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We integrate the total variation (TV) minimization into the expectation–maximization (EM) algorithm to
perform the task of image segmentation for general vector-valued images. We first propose a unified var-
iational method to bring together the EM and the TV regularization and to take advantages from both
approaches. The idea is based on operator interchange and constraint optimization. In the second part
of the paper we propose a simple two-phase approach by splitting the above functional into two steps.
In the first phase, a typical EM method can classify pixels into different classes based on the similarity
in their measurements. However, since no local geometric information of the image has yet been incor-
porated into the process, such classification in practice gives unsatisfactory segmentation results. In the
second phase, the TV-step obtains the segmentation of the image by applying a TV regularization directly
to the clustering result from EM.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

Image segmentation is a basic yet very important task in image
processing and computer vision. A large body of algorithms has
been developed for these applications. One popular group of meth-
ods has been proposed based on partial differential equations
(PDE) and variational principles. For example, to name just a few,
Rudin et al. [47] have proposed regularizing a gray scale image
by the total variation (TV) norm. With the level set method [42],
such norm has also been used to regularize the boundary of differ-
ent segments in the geodesic active contour [13] or the Chan–Vese
model [16] in image segmentation. Another group of image pro-
cessing methods consists of statistical-based approaches, such as
wavelet, Markov random fields (MRF) and so on. Each approach
has its own advantage: statistical methods are good at dealing with
the randomness of noise while the PDE and variational methods
can incorporate geometric information more naturally. However,
techniques we mentioned above have been developed mostly for
gray-level intensity images. The aim of this paper is to introduce
new and efficient algorithms for image segmentation of general
vector-valued images, which combine both variational and statisti-
cal approaches. A vector-valued image can be represented by an
image function f : X � R2 # Rd, where X is the set of all pixels of
ll rights reserved.
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the image and each vector component (channel) of f corresponds
to a measurement of the image. For color images, d ¼ 3 and the
three vector components are red, green and blue color intensities
in the RGB model. For texture images, vector components can be
some local geometric features extracted by a bank of Gabor filters.
The dimension of such images might be extremely high and the
scales between different channels might not be identical. Numer-
ous methods have been proposed to generalize or to extend those
techniques from gray-level images ðd ¼ 1Þ to various vector-valued
image ðd > 1Þ processing. Among them, PDE and variational formu-
lation approaches have been very popular. For example, Sapiro [48]
has proposed the color snake model, while Chan et al. [15] have
also generalized the original active contour without edges to deal
with color image segmentation. For color image denoising, Blom-
gren and Chan [6] have generalized the original ROF model by
defining the so-called color TV-norm. Based on this color TV-norm,
various approaches have been developed in [4,8,22]. Extending the
color TV-norm, Christiansen et al. [17] have recently developed a
vector TV-norm for matrix-valued images. In [29], image is re-
garded as an embedded surface in R2þd and an area-minimizing
flow is used to perform denoising. Vese and Chan [56] have applied
level set method to the famous Mumford–Shah model [38]. Gener-
alizing the Mumford–Shah energy, Kay and Tomasi [27] have pro-
posed a color image segmentation functional based on a vector-
valued Allen–Cahn phase-field method. A general framework for
vector-valued regularization with PDE has been proposed in [55].
A recent extension of this approach has been developed in [46].
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Many other PDE-based methods have also been developed
[18,30,58,49,28,57,53], etc. Recently, some other methods have
been proposed to combine EM algorithm and TV regularization
[10,59], mainly for reconstructing images with Poisson noise.

Methods mentioned above work well for color images or vector-
valued images with more or less a pre-determined scale for each
channel. In particular, one can argue that the weight from each
channel are the same in a color image. However, there is no natural
way to define the TV-norm or active contour models for a general
vector-valued image whose channels have different scales that are
not known a priori. In fact, for general high-dimensional data, statis-
tical-based approaches are more natural and their main advantage
is that the randomness information originated from the noise, fea-
tures in natural images, texture and so on is explicitly taken into
consideration. But unlike the PDE and variational formulation ap-
proaches where geometric features such as edges and boundaries
can be dealt with ease, it is not straightforward to incorporate local
geometric information of an image into a statistical model.

One major contribution of this paper is to combine both statis-
tical and variational approaches by a unified segmentation func-
tional. Theoretically, the fundamental principles of the EM
algorithm (which is statistical) and the TVL1 algorithm (which is
variational) are very different and it is not easy to bring these
two concepts together in a natural way. One way to overcome
the difficulty is to reinterpret the EM algorithm using a constraint
optimization framework [32,33]. In this paper, we are going to
show that the EM–TVL1 process corresponds to a saddle point
problem. Moreover, searching for such a saddle point with an alter-
nating minimization algorithm would lead to both the EM step and
the regularized TV step. The proposed EM–TV segmentation algo-
rithm integrates the advantages of both the EM and the TV-based
level set method such as CV model [16]. Compared with EM, this
proposed method has a geometrical constraint, which makes this
algorithm robust for noise. On the other hand, compared with
the level set method, the statistical information is taken into the
model and it is more suitable for natural images. In addition, our
method can conveniently handle multi-clusters and does not need
any extra method to reinitialize the level set function.

In the second part of the paper, we propose a reduced algorithm
by proposing a two-phase algorithm to decouple the EM phase and
the TV regularization step. The main idea is as follows. In this first
phase, regarding f as a set of d-dimensional data, we use statistical
method (EM) to classify them into different classes. Suppose there
are K classes. Define u : X # f1;2; . . . ;Kg by f ðxÞ belongs to the kth
class, where k is the labeling of the pixel at x. Next, in step two, we
apply the TVL1 model to regularize u into ~u. Moreover, it can be
shown that ~u is again a piecewise constant function like u, i.e.,
~u : X # f1;2; . . . ;Kg and hence this regularized classification ~u rep-
resents the final image segmentation of f . There are various nice
characteristics of the proposed algorithm. Similar to our earlier work
in [31], the proposed method combines both the local geometry
information and the global statistics of vector-valued image. Based
on recent developed fast algorithms for TV-regularization, we can
efficiently incorporate local geometry into the regularization.

The outline of the paper is as follows. In Section 2, we first intro-
duce the Gaussian mixture model (GMM) and briefly explain how
the classification can be done using the EM algorithm. Then in Sec-
tion 3, we consider the TVL1 regularization and describe various
important properties for our algorithms. In Section 4, we first pro-
pose a unified functional to naturally combine two approaches into
one single energy with four variables. By applying the convex
relaxation technique and the dual method, we solve the resulting
saddle point problem by an alternating minimization algorithm.
This gives an efficient EM–TV algorithm for image segmentation.
To simplify this algorithm, we propose in Section 5 a two-phase
method to decouple the GMM and the TV regularization. In
Section 6, extensive numerical experiments are conducted to dem-
onstrate the effectiveness of our algorithms.

2. Gaussian mixture model and EM algorithm

Gaussian mixture model (GMM) and EM algorithm have been
widely used in image processing community [12,64,43,25,19,
62,63]. For image segmentation, the main idea is to classify the mea-
surement at pixels by modeling them using a linear mixture of
Gaussian distributions. Therefore, the algorithm extracts global sta-
tistics from the whole data set. Another advantage of such segmen-
tation method is that the measurements at each pixel can be from
high dimensions, while the implementation is very simple.

In statistics, a Gaussian mixture model [5,44,36] uses a linear
mixture of Gaussian distributions to model the phenomenon of
interest. It is particularly well-suited for image segmentation due
to its simplicity and power of representation. Let y 2 Rd be a d-
dimensional measurement vector at a pixel. A GMM models its dis-
tribution using the following form

pðyÞ ¼
XK

k¼1

akpkðy; lk;RkÞ with
XK

k¼1

ak ¼ 1; ð1Þ

where K is the total number of mixtures, ak’s are the weights of each
Gaussian component, and lk; Rk are the mean vector and covari-
ance matrix of the kth Gaussian distribution probability density
function pk, respectively. The number of components, K, is usually
assumed to be known. Otherwise, it is possible to use a model selec-
tion procedure to determine a good K along with estimations of
other model parameters [44].

The Gaussian assumption is flexible in capturing the image
dynamics due to the mixing properties. In practice, Gaussian or
near-Gaussian noises are the most prominent noise types. Further-
more, it is possible to use nonlinear transformation to make the
transformed signal be of more Gaussian mixture-like [7]. We will
show in the experiment section that our algorithms can still get
good result even if K is over-estimated.

The expectation–maximization (EM) constitutes an efficient
algorithm to obtain parameter estimates in maximizing the likeli-
hood function. Given the image vectors f ðx1Þ; . . . ; f ðxNÞ at the set of
pixels fx1; . . . ; xNg. We assume that all the vectors are independent
of each other. Suppose the initial guess for the Gaussian mixture
model is að0Þk ; lð0Þk ; Rð0Þk , then the EM algorithm iterates between
the following two steps till the parameter estimates converge
ðt ¼ 0;1; . . .Þ [37]:

� E-step. For i ¼ 1; . . . ;N
/ðtþ1Þ
k ðxiÞ ¼

akpkðf ðxiÞ;lðtÞk ;R
ðtÞ
k ÞPK

l¼1alplðf ðxiÞ;lðtÞl ;R
ðtÞ
l Þ

; ð2Þ
� M-step
aðtþ1Þ
k ¼

PN
i¼1/

ðtþ1Þ
k ðxiÞ
N

; lðtþ1Þ
k ¼

PN
i¼1/

ðtþ1Þ
k ðxiÞf ðxiÞPN

i¼1/
ðtþ1Þ
k ðxiÞ

;

Rðtþ1Þ
k ¼

PN
i¼1/

ðtþ1Þ
k ðxiÞðf ðxiÞ � lðtÞk Þ

0ðf ðxiÞ � lðtÞk ÞPN
i¼1/

ðtþ1Þ
k ðxiÞ

: ð3Þ
After obtaining estimated parameters given the image data, the
usual way to segment an image is to classify pixels into the class
(or segment) with the largest conditional probability of each pixel xi:
labelðf ðxiÞÞ ¼ arg max
16k6K

/kðxiÞ ð4Þ

¼ arg max
16k6K

akpkðf ðxiÞ;lk;RkÞ
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The GMM can be viewed as a global method in the sense that
all data contribute evenly to the final parameter estimate. The EM
algorithm is computationally fast; hence, it is suitable for many
image or data analysis. However, one shortcoming of this model
is that the statistical model is solely based on the distribution
of the data and the classification does not utilize any neighbor-
hood coherence or geometric information. Moreover this model
does not take into account of any adaptivity ability according to
the local statistic variation. These information might be crucial
for image segmentation and other data analysis. In [31], we have
proposed a simple statistical method that directly incorporate
adaptivity and spatial and geometric information, and further-
more, we have combined the EM algorithm and a neighborhood
based penalty mechanism with a variational method in [34].
Using neighborhood and geometric information, such as local ori-
entation and anisotropy, we have proposed an optimal adaptive
local filtering strategy which can both improve the robustness
of the method and also keep fine features in the image. In this pa-
per, however, we explore some other possibilities in regularizing
the classification.

3. TVL1 model

In this section, we summarize a popular image regularization
model for gray-level intensity images which is based on the TV-
norm and an L1 fidelity.

Variational models for image regularization have become very
influential since the work by Rudin, Osher and Fatemi (ROF) [47].
The idea behind the ROF model is to consider the following mini-
mization problem:

inf
v2BVðXÞ

E2ðv;u; kÞ where E2ðv; u; kÞ

¼
Z

X
jrv jdxþ k

Z
X
ju� v j2dx ð5Þ

where k is a positive real parameter, u : X � R2 ! R is the original
noisy gray scaled image in L2 and BVðXÞ is the space of all functions
with bounded variations on X.

However, the standard ROF model (5) has one limitation: it will
cause the loss of contrast even for a noise-free original image –
suppose the image is a disk, then the regularized image is the same
disk but with a lower intensity (see [51] for more details). Indeed,
significant improvements have recently been made based on the
Bregman iterations [40,24,60,41]. In this paper, however, we will
concentrate on the following related minimization problem. A
small but very significant change is to replace the L2 fidelity by a
L1 fidelity,

inf
v2BVðXÞ

E1ðv;u; kÞ where E1ðv; u; kÞ

¼
Z

X
jrv jdxþ k

Z
X
ju� v jdx ð6Þ

for any given image u 2 L1ðXÞ. This model usually refers to the TVL1

model and it has been seriously studied in tremendous literatures
[2,3,39,14] to name just a few.

This model has the following interesting properties which turn
out to be desirable for the current application:

1. (Affine invariance) Suppose v is a minimizer of E1ð�;u; kÞ. Then
for any real numbers a and b; av þ b is a minimizer of
E1ð�; auþ b; kÞ.

2. (Contrast invariance) Let g be an increasing C1-diffeomorphism
with supRjg0j < þ1. Then v is a minimizer of E1ð�;u; kÞ if and
only if g � v is a minimizer of E1ð�; g � u; kÞ.

We assume that u is piecewise constant with K levels, i.e.
u ¼
XK

k¼1

ck � 1Dk
ð7Þ

where D1; . . . ;DK are K bounded and disjoint domains that partition
X and c1; . . . ; cK are K distinct positive real numbers. The following
theorem says that there exists a minimizer of E1ð�; u; kÞ that has the
same form as u.
Theorem 3.1. Suppose u 2 BVðXÞ is of the form (7). Then there exists
a minimizer of E1ð�;u; kÞ such that it is of the form

PK
k¼1ck � 1D0k

, where
D01; . . . ;D0K are K bounded (possibly empty) and disjoint domains that
partition X.

To prove this theorem, we first need to understand E1ðv ;u; kÞ
through the following layer-cake formula [14]:

E1ðv ;u; kÞ ¼
Z þ1

�1
PerðVtÞ þ kjVt 4 Utjdt ð8Þ

where Vt ¼ fx 2 XjvðxÞ > tg and Ut ¼ fx 2 XjuðxÞ > tg are the upper
level sets of v and u, respectively. PerðVtÞ is the perimeter of Vt ,
which is well-defined since v 2 BVðXÞ. Vt 4 Ut is the symmetric dif-
ference of Vt and Ut . Using this formula, we can see that the TVL1

minimization is closely related to the following family of geometric
problems: For any t 2 R, we denote the following minimization
problem Pt : infV�R2 ðPerðVÞ þ kjV 4 UtjÞ.

In [21], the following equivalence between Pt and the minimi-
zation of E1ð�; u; kÞ was proved:

Theorem 3.2. Suppose u 2 L1, the following assertions are equiva-
lent: (i) v is a solution to infv 02BVE1ðv 0;u; kÞ. (ii) The upper level set Vt

is a solution to Pt for almost every t.

Having this equivalence, we are ready to prove Theorem 3.1:

Proof 3.1 (Proof of Theorem 3.1). By the contrast invariance
property, we can assume u ¼

PK
k¼1k � 1Dk

without loss of general-
ity. Then let Vk be a solution to Pk�1 for k ¼ 1;2; . . . K. That is to say,
Vk ¼ arg minV�R2 ðPerðVÞ þ kjU 4 CkjÞ where Ck ¼

SK
i¼kDi ¼ Uk�1.

Let V 0k ¼
SK

i¼kVi for k ¼ 1;2; . . . K. By the monotonicity results
established in [61], V 0k is also a solution to Pk�1. Define D0K ¼ V 0K
and D0k ¼ V 0k n V 0kþ1 for k ¼ 1;2; . . . K � 1. Then let v ¼

PK
k¼1k � 1D0k

.
Its level set Vt is V 0k, where k� 1 6 t < k for any t 2 ½0;K�. By
definition, Vt is a solution to Pt . Hence, by Theorem 3.2, v is a
minimizer of E1ð�;u; kÞ. h

Unlike the ROF model, the above TVL1 model was not originally
designed for image denoising but the minimization of E1ð�;u; kÞ can
be regarded as a shape regularization process that depends only on
k and the geometry of Dk; k ¼ 1; . . . ;K , but not on the intensity lev-
els associated to them. Moreover, the parameter k corresponds to
the scale of the geometry in the following way: as k decreases,
the D0k will be coarser as small scale objects will merge to form
large scale structures.

4. A unified cost functional for EM–TVL1

In this section, we propose a unified cost functional which nat-
urally combines the GMM-EM algorithm and the TVL1 regulariza-
tion. Since the TV regularization is formulated in a variational
form, we first rephrase the EM algorithm with a continuous meth-
od. This can be achieved following our previous work [32] on deno-
ising. The log-likelihood functional derived from the usually GMM
based model would contain a log-sum functional, which makes the
related maximum-likelihood estimation (MLE) problem difficult to
be directly optimized. In [32], we note that the difficulty of opti-
mizing a log-sum type functional essentially comes from the fact
that the logarithm and summation operations are in general non-
commutative. To overcome this difficulty, we have introduced a
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constraint optimization framework with a convex relaxation
method to optimize the log-sum type functional. We have also
shown that this constraint optimization method is intrinsically
equivalent to the EM algorithm. In a series of studies, we have gen-
eralized and have extended the idea into various applications
including denoising and illumination correction [32,33].

In this part of the paper, we propose a generalization to incor-
porate a local geometry constraint for image segmentation. This
particular continuous analysis method can be shown to be well-
suited for such extending of the GMM. We here first recall some
key steps of this constraint optimization method and refer inter-
ested readers to [32,33] for a complete discussion.

In continuous case, the negative log-likelihood functional of the
GMM model is given by

LðHÞ ¼ �
Z

X
log

XK

k¼1

akpkðx;lk;RkÞdx; ð9Þ

where H ¼ ða1; . . . ;aK ;l1; . . . ;lK ;R1; . . . ;RKÞ is a parameter vector.
The existence of the log-sum function makes L non-quadratic even
if each pkðxÞ is a Gaussian function. We notice that the log-sum
operations are commutative if we apply the Lagrangian multiplier
method.

Lemma 4.1 (Commutativity of Log-sum operations, [54,33]). Given
two functions akðxÞ > 0; pkðxÞ > 0, we have
� log
XK

k¼1

akðxÞpkðxÞ

¼ min
/ðxÞ2Dþ

�
XK

k¼1

log½akðxÞpkðxÞ�/kðxÞ þ
XK

k¼1

/kðxÞ log /kðxÞ
( )

;

where /ðxÞ ¼ ð/1ðxÞ;/2ðxÞ; . . . ;/KðxÞÞ is a vector-valued function, and

Dþ ¼ /ðxÞ : 0 < /kðxÞ < 1; and
XK

k¼1

/kðxÞ ¼ 1

( )

is a convex relaxation of a characteristic function decomposition.

Now, since the logarithm and summation operations can be
interchanged, L becomes a quadratic function and can now be
optimized easily. Applying this lemma, we obtain a new functional
Hð/;HÞ with an additional variable /

Hð/;HÞ ¼ �
Z

X

XK

k¼1

log pkðxÞ þ log akðxÞ½ �/kðxÞdx

þ
Z

X

XK

k¼1

/kðxÞ log /kðxÞdx;

and we find a minimizer of L by minimizing H instead. The follow-
ing proposition from [33] shows that both L and H have the same
global minimizer:

Proposition 4.1. Both Hð/;HÞ and LðHÞ have the same global
minimizer H� if / 2 Dþ.

Moreover, if we minimize this new functional using the follow-
ing alternative minimization scheme

/ðtþ1Þ ¼ arg min
/2Dþ

Hð/;HðtÞÞ;

Hðtþ1Þ ¼ arg min
H

Hð/ðtþ1Þ;HÞ;

8><
>: ð10Þ

we can also show that minimizing H will lead to the descent of L
and, therefore, this guarantees the local convergence of the iteration
scheme (10) [33].
Proposition 4.2 (Energy Descent). The sequence HðtÞ produced by
iteration scheme (10) satisfies

LðHðtþ1ÞÞ 6 LðHðtÞÞ:

Let us point out that the first step in scheme (10) is in fact the E-
step in the EM algorithm, and the second step corresponds to the
M-step: substituting pk with a Gaussian function into H, we have

/ðtþ1Þ
k ðxÞ ¼ aðtÞ

k
pkðf ðxÞ;l

ðtÞ
k
;RðtÞ

k
ÞPK

l¼1
aðtÞ

l
plðf ðxÞ;l

ðtÞ
l
;RðtÞ

l
Þ
;

aðtþ1Þ
k ¼

R
X

/ðtþ1Þ
k

ðxÞdxR
X

1dx
;

lðtþ1Þ
k ¼

R
X

/ðtþ1Þ
k

ðxÞf ðxÞdxR
X

/ðtþ1Þ
k

ðxÞdx
;

Rðtþ1Þ
k ¼

R
X

/ðtþ1Þ
k

ðxÞ f ðxÞ�lðtÞ
kð Þ0 f ðxÞ�lðtÞ

kð ÞdxR
X

/ðtþ1Þ
k

ðxÞdx
;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð11Þ

which is the same as the iteration scheme of the EM algorithm in
Section 2.

In this paper, we propose to extend this approach in [33] by uti-
lizing geometric information such as TV regularization into the EM
algorithm. Results from the GMM-EM model can be easily regular-
ized by constraining the function /, and we get the following reg-
ularized functional based on the GMM model H we discussed
above

Eð/;HÞ ¼ Hð/;HÞ þ kTVð/Þ: ð12Þ

Note that each /k in Eq. (11) is actually a smoothed character-
istic function which is related to the classification results. To be
precise, if each Gaussian function pk is a delta function (corre-
sponds to Rk goes to 0Þ, then following (11), every /k would be a
characteristic function given by

/kðxÞ ¼
1; f ðxÞ ¼ lk;

0; else:

�

Here Rk actually controls the width of the interface between 0 and
1. In particular, if f is a piecewise constant image, then each Rk ¼ 0
and the clustering results /k would be binary, and it also coincides
with k-means segmentation method. Like the well-known level set
method, the total variation of / in (11) approximates the length of
the boundaries of clusters. Therefore, the geometrical constraints
such as the smoothness of clusters boundaries can be realized by
imposing a TV regularization on /.

Unfortunately, this energy is difficult to optimize since the linear
structures of / is destroyed by the newly added TV term. As a result,
we cannot follow the same procedure as in [32] and directly employ
the iteration scheme (10) since there is no close-formed solution for
each /ðtþ1Þ. To obtain a simple iterative scheme for /ðtþ1Þ, we propose
the following splitting technique and the dual method.

We first introduce an auxiliary variable v which gives the fol-
lowing constraint minimizing problem

min
/;H;v
fHð/;HÞ þ kTVðvÞg s:t: v ¼ /:

Using the penalty technique, we obtain the unconstraint problem

min
/;H;v
fHð/;HÞ þ kTVðvÞ þ gjj/� v jj1g;

where g > 0 is a penalty parameter and jj � jj1 is the L1 norm. Indeed,
one natural choice of the norm in the penalty term is the quadratic
penalty jj/� v jj22. However, when we minimize the functional with
respect to /, such choice will still destroy the close-form solution.
Even though the L1 norm is non-differentiable at 0 so minimizing
it directly would not be easy, the dual representation of Lp norm
(see e.g. [35]) can help us to overcome the problem.
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Lemma 4.2. (Dual representation of Lp norm). Let u : RK # R

is a convex function, C � RK is a convex set and u� is the
Fenchel transform of u, i.e., u�ðyÞ ¼ sup

x2C
fhx; yi �uðxÞg, then uðxÞ ¼

sup
y2C�
fhx; yi �u�ðyÞg, where C� is the conjugate set defined by C� ¼

fy 2 RK j sup
x2C
fhx; yi �uðxÞg <1g. Specially, if uðxÞ ¼ jjxjjp, then

jjxjjp ¼ sup
y2C�
hx; yi, in which C� ¼ fy 2 RK jjjyjjq 6 1; 1

pþ 1
q ¼ 1g. Here

p ¼ 1 or 2 and q ¼ 1 if p ¼ 1.
By applying Lemma 4.2, we get

min
/;H;v
fHð/;HÞ þ kTVðvÞ þ g

Z
X
jj/ðxÞ � vðxÞjjpdxg

¼min
/;H;v
fHð/;HÞ þ kTVðvÞ þ g

Z
X

sup
jjdðxÞjjq61

h/ðxÞ � vðxÞ;dðxÞidxg

¼min
/;H;v

sup
jjdjj161

fHð/;HÞ þ kTVðvÞ þ g
Z

X
h/ðxÞ � vðxÞ;dðxÞidxg;

where jjdjj1 , max
x
fjjdðxÞjjqg.

Let us denote

Eð/;H;v;dÞ ¼ Hð/;HÞ þ kTVðvÞ þ g
Z

X
h/ðxÞ � vðxÞ;dðxÞidx:

Then the primal problem is to find a saddle point of E with all con-
straint conditions /; v 2 Dþ, and jjdjj1 6 1, which can be easily
solved by applying the following alternating method.

/ðtþ1Þ ¼ arg min
/2Dþ

Eð/;HðtÞ;v ðtÞ;dðtÞÞ; ð13Þ

Hðtþ1Þ ¼ arg min
H

Eð/ðtþ1Þ;H;v ðtÞ;dðtÞÞ; ð14Þ

v ðtþ1Þ ¼ arg min
v2Dþ

Eð/ðtþ1Þ;Hðtþ1Þ;v;dðtÞÞ; ð15Þ

dðtþ1Þ ¼ arg min
jjdjj161

Eð/ðtþ1Þ;Hðtþ1Þ;v ðtþ1Þ;dÞ: ð16Þ

The subproblems (13)–(16) can be efficiently implemented by
some existing algorithms: the solutions of subproblems (13) and
(14) are the same as the EM iteration (11) except for

/ðtþ1Þ
k ðxÞ ¼ aðtÞk pkðf ðxÞ; l

ðtÞ
k ;R

ðtÞ
k Þ expf�gdðtÞk ðxÞgPK

l¼1a
ðtÞ
l plðf ðxÞ;l

ðtÞ
l ;R

ðtÞ
l Þ expf�gdðtÞl ðxÞg

: ð17Þ
Fig. 1. (a) The image of u, (b) the image of PðuÞ, (c) TVL1 minimization of u, and (d)
TVL1 minimization of PðuÞ. The TVL1 regularization is invariant under a permutation
of labeling except in a small set of pixels.
As to subproblem (15), it is very similar to the TVL1 model except
that the L1 norm is now replaced by a linear data term together with
a constraint v 2 Dþ. Such constraint condition is very important
since the minimizer of subproblem (15) would be infinity if we re-
move the condition 0 < vkðxÞ < 1. In practice, we relax
0 < vkðxÞ < 1 to 0 6 vkðxÞ 6 1 in order to obtain a close-formed
scheme. Note that if K ¼ 2, Eq. (15) becomes a two-phase partition
and it would be reduced to the global convex segmentation as in [9].
In recent years, many fast and efficient algorithms have developed
for TV regularization, such as split Bregman method [24,23], opera-
tor splitting [50], augmented Lagrangian method [52], etc. In this
part of the paper, we use the split Bregman method to solve for
v ðtþ1Þ. Let us emphasize that the constraint v 2 Dþ can be kept by
the Lagrangian multiplier method in the split Bregman iteration
scheme. Concerning the last subproblem, since E is just a linear
functional with respect to d, we can obtain a closed-form expres-
sion for solving dðtþ1Þ. By using Holder’s inequality, we haveZ

X
h/ðtþ1ÞðxÞ � v ðtþ1ÞðxÞ;dðxÞidx 6

Z
X
jj/ðtþ1ÞðxÞ

� v ðtþ1ÞðxÞjjpjjdðxÞjjqdx

6 jjdjj1
Z

X
jj/ðtþ1ÞðxÞ � v ðtþ1ÞðxÞjjpdx

6

Z
X
jj/ðtþ1ÞðxÞ � v ðtþ1ÞðxÞjjpdx:

Therefore, we conclude that

dtþ1
k ðxÞ ¼

/ðtþ1Þ
k

ðxÞ�v ðtþ1Þ
k

ðxÞ
N ; N – 0;

dtþ1
k ðxÞ ¼ 0; N ¼ 0

8<
: ð18Þ

is a maximizer of subproblem (16). Here N ¼ j/ðtþ1Þ
k ðxÞ � v ðtþ1Þ

k ðxÞj
for p ¼ 1 and N ¼ jj/ðtþ1ÞðxÞ � v ðtþ1ÞðxÞjj2 when p ¼ 2.

To end this section, we summarize our algorithm as follows:

Algorithm 4.1. EM–TV algorithm for segmentation

Choose an initial H0, set d0 ¼ 0, for t ¼ 1;2; . . .. Repeat the

following steps until jjv
ðtþ1Þ�v ðtÞjj2
jjv ðtÞ jj2

< 10�3.

1. E-step: find /ðtþ1Þ using Eq. (17).
2. M-step: update parameter Hðtþ1Þ according to the last

three equations in (11).
3. TV-step: find v ðtþ1Þ in (15) using split Bregman iteration.
4. Dual-step: calculate the dual variable dðtþ1Þ by Eq. (18).

5. A splitting algorithm for segmentation

As described in Section 2, since the GMM model is based solely
on the distribution of the measurements, the classification u from
the typical GMM does not utilize any local geometric information
and hence the function u might contain many unwanted fine fea-
tures. Applying the algorithm we proposed in the previous section,
this labeling process is regularized geometrically by imposing the
TV term for the function / such that labelðf ðxiÞÞ ¼ fk : /kðxiÞ ¼ 1g.
In other words, we can introduce u : X! f1; . . . ;Kg such that
u ¼

PK
k¼1k � 1Dk

where Dk ¼ fxi 2 X : labelðf ðxiÞÞ ¼ kg. Note how-
ever that the function value of u itself has no other meaning than
providing a labeling for each pixel. For instance, we might intro-
duce a permutation P : f1; . . . ;Kg ! f1; . . . ;Kg and write
u0 ¼ PðuÞ ¼

PK
k¼1PðkÞ � 1Dk

. For a given pixel xi 2 X, uðxiÞ – u0ðxiÞ in
general. However, any two pixels xi and xj with uðxiÞ ¼ uðxjÞ implies
u0ðxiÞ ¼ u0ðxjÞ.

Unlike regularizing the measurement vectors in Rd where dif-
ferent components may have different scales, this generalization



Fig. 2. (a) The clean image, (b) the noisy image (additive Gaussian noise: r ¼ 77),
(c) the segmentation using Algorithm 4.1, (d) the segmentation using Algorithm 5.1.
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of TV from a scale function to a vector / is natural since each com-
ponent of this RK vector is a (smoothed) characteristic function
and, therefore, these channels are of the same scale.

In this part, we propose to simplify the above unified function
by decoupling the GMM and the TV regularization. We first inter-
pret the minimizer from the function Hð/;HÞ in Eq. (12) as a pre-
liminary segmentation of the image. For the geometry constraint,
we propose not to impose the regularity penalty on / (using
TVð/ÞÞ which is a vector in RK , but directly on the scalar labeling
function uðxiÞ ¼ labelðf ðxiÞÞ ¼ fk : /kðxiÞ ¼ 1g. Since u corresponds
to the preliminary classification, this labeling function is simply a
scalar function independent of the dimension of the measurement
d or the number of classifications K. A similar two-phase approach
has been proposed recently in [31] which combines the global sta-
tistics from the GMM with neighborhood coherence or local geo-
metric information such as local probability distribution,
orientation and anisotropy. However, such algorithm requires
computations directly on all measurements and, therefore, the
complexity of the resulting algorithm depends on the dimension
of the vector-valued image. This could cause computational diffi-
culties when dealing with vector-valued images in extremely high
dimensions. There are many well-developed fast algorithms that
can be utilized to speed up the TV regularization process for a sca-
lar function, and this simplification gives a computationally more
efficient algorithm. In particular, because of these realtime algo-
rithms for TVL1 algorithms, we can easily regularize the classifica-
tion from the EM for a wide range of ks and the user can then pick a
suitable solution for any particular application.

Mathematically, we solve the following minimization problem:
infv2BVðXÞE1ðv;u; kÞ. By Theorem 3.1, we already see that there ex-
ists a minimizer ~u which is of the same form as u, ~u ¼

PK
k¼1k � 1D0k

where D01; . . . ;D0K are bounded and disjoint domains in X. Therefore,
~u represents the required image segmentation of the vector-valued
image u. Moreover, it can be shown that D0k is generally smoother
than Dk. For example, the following result stems from Remark 1.5.2
in [1]:

Theorem 5.1. Suppose u ¼
PK

k¼1k � 1Dk
2 BVðXÞ and ~u ¼

PK
k¼1k � 1D0k

is a minimizer of E1ð�;u; kÞ. Then for any positive real number y, the
boundary of U ¼ f~u > yg coincides with the reduced boundary @�U of
U in the sense that H1ð@U n @�UÞ ¼ 0, and the latter is a C1;1 curve.
Applying this theorem, it can be deduced that if D1; . . . ;DK are
sets of finite perimeter, each D0k has a C1;1 boundary outside a set
of singular points which has 1-dimensional Hausdorff measure
zero. Moreover, it is known that by decreasing the value of the
parameter k, tiny objects in the preliminary segmentation of the
image will be destroyed progressively [21,61]. Unwanted details
of Dk can be eliminated by choosing a suitable value of k. Therefore,
the choice of k depends on how much fine scale details one wants
to preserve in the segmentation. In practice, such parameter would
depend on the type and the variance of noise in the image, and
therefore it will be chosen for different applications in a case-by-
case manner. These are desirable properties for a good image
segmentation.

Here we consider the following question: is TVL1 minimization
of u invariant under a permutation of the labeling of the pixels?
That is to say, given any permutation P : f1; . . . ;Kg ! f1; . . . ;Kg,
if ~u ¼

PK
k¼1k � 1D0k

is a minimizer of E1ð�;u; kÞ, is Pð~uÞ a minimizer
of E1ð�; PðuÞ; kÞ? This is true for almost all x 2 X except for a small
set of pixels depending on the regularization parameter k. We con-
sider the following simple example as shown in Fig. 1: Let
u ¼ 3 � 1XnðD2[D3Þ þ 2 � 1D2 þ 1D3 , where D2 and D3 are rectangles that
share a common side and P be the transposition of 1 and 2. Then
we can see from the figures that the discrepancy between Pð~uÞ
and a minimizer of E1ð�; PðuÞ; kÞ occurs only near the common cor-
ners of two rectangles. More precisely, Pð~uÞ and the minimizer of
E1ð�; PðuÞ; kÞ are equal on the set of all pixels x such that the open
ball Bðx; rÞ (centered at x with radius r) contains pixels from at
most two classes for some r > 4=k (see [21]). Segmentation result
in this particular example might be improved by replacing the
TV norm by the anisotropic TV

R
juxj þ juyjdX. However such norm

is not rotational invariant and similar problem will occur for a T-
junction making a non-zero angle with the x- or y-axis.

This splitting algorithm is different from the unified algorithm
in various ways. The first is that the energy TVð/Þ in general has
a different value than TVðuÞ where uðxiÞ ¼ fk : /kðxiÞ ¼ 1g. In par-
ticular, k/ðxiÞ � /ðxjÞk2 ¼

ffiffiffi
2
p

if two adjacent pixels xi and xj are
in different classes, while the quantity juðxiÞ � uðxjÞj would depend
on the initial labels. If each /k is a characteristic function of Dk for
any partition X ¼

SK
k¼1Dk, then L1-norm TVð/Þ ¼

R
X

PK
k¼1j

r/kjdx ¼
PK

k¼1lengthð@DkÞ, which is two times of the length of
the clusters boundaries. But TVðuÞ do not have this property in gen-
eral case. Another major influence of the approximation is that the
global statistics will not be updated according to the local geome-
try anymore in this algorithm. Unlike the unified algorithm where
we minimize both information through one single functional, the
decoupling in the reduced algorithm does not allow the geometry
to improve the statistical estimates from the GMM. One interesting
improvement of this simplified approach is to feedback the local
geometry information to the EM classification by following a sim-
ilar idea as in [31] to iterate between the GMM-EM and the TVL1

regularization.
Here we end the section by summarizing the algorithm.

Algorithm 5.1.A simplified EM–TV algorithm for
segmentation

Choose an initial að0Þk ;lð0Þk ;Rð0Þk .
1. EM-Phase: Iterate (2–3) until convergence.
2. TV-Phase: Let u ¼ labelðf Þ according to (4). The regularized

classification is given by
~u ¼ arg min
v

Z
jrv j dxþ kju� v j dx

� �
:



Fig. 3. (a) Original images. (b) Segmentation results by GMM-EM. (c) Segmentation results by Algorithm 4.1. (d) Segmentation results by Algorithm 5.1. In these examples, we
choose K ¼ 2; 4 and 5, respectively.

Fig. 4. (a) The clean image, (b) the noisy image (additive Gaussian noise: r ¼ 70), (c) the ground truth segmentation, (d) the segmentation results with the proposed method
(K = 4, Algorithm 4.1).
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6. Numerical experiment

The first example is a synthetic color 128-by-128 pixels image
consisting of three geometric objects. Gaussian noise of standard
deviation r ¼ 77 is added to each of the channels, as shown in
Fig. 2(b). In this example, we will demonstrate that our algorithm
can eliminate any unnecessary classification class even if we have
over-estimated the number of classes K in the EM classification.
We use our algorithm to segment the image into four classes
(i.e., K ¼ 4Þ. Since the segmentation is based on the similarity in



Table 1
Segmentation accuracy index (SAI) of different algorithms under different levels of
noise with standard deviation r. We bold the best SAI number for each testcase.

Noise levels SAI

r EM Algorithm 4.1 Algorithm 5.1

50 0.9887 0.9996 0.9989
70 0.8703 0.9967 0.9959

100 0.7330 0.9872 0.9935
150 0.5505 0.9602 0.9606
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pixel color, the correct number of segments is actually 3 which im-
plies that K ¼ 4 over-estimates the required groups for segmenta-
tion. Both the unified functional in Algorithm 4.1 and the reduced
approach in Algorithm 5.1 can both eliminate this extra unwanted
class in the final classification, as shown in Fig. 2(c) and (d). Fig. 3
shows several more color image examples where d ¼ 3. As we can
see from these solutions, the unified algorithm and the simplified
algorithm do generate different segmentation results. However,
both are qualitatively acceptable results.
Fig. 5. (a) The clean image, (b) the noisy image (additive Gaussian noise: r ¼ 51), (c
segmentation using Algorithm 5.1.
The second example is to evaluate the segmentation accuracy of
the two proposed algorithms. We consider a synthetic image
(Fig. 4(a)) corrupted by the Gaussian noise with different standard
deviation ðrÞ. To evaluate the performances of different segmenta-
tion algorithms, we partition these images using various algo-
rithms and then calculate the following segmentation accuracy
index (SAI)

SAI ¼ Na

Nt
;

where Na is the number of the correctly classified pixels, and Nt

stands for the total number of the image. In these experiments,
the ground truth segmentation image is given by Fig. 4(c). Since
the segmentation results depend on the choice of regularization
parameters, thus for each implementation in these experiments,
we test on a wide range of parameters values for each algorithm
and report only the highest SAI values in Table 1. As can be seen
from this table, the segmentation accuracy using the TV regulariza-
tion is significantly better than that from the simple EM algorithm.
) the segmentation using Algorithm 4.1, (d) the classification by EM, and (e) the
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Compared to the scalar valued function TVðvÞ in Algorithm 5.1,
TV ð/Þ in Algorithm 4.1 is a vector-valued TV norm and thus it will
be more computational expensive to minimize it. In this experi-
ment, to partition the 128	 128 size image into four classes, the
average CPU times for Algorithms 4.1 and 5.1 are approximately
0.9 s and 0.7 s, respectively.

The third example is a noisy grayscale texture image of 250-by-
250 pixels formed by patching images of three different textures,
as shown in Fig. 5(a) and (b). To segment the image according to
the texture rather than the intensity level, we first extract the tex-
ture features of the image using the Gabor filters. A 2D Gabor filter
is a linear filter whose kernel G is a Gaussian function modulated
by a sinusoidal plane wave:

Gðx; yÞ ¼ e
�x02þc2y02

2r2

� �
cos 2p x0

n
þ w

� �
ð19Þ

where ðx0; y0Þ is the clockwise rotation of ðx; yÞ about ð0;0Þ by angle
h, r2 is the variance of the Gaussian function, n is the wavelength of
Fig. 6. (a) The clean 4-dimensional image, (b) the noisy image (additive Gaussian noise
classification by Algorithm 4.1, (d) the classification by GMM-EM, and (e) the segmenta
legend, the reader is referred to the web version of this article.)
the sinusoidal function, w is the phase of the sinusoidal function,
and c is the spatial aspect ratio which specifies the ellipticity of
the support of the Gabor function. Let f ¼ ðf 1; . . . ; f dÞ. Then for any
chosen parameter vector a ¼ ðn; h; c;r;wÞ, we have
f i
a ¼ f i � G for i ¼ 1; . . . ;d. Suppose there are m parameter vectors

a1; . . . ; am. Then we define w : X! Rmd by

w ¼ ðf 1
a1
; . . . ; f 1

am
; . . . ; f d

a1
; . . . ; f d

am
Þ:

Therefore, w is a high-dimensional vector-valued image that we
will use as the input to our algorithms. Indeed different bank of Ga-
bor filters might lead to different results, we will not concentrate on
this issue but will refer interested readers to, for example
[26,20,45]. In this example, we choose the parameters
h ¼ 0�; 30�; 60�; 90�; 120�; 150�; n ¼ 4; 5; 6; c ¼ r ¼ 1. This im-
plies that we construct an associated vector-valued image
f : X! Rd with d ¼ 18. We set K ¼ 4 in the first phase of our algo-
rithm and k ¼ 0:5 in the second phase of the algorithm. Since the
image is formed by combining only three different texture patches,
: r ¼ 77 and 3p=20 for color channels and the fourth channel, respectively), (c) the
tion using Algorithm 5.1. (For interpretation of the references to color in this figure
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K ¼ 4 over-estimates the required groups for segmentation. Results
from Algorithm 4.1, the usual EM algorithm and also Algorithm 5.1
are shown in Fig. 5(c)–(e), respectively. Pixels corresponding to the
same class are plotted in the same intensity color. The image is clas-
sified into three classes according to their texture patterns after the
TV-L1 regularization and the remaining class contains no pixel.

The last segmentation example is a noisy synthetic four-dimen-
sional image of 128-by-128 pixels f : X! R4 such that
f ¼ ðf1; f2; f3; f4Þ where f1; f 2 and f3 are the color channels with
intensity level between 0 and 255, and f4 is the angle of the asso-
ciated unit vector field such that 0 6 f4 6 2p. Gaussian noise with
the standard deviation of r ¼ 76:5 is added to each of those color
channels and that with the standard deviation of 3p=20 to the
fourth channel. Notice that the noise added to all four channels
are of the same scaling. In this example, we show the image by
plotting each pixel in color (which takes care of the first three
channels) and on each pixel we draw also the unit vector given
by ðcos f4; sin f4Þ. To better visualize the data, we sub-sample both
the clean and noise images so that only 50-by-50 pixels are shown
in Fig. 6(a) and (b), respectively. The solution from Algorithm 4.1 is
shown in 6(c). The classification from the EM algorithm, with
K ¼ 16, is shown in Fig. 6(d). Similar to previous results, since
the usual EM algorithm does not have local information in the clas-
sification, there are isolated pixels in the segmentation result. The
output from the second step of Algorithm 5.1 is shown in Fig. 6(e).
Our algorithms classifies the image decently into seven main clas-
ses while all other classes are empty.

7. Conclusion

In this paper, we propose two efficient segmentation algorithms
for both gray and vector-valued images using the EM algorithm to-
gether with the TVL1 regularization. Experiments show that the
combination of the EM algorithm and the TV regularization gives
a good segmentation of a variety of vector-valued images. Unlike
straight-forward implementation to regularize the measurements
in Rd, we propose in Algorithm 4.1 to impose a TV term on a vec-
tor-valued function of length K which acts as a convex relaxation of
the characteristic function decomposition. Experimental results
have shown that multi-clusters with statistical information and
geometrical constraint in segmentation phases can be easily han-
dled. To further lower the dimension of the quantity to be regular-
ized, we propose in Algorithm 5.1 to directly impose the TV
constraint on the labeling function. These approaches can be natu-
rally extended to other image processing tasks such as denoising.
For example, following the proposed framework, the nonlocal
denoising method [11] also can be regarded as an expectation–
maximization process and from this view of point, we can derive
some new models with better statistical information for a variety
of noise. This will be the subject of a forthcoming paper.
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