpoint.

2. Main results

In this section, we first prepare some notations and terminologies. For the usual
terminology concerning tilings, see the book [5].

By a quadrangle on the sphere, we mean a figure surrounded by four lines(= parts of
great circles) with angles «, 3, v, d. In this paper, we assume that the angles satisfy the
condition 0 < «, 3, v, 6 < m, unless otherwise stated. (We assume that the radius of the
sphere is 1.) We denote lengths of edges of this quadrangle by a, b, ¢, d.

Figure 1

We can divide quadrangles on the sphere into five classes by the combination of lengths
of four edges as follows:

(i) aaaa, (i) aaab, (iii) aabb, (iv) aabe, (v) abed.
Here, different symbols mean differnt lengths. We first show the following proposition.

Proposition 1. There does not exist a monohedral tiling by quadrangles of type (v)
on the 2-dimensional sphere.

Proof. We first show that there exists a 3-valent vertex in the tiling by quadrangles.
We denote by V', E, F the number of vertices, edges and faces, respectively. Then, by
Euler’s formula, we have V' — E' + F' = 2, and also from a combinatorial reason, we have
E = 4F/2 = 2F. Combining these, we have V' = F + 2. Now we express the number of
i-valent vertices by V;. Then we have

V=Vs+ Vit Vst
1
F = (3 +4Va 45V +--).

From these equalities, we have V3 = V5 + 2V5 + 3V7 + 4V5 4+ - - - + 8, which implies that
Vs > 0.
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Now assume that there exists a monohedral tiling by quadrangles of type (v). Assume
that the dotted point in the following figure is 3-valent.

Figure 2

Then, this figure is extended to one of the following way:

Figure 3

But these figures imply that edges with lengths b and d, or d and d must be situated
adjacently in one quadrangle, which is a contradiction. Therefore, we conclude that there
does not exist a monohedral tiling of the sphere by quadrangles of type (v). q.e.d.

Note that monohedral tilings by quadrangles of type (i) (= rhombus) are already
classified in Sommerville [6] and Ueno-Agaoka [8]. A classification of tilings by quadrangles
of type (iii) can be also obtained by our previous result [8], because by drawing one diagonal
line in each quadrangle, we obtain a monohedral tiling of the sphere by triangles.
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Figure 4

Therefore, remaining cases are of type (ii) and (iv). But it seems to the authors that the
classification for these two cases is quite difficult. As for the type (ii), we give here the
following unexpected example.

Theorem 2. There exists a monohedral tiling on the 2-dimensinal sphere by the
following quadrangle:

a
Figure 5
3 2—1 1
a= -, ﬁ:cos_1<\/_2 ), V=T d=m—0,

This tiling consists of 16 faces. In addition, a monohedral tiling by this quadrangle is
uniquely determined up to isometries of the sphere.

Proof. First, we give the development map of this tiling.
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In this figure, thin (resp. thick) lines indicate the edges with length a (resp. b). Since
200+ = 23426 = 4y = 2, the above figure shows that (at least combinatorially) a tiling
with the given quadrangle exists. Therefore, what we have to prove is the actual existence
of the above quadrangle on the sphere. For this purpose, we consider the following two
triangles with the indicated angles, where ¢ = 37 /8 and ¢ = 7/8:

Figure 7

Since ( satisfies 7/4 < § < w/2, we have

20+ 08>m, pt+p<Tte, 20p<7T+p0,
o+v+i>7m, e+ <mT+6, p+o<m+Y, PY+I<T+.

Hence, these two triangles actually exist on the sphere (cf [9; p.62]). By using the cosine
rule for these triangles, we easily know that the lengths of edges just coincide with the one
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given after Figure 5. For example, we have

V2-v2 + V2-v2 31
2 2

cosp +cospcos 5
sin psin 8 N V242 A/ 1422
2 2
B 1
V1422

= COSs a.

Since o = 2p and 7 = ¢ + 1, we obtain the quadrangle in Figure 5 by connecting these
two triangles. Note that the lengh of the “diagonal line” x in the quadrangle is given by

cos 3+ cos®p  cosd +cospcosy) Va1
sin? ¢ B sin @ sin v B '

COST =

The uniqueness of this tiling can be easily verified by using the fact that possible types of
vertices are restricted to 2a + v = 27, 23 4+ 2y = 27 and 4y = 27. q.e.d.

We give here a figure of this tiling.

Figure 8

3. Miscellaneous results

(1) Formally, we can consider the following development map for general p > 3, by
extending the example in Theorem 2.
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Figure 9

But curiously, this tiling is realizable on the sphere only in the cases p = 3 and 4. To
prove this fact, we prepare the following proposition.

Proposition 3. We consider the following quadrangle of type (ii) satisfying the con-
dition 0 < «, 3, v, 6 < .

Figure 10

Then:
(1) The angles o, B, v, ¢ satisfy the following equality.

(1 — cos 3) cos® @ — (1 — cos B)(1 — cosy) cos acos § + (1 — cos~y) cos? §

+ cos 3 cos7y + sin asin Asinysind = 1.
(2) The inequality o+ § < w + (3 holds.

Proof. (1) We denote by z (resp. y) the length of the diagonal line AC' (resp. BD) on
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the sphere. Then, from the cosine rule, we have

cos = cos® a + sin® a cos f3,
cosy = cos® a + sin® a cos .

Next, we put ¢ = ZBAC = ZBCA. Then, from the cosine rule, we have

COS (p + cos Jcosp  COS P CoS %
cosa = - - = — —5
sin 3 sin ¢ sin g sin &
From this equality, we have
cos % cos a sin %

sin p = , COSQ =

=S
=S

\/ 1 — sin? a sin® \/ 1 — sin? a sin®

because 0 < p < a < 7 and 0 < % < 5. Next, we have

2 2

sin?z =1 — cos’z = 2sin?a (1 — cos 3) — sin* a (1 — cos 3)?,

which implies

sinx = QSinasing\/l —sinzasinzg.

(We can easily show that 0 < a, z < 7 because edges of the quadrangle does not intersect.)
By using these formulas, we have

cosb = cosacosx + sinasinz cos(y — )
= cos a cos x + sin a sin x(cos 7y cos ¢ + sin 7y sin )
= cosa + sin® asin Bsiny — sin® acosa(1 — cos B)(1 — cos ).
Now, the tangent vector of the sphere which is tangent to the line AB is equal to
AB —(AB-0OA) OA=0B —(0OA-0OB) OA
=0OB —cosa OA,

where O is the center of the sphere. The length of this vector is v/1 — cos?a = sina.
Similarly, the unit tangent vector of the sphere which is tangent to the line AD is

1 — —
—— (0D — A).
- (O cosb OA)
Therefore, we have
1 — — — —
cosa = —— (OB —cosa OA)-(OD —cosb OA)
sin a sin b
1 — — — — — —
=———(0OB-0D —cosb OA-OB —cosa OA-OD + cosacosb)
sin a sin b
1

= ———— (cosy — cosacosb)
sinasinb
sina . . 2

=) (cosy — cosasin Bsiny + cos” a(1 — cos §)(1 — cos ).
sin
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Similarly, we have

2 (cos 3 — cosasin Fsiny + cos® a(l — cos 3)(1 — cos ).
in

Next, from the sine rule
sind  sin(a — ¢)

sin x sin a
it follows that

sin z sin(a — )

sind = :
sina

sin z (sin avcos ¢ — cos asin )

sina
= 2sin — (cosasin asin — — cos o cos —)
2 2 2
= cosasina (1 — cos3) — cosasin 3.
In the same way, we have
sinav = cosasin g (1 — cosy) — cosd sin .

Combining these two equalities, we have

sina = s1'na (cosasinﬁ (1 —cosy) — cosﬁsin’y),
sinb

sind = s%nz (cosasirw (1 —cospf) — sinﬂcosv).
sin

We substitute these values cos «, cosd, sina, sind into the left hand side of the equality
in Proposition 3 (1), and in addition, substitute the value of cosb. Then, after a little

calculations, we know that this value is just equal to 1.
(2) We consider the triangle ABD. Then, we have o + ZADB < 7+ ZABD. Adding
the angle ZCDB = ZC BD to this inequality, we obtain the desired result. q.e.d.

Now, if the tiling in Figure 9 actually exists, the angles must satisfy the equalities
py=2m, 2a+vy=2m, 20+2)=2nr.

Hence, we have
s 2

a=m1——, y=—, [B+0=m.
p p

By substituting § = 7— 3 and v = 27 — 2« into the equality in (1), we have sin® a(2 cos o+

2cos f+1)(cos —1) = 0, and hence, cos f = cos % — % From the inequality a+6 < 743

in (2), we have 3 > %W. Hence, by putting 0 = %, it follows that

1
cosQQ——zcosﬁ<cosp W:sinl:sin&
2 2p
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which implies 4sin?# + 2sinf — 1 = 4(sin§ — @)(sin@ + @) > 0. Hence we have
sinf > @ = sin 5. Therefore 6 > 5, which implies p < 5.

Thus, to complete the classification of monohedral tilings by quadrangles of type (ii),
we must consider the conditions stated in Proposition 3, in addition to combinatorial
considertation. This indicates the essential difficulty in the classification, when compared
with the case of triangles which we carried out in [8].

We note that the tiling in Figure 9 for the case p = 3 is in a sense well known because
it is obtained by projecting the rhombic dodecahedron to its circumsphere.

(2) There are many other examples of tilings by quadrangles of type (ii). We give here
some of these examples, allowing the case of “angle > 7”.
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(3) As stated in Introduction, the following fact holds.

Proposition 4. Assume that there exists a tiling by n-gons on the 2-dimensional
sphere. Then we have n = 3, 4, or 5. (We do not assume that the tiling is monohedral.)

Proof. From a combinatorial reason, we have £ = nF'/2. Hence, by Euler’s formula,
we have V = F — '+ 2 = (4 — 1)F 4 2. Then, by substituting the values

1
V=Vt Vit Vst F=—@Va+4Vi+5Vs+---)
into this equality, we have
(n—6)Vs+ (2n —8)Vy + (3n — 10)V5 + (4n — 12)V5 + - - - + 4n = 0.

From this equality, the inequality n < 5 follows immediately. q.e.d.
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