Advanced Topics in Derivative Pricing Models

Topic 3 - Derivatives with averaging style payoffs

3.1 Pricing models of Asian options
e Partial differential approach for continuous models

e Closed form pricing formulas for discretely monitored models

3.2 Put-call parity relations and fixed-floating symmetry relations

3.3 Guaranteed minimum withdrawal benefits



3.1 Pricing models of Asian options

e Asian options are averaging options whose terminal payoff de-
pends on some form of averaging of the price of the underlying
asset over a part or the whole of option’s life. Many equity-linked
variable annuities products have terminal payoff structures that
are dependent on some averaging form of the corresponding
underlying asset price process.

e T here are frequent situations where traders may be interested
to hedge against the average price of a commodity over a period
rather than, say, end-of-period price.

e Averaging options are particularly useful for business involved in
trading on thinly-traded commodities. The use of such financial
instruments may avoid the price manipulation near the end of
the period.



The most common averaging procedures are the discrete arithmetic
averaging defined by

1 n
AT:— Z Stz.
=1

and the discrete geometric averaging defined by

n 1/n
GT — H Sti
i=1
Here, S;, is the asset price at discrete time ¢;,: =1,2,--- ,n.

In the limit n — oo, the discrete sampled averages become the
continuous sampled averages. The continuous arithmetic average
IS given by

A 1 TSd
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while the continuous geometric average is defined to be
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Partial differential approach for continuous models

It is necessary to find the change of the path dependent variable

dA dG
with respect to time. It turns out pr (or E) IS non-stochastic and

it is dependent on S, ¢t and A (or G).

t
Fir example, consider I; =/ In .S, du, we have
0

t+ At
dl = lim INS du= lim InS(u*) dt =1InS dt, t <u* < t+At.
At—0 Jt At—0



1 ot
(i) Arithmetic averaging, A; = ?/0 Su du, then

dA 1

1 ot
(ii) Geometric averaging, Gy = exp (;/o In .Sy, du), then

£(S, G, 1) =£:G(

dt

InS—InG)
. :

Partial differential equation formulation

Consider a portfolio which contains one unit of the Asian option
and —A units of the underlying asset. We then choose A such
that the stochastic components associated with the option and the
underlying asset cancel off each other.



Assume the asset price dynamics to be given by

dS = [uS — D(S,t)] dt + oS dZ,

where Z is the standard Wiener process, D(S,t) is the dividend yield
on the asset, u and o are the expected rate of return and volatility
of the asset price, respectively. Let V (S, A,t) denote the value of
the Asian option and let Il denote the value of the above portfolio.
The portfolio value is given by

NM=V(S,A,t)—
and its differential is found to be

2
dn = %—th+f(SAt)—dt+a—Vds+ SQgS

Py
° f(S,A,t)@—A dt is the extra deterministic term added due to the
new path dependent state variable A.

dt—A dS—AD(S,t) dt.

e The A units of stock lead to dividend amount AD(S,t) dt col-
lected over dt.



oV
As usual, we choose A = 35 so that the stochastic terms containing
dS cancel. The absence of arbitrage dictates

dlil = rll dt,

where r is the riskless interest rate. Putting the results together,
we obtain

av 2(‘92\/ oV
+ 5 8S2+[7~S D(S, t)]—+f(S )——rV—O

The equation is a degenerate diffusion equation since it contains
diffusion term corresponding to S only but not for A. The auxiliary
conditions in the pricing model depend on the specific details of the
Asian option contract.



Continuously monitored geometric averaging options

e \We take time zero to be the time of initiation of the averaging
period, t is the current time and 1' denotes the expiration time.

e \We define the continuously monitored geometric averaging of
the asset price S, over the time period [0, ¢] by

1 ot
G+ = exp (—/ In Sudu) .
t JO

The terminal payoff of the fixed strike call option and floating
strike call option are, respectively, given by

Cfix(STa GT7 T, X) maX(GT — X, O)
Cff(STa GT7 T) — maX(ST - GT) O)a

where X is the fixed strike price.



Pricing formula of continuously monitored fixed strike geo-
metric averaging call option

We assume the existence of a risk neutral pricing measure Q under
which discounted asset prices are martingales, implying the absence
of arbitrage. Under the measure ), the asset price follows

dS

= (r—q)dt + o dZ,

St
where Z; is a Q-Brownian motion. For O < t < T, the solution of
the above stochastic differential equation is given by

o2

InSu:InSt—F(r—q—?) (u—1t)+o0(Zy — Zt), u>t.

Recall that
T
TInGT—tInGt:/ In Sy, du.
t



By integrating In S, over [t,T], we obtain

02> (T — t}2]

t 1
InG+ = —IndG — | (T"—¢t)InS —q —
nGr il t+T[( ) t+("“ 7> 5

o (T
_I_f/t (Zu — Zt) du.

T
The stochastic term %/ (Zy — Zt)du can be shown to be Gaus-
t

. . . o2 (T —t)3
sian with zero mean and variance T3

valuation principle, the value of the European fixed strike Asian call
option is given by

By the risk neutral

criw(St, Gp, 1) = e "I B[max(Gr — X, 0)],

where E is the expectation under ) conditional on S; = S, Gy = G.
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For pricing the fixed strike geometric averaging call option, it suffices
to specify the distribution of Gr.

We assume the current time t to be within the averaging period.
By defining

2 2 3

T —t T —1t

o= r—q—a ( ) and E———a\/( ),
2 2T T 3

G can be written as
Gr =G/ ST DT exp(u+52),

where Z is the standard normal random variable.
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For convenience, we set
I = Gt/TS(T_t)/T.
Recall

E[max(Fexp(n+72) — X, 0]
= F6E+62/2N (ln)F(—I_M—I_O-Q) —XN (ln)F(—I_’LL) Y

o o
we then deduce that
cpia(8,G,8) = & T [GUTSTD/TIH+ 12N (dy) — XN ()|

where

t T —t
d> = (=InG INS+ 1 —InX o,
2 (Tn + T + I )/U
di = di+o0o.

12



European floating strike Asian call option (Geometric averag-
ing)

Since the terminal payoff of the floating strike Asian call option
involves St and G, pricing by the risk neutral expectation approach
would require the joint distribution of S and Gp. For floating strike
Asian options, the partial differential equation method provides the
more effective approach to derive the price formula for Cfg(S, G,t).
This is because the similarity reduction technique can be applied to
reduce the dimension of the differential equation.

When continuously monitored geometric averaging is adopted, the
governing equation for Cfg(s, G,t) can be expressed as
aCfe 2 28 Cf

ot + 2 dS2

8cfg+g| S@Cf
oS t GOG
0<t<T,

+ (r—q)S —rcpp =0,

with terminal payoff: cg,(S,G,T) = max(Sy — Gr,0).

13



We define the similarity variables:

Cfg(S, G,t)

5 :
This is equivalent to choose S as the numeraire. The governing
equation for c,(S, G, t) becomes

G
y=tln§ and W(y,t) =

oW +02t282W o2 taw
ot 2 Oy? 2 oy

with terminal condition: W (y,T) = max(1 — e¥/T,0).

—(r—q—l— —qgW =0, 0<t<T,

We write 7 = T —t and let F'(y, 7;n) denote the fundamental solution
to the following parabolic equation with time dependent coefficients

OF  o2(T — 7)28°%F o2 OF
— = —|r— (T - 7)— 0
T > Oy r—q-+ > ( T) oy’ T > U,

with initial condition at 7 = 0 (corresponding to ¢t = T') given as

F(y,0;,n) =46(y —n).

14



Though the differential equation has time dependent coefficients,
the fundamental solution is readily found to be

y—n—(r—q—l—%Q)fg(T—u)du
o\ JE(T — u)? du

The solution to W(y, 1) is then given by

F(y,7;m) =n

[©,@)
Wy, 7) = e_qT/ max(1 — T 0)F(y, ;n) dn.
— 0O

e For unrestricted Brownian motions, even with time dependent
drift and volatility, the transition density function can be found
readily. This is in contrast with a restricted Brownian motion

with barrier (absorbing or reflecting).
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The direct integration of the above integral gives

cro(S, G, t) = Se_Q(T_t)N(Jl) — Gt/TS(T_t)/Te_Q(T_t)e_@N(JQ),

where
2 2 42
- tln%+(r—q—|—‘72)T2t ~ ~ o T3—t3
dy = , do=d] — —\|——=,
T3 _43 T 3

o 3

2
@ _ 7“—61-|-07T2—t2 o2T3 — ¢3

2 T 6 T2
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Continuously monitored arithmetic averaging options

We consider a European fixed strike European Asian call based on
continuously monitored arithmetic averaging. The terminal payoff
is defined by

sz'a:(STa AT, T X) = MmMaX (AT — X, O) .

To motivate the choice of variable transformation, we consider the
following expectation representation of the price of the Asian call
at time ¢

cfi:C(St7 At7 t)

e " T E [max (Ap — X, 0)]
= Tt L s, d X 4 L, du. 0
— € Max —/ uau — ?/t u au,

S T S,
— ?t e (T p [max <xt+/ Y du, o)],

where the state variable x; is defined by

1 t
It — —(It — XT), It — / Su du = tAt.
St 0
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Recall that % — (r—a—% )(“ t)+oZu—t . SO the expectation of/ — dt

depends on the drift and volatility parameters, with no dependence
on the state variables S; and I;.

In subsequent exposition, it is more convenient to use I; instead of
A as the averaging state variable. Since S, /St u > t, is independent
of the history of the asset price up to time ¢, one argues that the
conditional expectation is a function of z; only. We then deduce
that

Criz(St; It, t) = Sef (0, 1)

for some function of f. In other words, f(x¢ t) is given by

—r(T—t) T
f(a:t,t)ze n E[max (a:t—l—/ &du O)]

18



If we write the price function of the fixed strike call as c;,, (S, I,1),
then the governing equation for cfm(S, I,t) is given by

8sz'a: n g_2S2 82(3fz'x

dc fza: dc Cfix
TR T B P TR

—rCfip = 0.

Suppose we define the following transformation of variables:

1 (S, 1,
=_(I—XT) and f(z,t)= cfia ),
S S
then the governing differential equation for f(x,t) becomes
o 2 50°
f—|—2 f—l—[l—(r—q)a:]——qf—O —oo < x < 00,t > 0.

Note that I — X1 can be positive or negative, so x can assume values
from —oo to oo.

19



The terminal condition is given by

Fa,T) = %max(x, 0).

T he difficulty in finding closed form solution stems from the occur-

0
rence of the linear function 1 — (r — ¢)z in the coefficient of 8—f
I

1 st
When z; > 0, which corresponds to ?/OSU du > X, it is possible to

find closed form analytic solution to f(x,t). Since z; is an increasing
function of ¢ so that zp > 0, the terminal condition f(xz,T) reduces
to x/T. In this case, f(x,t) admits solution of the affine form

f(x,t) = a(t)x + b(t).

20



By substituting the assumed form of solution into the governing
equation, we obtain the following pair of governing equations for

a(t) and b(t):

da(t) . _ 1
dbdt —ra(t) = 0, a(T) = -
—d(tﬂ —a(t) — gb(t) = 0, b(T) =0
When r # q,a(t) and b(¢) are found to be
e~ (T—t) e—a(T—t) _ o—r(T-1)
a(t) = T and b(t) = Tr—q)

Hence, the option value for I > XT is given by
e—4(T—t) _ o—r(T—t)

T(r—q)

I

crig(S, 1,1) = (f — X) e T (T=1) 4 S.

21



Since the option payoff reduces to a forward payoff, it is not surpris-
ing that o does not appear. The gamma is easily seen to be zero
while the delta is a function of ¢t and T'— ¢ but not S or A.

1
e [ he first term corresponds to the sure payout T — x to be paid

I
at maturity, so its present value is <f — :c)e_"’“(T_t). The second
term corresponds to the number of units of shares n; used to

T
replicate the payoff/ Sy du. We write
t

e—4(T—t) _ o—r(T—t)

ny — b(t) — 3
T(r—q)
dny e—T(T—t)
we observe —— — = a(t) =
il a(t) n

e For I < XT', there is no closed form analytic solution.

22



Replication of Asian forwards

Under a risk neutral measure Q, the dynamics of stock price S; is
governed by
d Sy

— = (r—gq) dt + o dZ;.
St

Let X; denote the value of the trading portfolio, consisting of the
riskfree asset and n; units of the risky stock. The trading account
value evolves based on the following self-financing strategy:

dX; = ny dSt + ’I“\(Xt —VntStzdt + nyqSy dt
riskfree asset dividend amount
= rX¢ dt +ni(dSy — rSy dt + ¢Sy dt).

Recall: d(e™"X,) = e "(dX; — rXidt).

23



The portfolio is started with 100% stock. We swap between stock
and riskfree asset so that we keep n: units of stock consistently.
At maturity 7', the terminal portfolio value X+ replicates the Asian

1 T
forward f/o Sy dt. Given Xg = ngSp, multiplying both sides of the

stochastic differential equation by e~ and integrating from 0 to T,
we obtain

e_TTXT —ngSp = /OT e "y (dSy — rSy dt + qS; dt)
so that
Xp = eTTnOSO + /OT eT(T_t)nt(dSt — 7Sy dt + ¢St dt).
By virtue of the identity:

d er(T_t)ntSt} = eT(T_t)nt dS; — reT(T_t)ntSt dt + er(T_t)St dny

24



we obtain

T T
npSt — e T ngSo = /O eT(T_t)nt(dSt — 7St dt) —I—/O er(T_t)St dny.

By setting np = 0 and combining other results, we have

T
X = T . _rT / r(T—t) o .
T=c€ nOSO—I—nZg;iT e n?(SO—I_ - e St(neq dt —ny dt)
0

1 T
Suppose we aim to replicate f/o St dt by the time-T portfolio value
X7, then n; should observe

dny 6—T(T—t)
ant o — (T = 0.
a1 T n(T)

The solution of the differential equation gives
e—(T—t) _ o—r(T—t)

(r—q)T

nt —

25



By following the self-financing strategy where we start with ng units
of stock and no riskfree asset, keeping n; units of stock at time ¢,
and zero unit (np = 0) of stock at maturity T', the terminal value of

1 T
the portfolio (money market accounts only) becomes f/o Sy du.
This is precisely the payoff of an Asian forward.

T herefore, we can replicate the arithmetic average of the stock price
by a self-financing trading strategy on stock.

26



Dimension reduction in partial differential equation formula-
tion

We would like to derive the partial differential equation formula-
tion of a floating strike arithmetic averaging option, whose terminal

(= + - 1 T
payoff is (ST — KST) , where S = f/o Sy dt.

We adopt the share measure and define

Xt
Y; = :
edt S,

that is, the share price is used as the numeraire.

According to Ito’s lemma, one can show that
dY; = — <Yt — €_qtnt) odZy,

where Zy = Z; — ot IS a Brownian motion under the share measure

Qs-

27



Define
V(S0,0; K) = e "M Eq |(Xr — KSp) 1| = SoEq, |(Yr — K)T| = Sou(Yp,0).
The governing equation of u(y,t) is seen to be

ou o2 2 52
el z ___—qt R
5t + > (y € nt) 8y2 — 07

with terminal condition: u(y,T) = (y — K)"‘.

e [ hereis no convective term in the pde. It is very straightforward
to solve the pde numerically using finite difference methods.

e Similar result can be deemed for discretely monitored fixed strike
Asian options.

28



Closed form pricing formulas for discretely monitored models
Fixed strike options with discrete geometric averaging

Consider the discrete geometric averaging of the asset prices at
evenly distributed discrete times t;, = 1At,: = 1,2,--- ,n, where At
IS the uniform time interval between fixings and t, = 1’ is the time
of expiration. Define the running geometric averaging by
1/k

, k=12 --- n.

The terminal payoff of a European average value call option with
discrete geometric averaging is given by max(G, — X,0), where X
IS the strike price.

29



Suppose the asset price follows the Geometric Brownian process,

St.
then the asset price ratio R; = ti 2= 1,2,--- ,n is lognormally

ti—1

distributed.
Assume that under the risk neutral measure @
52
INR; ~ N <<r—3> At,aQAt>  i=1.2,---.n,

where r is the riskless interest rate and N(u, o2) represents a normal

distribution with mean p and variance o2.

30



European fixed strike call option

The price formula of the European fixed strike call option depends
on whether the current time t is prior to or after time tg. First, we
consider t < tg and write

1
Gn _ Sig [ S, [S][S] "
St St | Stay 1Sk, Sto |

so that
G S 1
N2 =20 4+ ZInR,+2INR,_ 1+ -+nInRky], t<to.
St St n

S
Since InR;,7=1,2,---n and In% represent independent Brownian

t
increments over non-overlapping time intervals, they are normally
distributed and independent.

31



G

Observe that In?n IS a linear combination of these independent
t

Brownian increments, so it remains to be normally distributed with

mean

1=1
— (r— ";) (to— 1) -I-nz—_;l(T—to)] ,

and variance

1 o +1)2n+1
o2 (tg—1t) —I—EJQAt Z; i2 = o2 [(to —t) + (n g;zn )(T —tg)| .

32



Let - =T —t, where 7 is the time to expiry. Suppose we write

0%7‘ = o2 {7‘— [1 — (n + 12(22714— L)
n

(MG‘%)T <7“—%2> [T—nz_nl(T—to)],

then the transition density function of G,, at time 7', given the asset
price Sy at an earlier time t < tg, can be expressed as

(T — to)}

2 2
1 [ {inGu—[nsi+ (no- %))
Y(Gn; St) = exp | — .
" Gn/ 2710%7‘ 20%;7'

\ /

33



By the risk neutral valuation approach, the price of the European
fixed strike call with discrete geometric averaging is given by

ca(Sg,t) = e‘”EQ[max(Gn — X,0)]
= e "T[51eM'6GTN(d1) — XN(do)], t<to

where

2
d —m%Jr(MGJF%G)T do =d VT
1 — O'G\/? ’ 2 — ] UG T.

2 2
When n = 1,03;7 and </L(;—O-7G>T reduce to ¢2r and (r—%>7,
respectively, so that the call price reduces to that of a European
vanilla call option. We observe that O'é’r IS a decreasing function of
n, which is consistent with the intuition that the more frequent we

take the averaging, the lower volatility is resulted.
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2
2
When n — oo, O‘%T and (,U,G—O-?G>T tend to o2|7 — g(T—to) and

2
metric averaging becomes its continuous analog. In particular, the

price of a European fixed strike call with continuous geometric av-
eraging at t = tg is found to be

o2 T —to ] : ,
r—— (’7‘— 5 ) respectively. Correspondingly, discrete geo-

_1 a? T_ _— —
cq(Stg,to) = Sipe 2(r+ ° >( tO)N(dl) — Xe " T=To) N (dy),
where

2
R T g
di = , do=d| —o 3

;
E
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Next, we consider the in-progress option where the current time ¢

IS within the averaging period, that is, t > tg. Here, t =t + At for

some integer £,0 <k <n—1and 0 <& <1. Now, 5t,5¢, - S¢, 5t
Stig1r Steyo N Sty,

’ ’ )
_ _ St Stk:—l—l _ Stn_1
are independent lognormal random variables. We may write

are known quantities while the price ratios

Gn =[Sy Stk]l/n g(n=k)/n

Stn | Stn_1 g Styt1 nok) M
{Stnl [SthI St }
so that
|n@=1[|an+2|an_1+---+(n—k—1)|an+2+(n—k)|nRt]

St n
where

gt — [St]_ L. Stk]l/’nst(n—k)/n — Gz/nst(n_k)/n and Rt s Stk_|_1/St'
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. Gn 5 _5g

Let the variance and mean of In & be denoted by &7 and | pug — B3 T,
t

respectively. They are found to be

(n—k—1)(n—k)(2n — 2k — 1)]
6n2

. 2
G271 = g2/t [(” B 01— +

n2

and

&2 o2 n — n—k— n —
(ﬁG__G>T:<T—?>At[ B _gy4 k-1 k)].

2 n 2n
The price formula of the in-progress European fixed strike call option
takes the form

cG(St,7) = e "7 |S1eGTN (d1) — XN(dp)|, t>to,
where

= ~2

ln%_l_(le_l_o-TG)T 1 1 \/*

d] =  dy=di — Ge/T
1 5'(;\/77- 2 1 G
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~D
Again, by taking the limit n — oo, the limiting values of 5%,;’16;—%;

and S(t) become

. 9 T —t\2 o2 s 5% o2 T —t
lim 52 = —,  lim g —--SE=(r- ,
n—00 T —ty) 3 —n—oo 2 2 | 2(T —tp)
and
17—-1

N~ T—tg A ~ 1 t

im S, =S °G; where Gy = exp /InSud,u .

n—o0 T_to to

The price of the corresponding continuous geometric averaging call
option can be obtained by substituting these limiting values into the
price formula of the continuous counterpart.
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European fixed strike put option

Using a similar derivation procedure, the price of the corresponding
European fixed strike put option with discrete geometric averaging
can be found to be

e "T[XN(—dp) — Se*!GTN(—dq1)], t<tp

S,T) = T S p d+
pG(S,7) {e—rT [XN(—CZQ) — Se“GTN(—dl)} , 1 2>to,

where d; and d, are given on p.34, and d; and d, are given on
p.37. The put-call parity relation for the European fixed strike
Asian options with discrete geometric averaging can be deduced to
be

e "TSelGT — XeTTT,  t < g

cq(S,7) —pa(S,7) = {erTgeﬁGT — Xe T, t > tp.
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3.2 Put-call parity relations and fixed-floating symmetry re-
lations

Fixed strike arithmetic averaging options

Let cy;, (S, I,t) and py;,.(S, I,t) denote the price function of the fixed
strike arithmetic averaging Asian call option and put option, respec-
tively. Their terminal payoff functions are given by

I
(S, I, T) = max ——X,O)
cfza:( ) (T
1
(S, I, T) =max X ——,0]),
pfzx( , 1, T) ( T )

T
where [ :/o Sudu. Let D(S,I,t) denote the difference of c¢;, and

P fix- Since both Cfix and Pfig Are governed by the same equation
so does D(S,1,t). The terminal condition of D(S,1,t) is given by

I I I
D(S,I,T) = max (——X,O) — max (X——,O> = — — X.
T T T
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The terminal condition D(S,I,T) is the same as that of the contin-
uously monitored arithmetic averaging option with I > X7T'. Hence,
when r #%= q, the put-call parity relation between the prices of fixed
strike Asian options under continuously monitored arithmetic aver-
aging is given by

Cf’iaj(sa Iat) —pfm(S, Iat>

I e_Q(T_t) — e_’r(T—t)
— 4+ —r(T—t)
<T X) ¢ t T(r —q) 5

I
e Note that (? — X) IS the sure amount to be paid at 7.

e \Without optionality in the terminal payoff, we are able to express
the price function as an affine function in the state variable.
Such analytic tractability persists when the coefficient functions
in the governing pde remain to be affine.
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Floating strike geometric averaging options

tinJ+ (T —t)InS
= .

1 rt
Define J; = e?IO'”S“ d“; r=1InS, y=

Let C(S,J,t) and P(S,J,t) be the price function of floating strike
geometric averaging call and put, respectively. Let

W (S, J,t) = C(S,J.t) — P(S, J,t).

Within the domain {0 < S < oo, 0<J <00, O0<t<T}, W(S,J,t)
satisfies

InS — | 2 002
aa_xi/JrJnS NJOW | o2 50 W—F(r—q)S%—‘g/—rW:O,

t oJ 2 052
Wher=(S—=)T-(J=-8)T=5-J

42



Set W(S, J,t) = W(x,y,t), within the domain {(z,y) € R?, 0 < t <
T}, W(x,y,t) satisfies

2 252 T 52
ot 2 T Oy T /) 0x0y

292 2

52 92W o2\ [T —tow oW
oW =0

T D 2)[ + ]r ’

T Oy ox
terminal condition: W|,—p = e* — €Y.

—|—<r—q—

We try solution of the form:

W(z,y,t) = a(t)e” —b(t)e?; a(t) and b(t) to be determined.
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Substituting into the governing differential equation, we obtain

a'(t) — qa(t) =0,

T 2 T

v+ 2 (C) i + ( —q- “2> (S b = ) =0,

with terminal conditions: a(T) =1, b(T) = 1.

The solution of a(t) and b(¢) are given by

a(t) = e~ a(T—t)
2
o2(T—1)3 (T‘q—%>(T—t)2
b(t) = e 612 o=t

Finally, the put-call parity relation is given by

02 N2
£ T—t 02(Tt)3_|_(r_q_7>(T Y

C(S,J,t)—P(S, J,t) = Se 1T _ T8 T ¢ 612

2T

—r(T—t)
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Fixed-floating symmetry relations

By applying a change of measure and identifying the time-reversal
of a Brownian motion, it is possible to establish the symmetry rela-
tions between the prices of floating strike and fixed strike arithmetic
averaging Asian options at the start of the averaging period.

Suppose we write the price functions of various continuously moni-
tored arithmetic averaging option at the start of the averaging pe-
riod (taken to be time zero) as

cro(So, A1y, T) = e_"'"TEQ[max(AST — Ap,0)]
pe(So, A\, 7, ¢, T) = e " Eg[max(Ap — ASt, 0)]
ctiz(X, S0, 7, q,T) = e "I Eg[max(Ar — X, 0)]

priz(X, S0, q,T) = e "™ Eg[max(X — A, 0)].
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Under the risk neutral measure @, the asset price S; follows the
Geometric Brownian motion

d—StZ(r—q) dt + o dZ;.

St
Here, Z; is a Q-Brownian motion. Suppose the asset price is used
as the numeraire, then

Cry e T
C?e = S—fo = SO EQ[max()\ST — AT, O)]

STG_TT max()\ST — Ap, 0)
S0 ST |
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To effect the change of numeraire, we define the measure Q* by
—rT

aQ*|  _ 6_§T+JZT _ ore

By virtue of the Girsanov Theorem, Z; = Zp — o1 is Q*-Brownian.

If we write A% = Ap/St, then
C?e — e_qTEQ*[max()\ — A%, 0)],

where EQ* denotes the expectation under Q*.
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We consider

where

o2

S;(T) = exp (— <r —q— ?> (T —u) —o(Zyp — Zu)> :
In terms of the Q*-Brownian motion Zf, where
Zp—Zy=0(T—u)+ Z7 — Z3,

we can write

2
Sy (T) = exp ((r —q+ %) (u—T) 4+ o(Z] — Z?)) :

We define a reflected Q*-Brownian motion Z: such that

Zy = —ZF for all t,

then Z7_, equals in law to —(Z4—Z}) = Z;—Z* due to the statonary
increment property of a Brownian motion.
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Hence, we establish

A% law AT_T/ oZr_ u-l—(?“ q+°5 )(u T)

and via time-reversal of ZT_U, we obtain

R 1 T 7 2
SOAT:f/O Soe’ (a7 )¢ de.

Note that flTSO is the arithmetic average of the price process with
drift rate ¢ — r. Summing the results together, we have

Cfg = Soc}kce = e_qTEQ*[max()\So — A\TSOa 0)],

and from which we deduce the following fixed-floating symmetry
relation

cre(So, A 7,¢, T) = prip(ASo, So,q,7,T).

Note that we swap r and q in the floating strike and fixed strike
pricing formulas.
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3.3 Guaranteed minimum withdrawal benefit

Product Nature

e \Variable annuities — deferred annuities that are fund-linked.

e [ he single lump sum paid by the policyholder at initiation is
invested in a portfolio of funds chosen by the policyholder —
equity participation.

e The GMWRB allows the policyholder to withdraw funds on an
annual or semi-annual basis until the entire principal is returned.

e In 2004, 69% of all variable annuity contracts sold in the US
included the GMWB option.
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Numerical example

e Let the initial fund value be $100,000 and the withdrawal rate
be fixed at 7% per annum. Suppose the investment account
earns 10% in the first two years but earns returns of —60% in
each of the next three years.

Year| Rate of | Fund value | Amount Fund value | Guaranteed
return before withdrawn | after withdrawals
during withdrawals withdrawals | remaining
the year balance

1 10% 110,000 7,000 103,000 93,000

2 10% 113,300 7,000 106, 300 86,000

3 —60% 42,520 7,000 35,520 79,000

4 —60% 14,208 7,000 7,208 72,000

5 —60% 2,883 7,000 0 65,000

e At the end of year five before any withdrawal, the fund value
$2,883 is not enough to cover the annual withdrawal payment
of $7,000.
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The guarantee kicks in when the fund is non-performing

The value of the fund is set to be zero and the policyholder’'s 10
remaining withdrawal payments are financed under the writer’'s guar-
antee. The policyholder's income stream of annual withdrawals is
protected irrespective of the market performance. The investment
account balance will have shrunk to zero before the principal is re-
paid and will remain there.

Good performance of the fund

If the market does well, then there will be funds left at policy's
maturity.
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Numerical example revisited

Suppose the initial lump sum investment of $100,000 is used to
purchase 100 units of the mutual fund, so each unit worths $1,000.

e After the first year, the rate of return is 10% so each unit is
$1,100. The annual guaranteed withdrawal of $7,000 represents
$7,000/%$1,100 = 6.364 units. The remaining number of units
of the mutual fund is 100 — 6.364 = 93.636 units.

e After the second year, there is another rate of return of 10%,
so each unit of the mutual fund worths $1,210. The withdrawal
of $7,000 represents $7,000/%$1,210 = 5.785 units, so the re-
maining number of units = 87.851.
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e There is a negative rate of return of 60% in the third year, so
each unit of the mutual fund worths $484. The withdrawal of
$7,000 represents $7,000/$484 = 14.463 units, so the remain-
ing number of units = 73.388.

e Depending on the performance of the mutual fund, there may
be certain number of units remaining if the fund is performing
or perhaps no unit is left if it comes to the worst senario.

— In the former case, the holder receives the guaranteed total
withdrawal amount of $100, 000 (neglecting time value) plus
the remaining units of mutual funds held at maturity.

— If the mutual fund is non-performing, then the total with-
drawal amount of $100, 000 over the whole policy life is guar-
anteed.
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How is the benefit funded?

e Proportional fee on the investment account value

— for a contract with a 7% withdrawal allowance, a typical
charge is around 40 to 50 basis points of proportional fee on
the investment account value.

e GMWAB can also be seen as a guaranteed stream of 7% per

annum plus a call option on the terminal investment account
value W, W > 0. The strike price of the call is zero.
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Static withdrawal model — continuous version

e The withdrawal rate G (dollar per annum) is fixed throughout
the life of the policy.

e \When the investment account value W; ever reaches 0O, it stays
at this value thereafter (absorbing barrier).

T =inf{t: Wy =0}, 7 is the first passage time of hitting O.
Under the risk neutral measure @, the dynamics of W; is gov-
erned by

dWy = (r —a)Widt + cWidBy — Gdt, t<r
Wy =20, t>T1
Wo = wo,

where « is the proportional annual fee charge on the investment
account as the withdrawal allowance.

policy value = EQ

T
/O Ge ™ du] + Eg e~ Wi].
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Surrogate unrestricted process

To enhance analytic tractability, the restricted account value process
Wy is replaced by a surrogate unrestricted process Wt at the expense
of introducing optionality in the terminal payoff (zero strike call
payoff). Consider the modified unrestricted stochastic process:

(r —a)Widt — Gdt + WydBy, t>0,

wQ-

dW;
Wo

Solving for W;, we obtain

_ t 1

W, = X <w —G/ —du)

t t 0] OXu
where

X, = e <T—a—|—§> t—I—aBt.

The solution is the unit exponential Brownian motion X; multiplied
by the number of units remaining after depletion by withdrawals.
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Financial interpretation

Take the initial value of one unit of the fund to be unity for con-
venience. Here, X; represents the corresponding fund value process
with XO = 1.

e The number of units acquired at initiation is wg. The total
number of units withdrawn over (0,t] is given by GféXiudu.

e Under the unrestricted process assumption, Wt may become neg-
ative when the number of units withdrawn exceeds wg. However,
in the actual case, W; stays at the absorbing state of zero value
once the number of unit withdrawn hits wq.
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Either Wt > 0 for t < T or WT remains negative once W; reaches
the negative region at some earlier time prior to T'.

A4

~
\4

~

Rule out "
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Lemma g > T if and only if WT > 0.

—=> part. Suppose g > T', then by the definition of the first passage
time, we have WT > 0.

<= part. Recall that
__ t (&
W, =X (w —/ —du)
t t | Wo 0 X,
so that

__ t G
Wy >0 if and only if / —du < .
t y 0 X U < wo

U

Suppose Wy > O this implies that the number of units withdrawn
by time T = fo X, du < wg. Since X, > 0, for any t < T, we have

t G
number of units withdrawn by time ¢ _/o X—du < —du < wp.
Uu

Hence, if WT > 0, then Wt >0 for any t < T
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Intuition of the dynamics

Once the process Wt becomes negative, it will never return to the
positive region. This is because when Wt increases from below back
to the zero level, only the drift term —Gdt survives. This always
pulls W, back into the negative region.

Relation between Wy and Wi

Note that Wp =0 if and only if 7 <T'. We then have

W = WT]'{T>T} WT]- max(WT, O).

{(Wr>0} —
Optionality in the terminal payoff

The terminal payoff from the investment account becomes

wo T 1 T
max (W, 0) = GXr o . X—dm . zT = max(a,0).
u
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G [t 1
Defining Uy = / du and observing T = %, we obtain

Egqle™™Wi = woEgle ™ Xp(1 — Up) 1.

Here, U; represents the fraction of units withdrawn up to time ¢,
which captures the path dependence of the depletion process of
the investment account due to the continuous withdrawal process.
Lastly, we have

i — T —Tru —rT . +
policy value = Eg /o Ge du] + woEQ [e X7p(1—Up) }

The pricing issue is to find the fair value for the participating fee
rate o such that the initial policy value equals the lump sum paid
upfront by the policyholder so that the policy contract is fair to
both counterparties.
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