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Moving contact line over undulating surfaces
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Abstract

By using the recently discovered generalized Navier boundary condition, we numerically evaluate the Poiseuille flow of two immiscible fluids
between parallel plates with undulating solid surfaces (modeled by a sinusoidal function). The purpose of the simulation is to study the effect of
the surface roughness on the motion of the two-phase flow. It is shown that when the magnitude of the undulation (with period fixed) is increased,
there is a critical value above which the contact line “jumps” over the valleys of the undulations, leaving behind isolated pockets of the pushed
fluid. Moreover, the contact line exhibits pinning behavior, i.e., the contact lines moves much more slowly than the tip of the front of the fluid–fluid
interface, leading to fingering of the pushing fluid.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Immiscible fluids flowing over an undulating solid surface
represents an everyday physical phenomenon that has eluded
accurate continuum description so far. At the heart of this
problem is the boundary condition for the moving contact line
(MCL), defined as the intersection of the fluid–fluid interface
with the solid wall [1–4]. It has been shown [2] that under usual
hydrodynamic assumptions, namely incompressible Newtonian
fluids, no-slip boundary condition, and smooth, rigid, solid
walls, the velocity field is multi-valued at the MCL, and
the tangential force exerted by the fluids on the wall in the
vicinity of the MCL is unbounded, implying infinite viscous
dissipation. This is the well-known contact line singularity.
On the other hand, molecular dynamics (MD) simulations
have shown that near-complete slip does indeed occur at
the MCL [5,6]. However, the exact rule that governs the
relative slip in the vicinity of the MCL has eluded numerous
prior attempts. Recently, the MD–continuum hybrid simulation
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has been applied as a tool to investigate this problem by
Hadjiconstantinou [7], and by Ren and E [8]. But such
approaches leave unresolved the problem of the MCL boundary
condition.

The recent discovery of the generalized Navier boundary
condition (GNBC) has resolved this issue with respect to im-
miscible flow over flat surfaces, by showing that the contin-
uum calculations based on the new slip boundary condition can
quantitatively reproduce MD simulation results [9,10]. Here we
extend the GNBC-based continuum calculations to undulating
surfaces, and study the effect of the surface roughness on the
moving contact line. We show that the contact line exhibits
a “jumping” phenomenon when the magnitude of the undula-
tions is above a critical value. In this case, an isolated pocket of
the pushed fluid is left behind in the crevice of the undulation.
The undulations above this critical value are also shown to pin
the contact line, in the sense that the contact line moves more
slowly than the tip of the fluid–fluid interface, leading to the
continuous deformation of the fluid–fluid interface. In particu-
lar, for the Poiseuille flow between two parallel plates, the pin-
ning of the contact line leads directly to fingering of the pushing
fluid front.
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Fig. 1. The contact line moves relative to the solid wall as one fluid displaces
the other immiscible fluid. Due to the contact line motion, the dynamic contact
angle θd deviates from the static contact angle θs which is determined by the
Young equation γ cos θs + γ2 = γ1. This results in a net tangential force
γ cos θd + γ2 − γ1 at the MCL. Here γ1, γ2, and γ are the interfacial tensions
of the two fluid–solid and one fluid–fluid interfaces, respectively.

In what follows, the MCL problem and its resolution
are briefly recapitulated in Section 2; this is followed by
the formulation of the continuum hydrodynamic model in
Section 3. A description of the numerical implementation of
the model is given in Section 4. Results and a discussion are
presented in Section 5.

2. Recapitulation of the moving contact line problem and
the generalized Navier boundary condition

It is well known that in immiscible two-phase flows, the
MCL is incompatible with the no-slip boundary condition [1–
4]. As illustrated in Fig. 1, in an immiscible flow where one
fluid displaces the other, the contact line appears to “slip” at
the solid surface, in direct violation of the no-slip boundary
condition. Furthermore, if the no-slip boundary condition is
applied everywhere along the wall, it can be shown that the
tangential viscous stress at the wall varies as ηV/x , where η is
the viscosity, V is the wall speed in the reference frame where
the fluid–fluid interface is stationary, and x is the distance along
the wall away from the MCL. This variation leads to a diverging
stress as x → 0. In particular, this stress divergence is non-
integrable and implies infinite (viscous) dissipation [2].

To elucidate microscopically what happens at the MCL,
MD simulations have been carried out for immiscible Couette
flows [9]. Two immiscible fluids were confined between
two planar solid walls parallel to the xy plane, with the
fluid–solid boundaries defined by z = 0, H . Periodic
boundary conditions were imposed along the x and y directions.
Interaction between fluid molecules separated by a distance r
was modeled by a modified Lennard-Jones potential U f f =

4ε
[
(σ/r)12

− δ f f (σ/r)6], where δ f f = 1 for like molecules
and δ f f = −1 for molecules of different species. Each wall was
constructed from two [001] planes of an fcc lattice, with each
wall molecule attached to a lattice site by a harmonic spring.
The fluid–solid interaction was modeled by another Lennard-
Jones potential U f s , with the energy and range parameters
given by ε f s = 1.16ε and σ f s = 1.04σ , and δ f s for
specifying the wetting property of the fluid. The Couette flow
Fig. 2. Schematic diagram of the simulation geometry. (a) Static configurations
in the symmetric and asymmetric cases. Fluid 2 is sandwiched by fluid 1
due to the periodic boundary condition along the x direction. (b) Dynamic
configuration in the symmetric case.

Fig. 3. Comparison of the MD (symbols) and continuum (lines) velocity
profiles (vx (x) and vz(x) at different z levels) for an asymmetric case of
immiscible Couette flow (V = 0.1(ε/m)1/2 and H = 27.2σ ), shown at
z = 0.85σ (circles and solid lines), 5.95σ (squares and long-dashed lines),
11.05σ (diamonds and dotted line), 16.15σ (up-triangles and dot–dashed lines),
21.25σ (down-triangles and dashed lines), 26.35σ (left-triangles and solid
lines).

was generated by moving the top and bottom walls at a constant
speed V in the ±x directions, respectively. The density of wall
molecules was chosen to ensure that there is no locked layer of
fluid molecules at the solid surface. More technical details of
the MD simulations may be found in Ref. [9]. Two cases were
considered. As illustrated in Fig. 2, in the symmetric case, the
static contact angle θs is 90◦ and the fluid–fluid interface is flat,
parallel to the yz plane, while in the asymmetric case, the static
contact angle θs is 64◦ and the fluid–fluid interface is curved in
the xz plane. Steady-state velocity and interfacial profiles were
obtained from a sufficiently long time average.

At the fluid–solid interface, there is a boundary layer of fluid,
through which the tangential momentum transport between the
fluid and the solid is carried out. We have measured the slip
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Fig. 4. The computational grids on a channel with undulating surfaces.

velocity v
slip
x and the tangential wall force per unit wall area Gw

x
in the boundary layer in the dynamic (V 6= 0) configurations.
As a reference quantity, we also measured Gw0

x in the static
(V = 0) configuration. To see the effects arising purely from the
hydrodynamic motion of the fluids, Gw0

x has been subtracted
from Gw

x according to the relation G̃w
x = Gw

x −Gw0
x , where G̃w

x
is the hydrodynamic part in Gw

x . In the notation below, the over-
tilde denotes the difference between that quantity and its static
part. We found that the hydrodynamic tangential wall force per
unit area, G̃w

x , is proportional to the local slip velocity v
slip
x :

G̃w
x (x) = −βv

slip
x (x), (1)

where the proportionality constant β is the slip coefficient.
According to the local tangential force balance in the boundary
layer, the hydrodynamic tangential fluid force per unit area, G̃ f

x ,
must be proportional to v

slip
x as well:

G̃ f
x (x) = βv

slip
x (x), (2)

such that G̃ f
x (x) + G̃w

x (x) = 0. Physically, G̃ f
x is the

hydrodynamic force along x exerted on a boundary layer
fluid element by the surrounding fluids. We take the sharp
boundary limit by assuming the tangential wall force to strictly
concentrate at z = 0, i.e., the tangential wall force density
g̃w

x (x, z) = G̃w
x (x)δ(z), with the same G̃w

x (x) per unit area.
We obtain

G̃ f
x (x) = σ̃zx (x, 0+) = βv

slip
x (x). (3)

Therefore, in the sharp boundary limit, the tangential stress σ̃zx

varies from σ̃zx (x, 0−) = 0 to σ̃zx (x, 0+) = G̃ f
x (x) across

z = 0 such that (∇ · σ̃ ) · x̂ = G̃ f
x (x)δ(z), in balance with

the tangential wall force density g̃w
x (x, z).

Molecular dynamics data show that the hydrodynamic
tangential stress at the solid surface can be decomposed into
a viscous component σ v

zx and a non-viscous component σ̃ Y
zx :

σ̃zx = σ v
zx + σ̃ Y

zx , (4)

where the viscous component is simply given by the Newtonian
relation σ v

zx = η∂zvx and the non-viscous component is the
uncompensated Young stress: σ̃ Y

zx = σ Y
zx + ∂xγ f s . Here σ Y

zx is
the Young stress, satisfying

∫
int dxσ Y

zx = γ cos θ with θ being
the dynamic contact angle at the solid surface θd or the static
contact angle θs ; γ f s is the fluid–solid interfacial free energy
per unit area, satisfying the Young’s equation for the static
contact angle θs :

∫
int dx∂xγ f s = γ2 − γ1 = −γ cos θs (

∫
int dx

denotes the integration along x across the fluid–fluid interface).
The GNBC is then obtained by substituting Eq. (4) into Eq. (3):

βv
slip
x = σ v

zx + σ̃ Y
zx = σ v

zx + σ Y
zx + ∂xγ f s . (5)

Compared to the conventional Navier boundary condition
which includes the tangential viscous stress only, the GNBC
Table 1
Parameter values determined from MD simulations and used in continuum
hydrodynamic calculations [9,10]

ρ = 0.81m/σ 3 η = 1.95
√

εm/σ 2

ls1 = η/β1 = 1.3σ ls2 = η/β2 = 1.3σ or 3.3σ

ξ = 0.33σ γ = 5.5ε/σ 2
|φ±| = 1

M = 0.023σ 4/
√

mε Γ = 0.66σ/
√

mε θs = 90◦ or 64◦

Here all the quantities are given in the Lennard-Jones reduced units, with ε and
σ being the energy and length scales in the Lennard-Jones potential for fluid
molecules, and m the fluid molecular mass.

captures the uncompensated Young stress as the additional
component. It is easily seen that in a dynamic configuration,∫

int dx σ̃ Y
zx = γ cos θd + γ2 − γ1 = γ (cos θd − cos θs), i.e.,

the uncompensated Young stress, narrowly distributed in the
fluid–fluid interfacial region, arises from the deviation of the
fluid–fluid interface from its static configuration.

3. Continuum hydrodynamic model for the moving contact
line

For immiscible flows over flat surfaces, recent evidences
have shown that the slip profile from MD simulations, i.e., the
velocity difference between the fluid and the solid wall, can be
quantitatively accounted for by the GNBC [9,10]. The GNBC
(5) states that the relative slip velocity between the fluid and
the solid wall is proportional to the total tangential stress — the
sum of the viscous stress and the uncompensated Young stress;
the latter arises from the deviation of the fluid–fluid interface
from its static configuration. Combining the GNBC with the
Cahn–Hilliard (CH) free energy [11], which has been used to
formulate a phase-field description of immiscible two-phase
flows [12–15], we obtain a continuum hydrodynamic model [9],
capable of simulating immiscible flows on a scale much larger
than that achievable by MD simulations [10].

The CH free energy functional is given by

F[φ] =

∫
dr

[
K

2
(∇φ)2

+ f (φ)

]
. (6)

Here φ(r) is the phase field, locally defined from φ = (ρ2 −

ρ1)/(ρ2 + ρ1), with ρ1 and ρ2 being the local number densities
of the two fluid species; f (φ) = −rφ2/2 + uφ4/4, in which
K , r , and u are parameters that can be determined from
the interfacial thickness ξ =

√
K/r , the interfacial tension

γ = 2
√

2r2ξ/3u, and the two homogeneous equilibrium
phases φ± = ±

√
r/u (=±1 here), all measurable in MD

simulations. The two coupled equations of motion are the
convection–diffusion equation for the composition field φ(r)
and the Navier–Stokes equation in the presence of the capillary
force density:

∂φ

∂t
+ v · ∇φ = M∇

2µ, (7)

ρ

[
∂v
∂t

+ (v · ∇) v
]

= −∇ p + ∇ · σ v
+ µ∇φ + fe, (8)

together with the incompressibility condition ∇ · v = 0. Here
µ = δF/δφ is the chemical potential derived from the CH free
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(a) t = 1.25.

(b) t = 8.75.

(c) t = 17.5.

(d) t = 26.25.

(e) t = 35.

(f) t = 43.75.

Fig. 5. Time evolution of interfaces with a = 7.714, b = 0.577, horizontal
driving force 0.5, and static contact angle θs = 90◦.

Fig. 6. The velocity of the contact line versus time shows the periodic behavior
of the stick–slip motion. The relevant parameters are the same as those for
Fig. 5.

energy functional F , M is the mobility coefficient, ρ is the mass
density of the fluid, p is the pressure, σ v

= η[(∇v)+ (∇v)T
] is

the Newtonian viscous stress tensor with η being the viscosity,
µ∇φ is the capillary force density, and fe is the external
force. The boundary conditions at the solid surface are the
impermeability conditions ∂nµ = 0, vn = 0, the relaxational
equation for surface φ:

∂φ

∂t
+ vτ ∂τφ = −Γ L(φ), (9)

and the GNBC in continuum differential form:

β(φ)v
slip
τ = −η(∂nvτ + ∂τvn) + L(φ)∂τφ. (10)

Here τ denotes the direction tangent to the solid surface
(for two-dimensional flows), n denotes the outward surface
normal, Γ is a positive phenomenological parameter, L(φ) =

K∂nφ + ∂γ f s(φ)/∂φ with γ f s(φ) being the fluid–solid
interfacial free energy per unit area, β(φ) is the slip coefficient
which may locally depend on the surface φ, and L(φ)∂τφ

is the uncompensated Young stress. We use γ f s(φ) =

(1γ f s/2) sin(πφ/2) which is a smooth interpolation from
γ f s(φ−) = −1γ f s/2 to γ f s(φ+) = 1γ f s/2. According
to the Young’s equation for the static contact angle θs :
γ f s(φ+) + γ cos θs = γ f s(φ−), we have 1γ f s = −γ cos θs .
It can be shown that in the sharp interface limit [16,9], the
uncompensated Young stress satisfies∫

int
dτ [L(φ)∂τφ] = γ (cos θd − cos θs), (11)

where
∫

int dτ denotes the integration across the fluid–fluid
interface along the τ direction and θd is the dynamic contact
angle.

It should be noted that in the above formulation, a slip length
can be locally defined as ls = η/β. In what follows, we focus
on those situations where the undulation length scales are larger
than the slip length. It is easy to see that the Cahn–Hilliard
Navier–Stokes system, i.e., Eqs. (7) and (8) together with
the boundary conditions (9) and (10), is invariant under the
following scaling:

x′
= λx, v′

= λv, ρ′
= ρ/λ2,

M ′
= λ2 M, Γ ′

= Γ/λ, K ′
= λ2 K ,

β ′
= β/λ, 1γ ′

f s = λ1γ f s,

(12)

where λ is the scaling factor. The physical meaning of this
scaling invariance can be made more apparent in the sharp
interface limit [17] where M → 0 and Γ → 0, for which the
scaling can be expressed as

x′
= λx, v′

= λv,

K ′
= λ2 K , β ′

= β/λ, 1γ ′

f s = λ1γ f s,
(13)

in the Stokes flow regime with small Reynolds number (ρ →

0). That is, x, v, ξ , γ , and ls are all scaled by λ, with the static
contact angle θs and the capillary number ηV/γ kept invariant.

To demonstrate the validity of our continuum model, we
have obtained numerical solutions for direct comparison with
the MD velocity and fluid–fluid interfacial profiles [9]. In
particular, our MD–continuum comparison has been carried
out in such a way that virtually no adjustable parameter is
involved in the continuum model calculations. The parameter
values are listed in Table 1, determined earlier in Ref. [9] from
MD simulations. Fig. 3 shows the MD and continuum velocity
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(a) t = 1.25.

(b) t = 8.75.

(c) t = 17.5.

(d) t = 26.25.

(e) t = 35.

(f) t = 43.75.

(g) t = 50.

Fig. 7. Time evolution of interfaces with a = 7.714, b = 2.136, horizontal
driving force 0.5, and static contact angle θs = 90◦. While the contact line can
barely sweep over the undulations, its speed appears to be slower than the front
speed. Thus fingering is seen.

fields for an asymmetric case of immiscible Couette flow,
demonstrating good MD–continuum agreement. In particular,
the slip profiles obtained from both the immiscible Couette
and Poiseuille flows show that at the MCL, the slip is near
complete, i.e., vx ≈ 0 and |v

slip
x | ≈ V , while far away from

the fluid–fluid interface, the single-phase flow is recovered with
a small amount of partial slip. This leads to another important
comparison between MD and continuum hydrodynamics: the
behavior that interpolates between the MCL, where there is
near-complete slip, and far away from the contact line, where
there is at most a small amount of partial slip. From large-
scale MD and continuum simulations, the transition from near-
complete slip at the MCL to near-zero slip far away is shown
to be governed by a power-law partial slip regime, extending to
mesoscopic length scales [10].

4. Formulation for undulating surfaces

4.1. Dimensionless equations

Dimensionless equations suitable for numerical computation
are obtained with φ scaled by |φ±| =

√
r/u, length by ξ =
(a) t = 1.25.

(b) t = 8.75.

(c) t = 17.5.

(d) t = 26.25.

(e) t = 35.

(f) t = 43.75.

(g) t = 50.

Fig. 8. Time evolution of interfaces with a = 7.714, b = 2.885, horizontal
driving force 0.5, and static contact angle θs = 90◦. The occurrence of pinning
and fingering is clearly seen.

Table 2
The appearance of the jumping phenomenon versus the aspect ratio and the
static contact angle

Undulation magnitude versus angle 65◦ 90◦

0.577 N N
1.504 N N
1.558 Y N
2.136 Y N
2.19 Y Y
2.877 Y Y

“Y” means there is a jumping phenomenon, “N” means otherwise.

√
K/r , velocity by the reference speed V , time by ξ/V , and

pressure/stress by ηV/ξ . In dimensionless forms, equations
(7)–(10) become

∂φ

∂t
+ v · ∇φ = l̄d∇

2(−∇
2φ − φ + φ3), (14)

R̄

[
∂v
∂t

+ (v · ∇) v
]

= −∇ p + ∇
2v + B̄(−∇

2φ − φ + φ3)∇φ + fe, (15)
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Fig. 9. The “jumping” process for the contact line. The relevant parameters are the same as those for Fig. 8.
∂φ

∂t
+ vτ ∂τφ = −V̄s

[
∂nφ −

√
2π

6
cos θs cos

(
πφ

2

)]
, (16)

v
slip
τ

l̄s(φ)
= −(∂nvτ + ∂τvn)

+ B̄

[
∂nφ −

√
2π

6
cos θs cos

(
πφ

2

)]
∂τφ. (17)

The five dimensionless parameters that appear in the above
equations are: (1) l̄d = Mr/V ξ , which is the ratio of a diffusion
length Mr/V to ξ , (2) R̄ = ρV ξ/η, (3) B̄ = r2ξ/uηV =

3γ /2
√

2ηV , inversely proportional to the capillary number
Ca = ηV/γ , (4) V̄s = KΓ/V , and (5) l̄s(φ) = η/β(φ)ξ ,
which is the ratio of the slip length ls(φ) = η/β(φ) to ξ . We
use β(φ) = (1 − φ)β1/2 + (1 + φ)β2/2 which is a linear
interpolation from β(φ−) = β1 to β(φ+) = β2. Note that these
dimensionless parameters are invariant under the scaling (12).

4.2. Implementations on a domain with undulating surfaces

Consider a two-phase flow moving in a channel with
boundary of sinusoidal type as shown in Fig. 4. For arbitrary
surface profiles, the GNBC can be expressed as

βv
slip
τ = −(σ v

nτ + σ̃ Y
nτ ), (18)

where σ v
nτ = η(∂nvτ +∂τvn) is the nτ component of the viscous

stress tensor and −σ̃ Y
nτ = L(φ)∂τφ is the uncompensated

Young stress. The other boundary conditions on the top and
bottom surfaces become

vn = 0 (19)

∂nµ = 0 (20)
Fig. 10. The flow pattern in the locked fluid. The relevant parameters are the
same as those for Fig. 8.

∂φ

∂t
+ vτ ∂τφ = −V̄s L(φ). (21)

Periodic boundary conditions are imposed on the left and right
boundaries.

The pseudo-compressible method is used to simulate the
Navier–Stokes equation in the computational domain together
with the necessary boundary conditions. The basic idea of the
pseudo-compressible method is to replace the incompressibility
equation ∇ · v = 0 by

∂p

∂t
+ α∇ · v = 0 (22)

where p = ρ/α is the artificial equation of state. The
justification of the approach is explained in Refs. [18,19]. It is
shown that with proper choice of α, the pseudo-compressible
method can be an effective method for non-steady-state
simulations. In our simulations, we take α = 1000. The
boundary condition for the pressure is treated as in Ref. [19].
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For computational purposes, we map the undulating channel
onto a rectangle (computational domain) under the following
change of variables:{

x = ξ

y = ζ + b sin
(π

a
ξ
) (23)

where a and b are coefficients that control the period and the
magnitude of the undulation. The Eqs. (14), (15) and (22)
together with the boundary conditions are discretized in the
computational domain (i.e. in ξ and ζ variables) with the
second-order central difference scheme in space and the fourth-
order Runge–Kutta scheme in time.

5. Results and analysis

We simulate immiscible two-phase flows over a channel
with undulating top and bottom surfaces. In particular, we are
interested in how the roughness (controlled by the parameters
a and b) affects the property of the moving flow. Under the
change of variables (23), the channel is transformed into a
rectangle of size lξ × lζ = 432 × 45.33. The equations are
discretized with the uniform grids of 512 × 64. The time step
of integration is taken to be 1t = 5. × 10−4. In order to satisfy
the periodic boundary condition along the horizontal direction,
we take the initial condition

φ(x, y, 0) = tanh[(x − 0.65lξ )/
√

2]

+ tanh[−(x − 0.15lξ )/
√

2] + 1,

which represents two initial interfaces in the flow field. In what
follows, the width of the undulating groove is fixed at a =

7.714. We then simulate the two-phase flow with increasing b
(the magnitude of the undulation). Fig. 5 displays the motion
of the interface along the undulating surfaces when b = 0.577.
It is seen that the contact line can move over the undulations,
with a speed which varies periodically (Fig. 6). In Fig. 7, the
undulation magnitude is increased to b = 2.136. We observe
strong deformation of the fluid–fluid interface, as the motion
of the contact line (barely able to sweep over the undulations)
is slower than that of the fluid–fluid interfacial front. As b
increases to 2.877, the phenomenon of contact line “jumping”
occurs. That is, as shown in Fig. 8 and in the enlarged view
near the top boundary in Fig. 9, with the contact line pinned
at point A and the deformed interface broken at point B, the
contact line essentially “jumps” from one point to another,
leaving an isolated pocket of the pushed liquid locked in the
valley. The enlarged view (Fig. 10) of the isolated liquid pocket
shows a rotational flow pattern inside, that would eventually die
down due to viscous dissipation. This kind of motion makes the
contact line recede slightly. However, after the rupture of the
contact line, the isolated liquid pocket no longer interacts with
the contact line motion. It should be noted that the appearance
of the jumping phenomenon not only depends on the undulation
magnitude, but also on the static contact angle. As the static
contact angle is decreased (in the side of the displaced fluid),
contact line jumping appears at smaller undulation magnitude.
We summarize the results in Table 2. Finally we remark that the
invariance of the system under the scaling (12) can be used to
map the “jumping” phenomena from one parameter region to
others. The critical “hypersurface” that separates the jumping
and non-jumping states in the parameter space can be generated
by sweeping a critical “curve” (lower by one dimension) that
corresponds to varying λ in (12).
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