TARGET REDEMPTION NOTES

Chi Chiu CHU!

Yue Kuen KWOK??

The target redemption note is an index linked note that provides a guaranteed sum of coupons (target
cap) with the possibility of early termination. In a typical structure, the coupons are calculated based
on an inverse floating LIBOR / Euribor formula. Once the accumulated amount of coupons has reached
the pre-specified target cap, the note will be terminated with final payment of the par. The knock-out
criterion depends on a path dependent state variable defined by the running accumulated coupon sum.
In some simplified cases, we manage to obtain a closed form valuation formula for the note value. We
propose several numerical schemes for pricing the note under the one-factor and two-factor short rate
models. Pricing behaviors of the target redemption note are also explored.

1 INTROUDCTION

A target redemption note is similar to an inverse floating rate note, embedded with additional features
like the possibility of early termination and a guaranteed sum of coupon payments. As an example, let us
consider the 5-year target redemption note issued by Credit Suisse First Boston on 10 November, 2003.
The first year coupon rate is fixed at 9%. The coupon rates in subsequent years are calculated based on
an inverse floating formula, max(8.65% — 2L, 0), where the index L denotes the 12-month Euribor on the
coupon date. The note will be terminated prematurely on a coupon date when the accumulated coupon
rate meets the target cap of 15%. The salient feature of the note is that the date of the par payment
is uncertain, which is taken to be the earlier date among the pre-specified note’s maturity date and the
coupon date when the accumulated coupon amount meets the target cap. The lure of a handsome initial
coupon combined with the perception that the par may be received within a short span of time has made
these notes attractive to Asian retail investors in the early 2000’s when the interest rates were at a low
level. Obviously, the investor has a higher gain on the time value of the cash flow stream when the
Euribor decreases since a shorter time is required to collect the coupon payments and par. At the other
extreme, the investor faces the worst scenario when the 12-month Euribor trades above 4.325% one year
later and never comes down again. In this case, he then has to hold the note for 5 years and receive the
par and the remaining coupon on the maturity date.

The note value is given by the sum of present values of the par and coupon payments and this
sum depends on the times at which the payments are received by the note holder. The interest rate
fluctuation leads to uncertainty in the coupon payments received on the coupon dates, and also results in
uncertainty in the redemption date of the note (knock-out). The uncertainty regarding the termination
date is governed by a path dependent variable, which is the running accumulated coupon sum. The note
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value thus depends on the two stochastic state variables, namely, the interest rate and the path dependent
variable of running coupon sum.

In this paper, we construct the pricing model of a typical target redemption note. We observe an
analogy of our pricing model with that of an Asian barrier option, whose knock-out barrier is governed
by the average asset value (Zvan et al., 1999). When there is only one coupon payment date, we manage
to obtain a closed form valuation formula for the note value. When the number of coupon dates is
more than one, numerical valuation of the note value is done using numerical partial differential equation
methods or Monte Carlo simulation. Under the assumption of one-factor short rate model, we derive
the numerical algorithm using the finite volume approach (Zvan et al., 2001). The upstream weighting
technique (Vetzal, 1998) is adopted to avoid spurious oscillations in the numerical calculations. We also
illustrate how to apply the Monte Carlo simulation method to price the note when the short rate is
assumed to follow a two-factor model. Pricing behaviors of the target redemption note under different
contract designs and parameter values in the interest rate process are explored. The last section contains
a summary and concluding remarks.

2 FORMULATION OF PRICING MODEL

The target redemption note is subject to randomness appearing in the cash flow stream due to interest
rate fluctuation and potential pre-mature knock-out. The note holder is not certain on the coupon amount
received on each coupon date and the termination date at which the par is received. The target redemption
note can be considered as a contingent claim with interest rate and path dependent accumulated coupons
as the underlying stochastic state variables. We use the short rate r(t) as the interest rate state variable.
In this section, we consider the one-factor model of the short rate that follows a stochastic process of the
form

dr = p(r,t) dt +r’ dz, (1)

where (7, t) is the instantaneous drift, 3r” is the instantaneous volatility, and dZ is the differential of a
Wiener process. Here, T and 3 are constants. When p(r,t) is specified to be mean-reverting, then 3 =0
and 8 = 1/2 correspond to the well known Vasicek model (1977) and Cox-Ingersoll-Ross (CIR) model
(1985), respectively. First, we would like to devise the governing partial differential equation for the value
of the target redemption note under the one-factor model. We also derive the closed form price formula
of the note when there is only one intermediate coupon date. Pricing of the note under a two-factor short
rate model will be considered in a later section.

_ Let t denote the k'™ coupon date, k = 1,2,---, K, where tx = T is the note’s maturity date. Let
N denote the notional value of the note and 7 denote the constant time period between consecutive
coupon dates. In the contractual design of the commonly traded target redemption notes, conditional on
non-termination of the note at ¢, the inverse floater formula for the coupon amount received at t5 takes
the form: ¢(r,t;) = N7Tmax(f —mUL(r,tx;7),0). Here, f is a constant cap value, m is a constant positive
multiplier, L(r,t;7) is the T-period interest rate index (say, LIBOR) at time t;. We use A(¢) to denote
the running sum of coupons received by the holder up to time ¢. Provided that the note survives up to
the coupon date t;, we have

J
N?Zmax(f —mL(r tg;7),0) for t;r <t <tiq,j=12,-- K-1,
k=1
Alt) = 0 for ¢ <t. (2)
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Here, t;r and ¢;,, denote the time immediately after t; and immediately before ¢;, 1, respectively. Let
Ceap denote the target cap of the coupon (as percentage of the notional). The guaranteed total sum of
coupons received by the holder is N Ceap, 80 A(t) is bounded from above by N Ceap- The note is terminated
when the total sum of coupons received reaches N Ceap- Suppose the note is terminated at t;, then the

coupon amount received on the termination date is N Ceap — A(t),). Let c(r, tx) denote the coupon amount
received at t;, k =1,2,---, K, then

(3)

o(r t) = N7 max(f — mL(r,t;;7),0) if the note is not terminated at t
ok Nceap — A(ty,) if the note is terminated at ¢

Let P! denote the value of the unit-par discount bond at time ¢ with maturity date T. For the
7-period LIBOR L(r,t;7T), its value is related to the value of the discount bond value with maturity date
t+ 7 by

N 1 1
L(rt;7) = = (W — 1) . (4)
t

For the one-factor Vasicek or CIR model, the analytic solution of P can be expressed as
Pl =exp(=B1(T — t)r(t) — Bo(t,T — t)), (5)

where the solution to B (T —t) and By(t,T —t) can be readily obtained (Vasicek, 1977; Cox et al., 1985).
In our subsequent exposition, for simplicity sake, we take the notional value N to be one.

Partial differential equation formulation

Let V (r,t) denote the value of the target redemption note, with dependence on short rate r and calendar
time ¢. Since the running sum of coupons A changes only on the coupon dates, so there is no dependence
on A in the governing differential equation. Apart from the coupon dates, the note value V is obtained
by solving the following partial differential equation.

ov &2 v °)% _
N 7T26W + p(r, t)E —rV =0, t;'_ <t < t]-Jrl, (6a)
where
a(r,t) = p(rt) + ETB)‘(Ta t). (6b)

Here, A(r,t) denotes the market price of interest rate risk. On the coupon date ¢, A changes according
to the updating rule
At)) = Alty,) + clr, t), (7)

where A(t]) and A(t; ) denote the value of A immediately after and before the coupon date ¢, respec-
tively. When A(t'k") = Ccap, the note is terminated at t;. The final payout is the sum of the par and the
remaining coupon of amount ce.p — A(t, ). Assuming no premature knock-out at t:, the note value then
changes according to the no-arbitrage jump condition

V(rt})=V(rt;) —c(r,ty) provided that A(t]) < ceap. (8)

The note value is evaluated by solving a coupled set of partial differential equations indexed by different
values of the path dependent variable A and applying the jump conditions as specified by Eq. (8) on
those coupon dates.



The terminal payoff depends on A(T~), since the remaining portion of the total guaranteed coupon
amount is paid at maturity if no prior knock out occurs. Hence, at time right before expiry, the note
value is given by

V(r,T7) = (14 ceap) — AT ™), if AT7) < ceap- (9)

In a similar manner, knock-out occurs on a coupon payment date ¢; when A(t;r) reaches ccqp so that the
note value right before ¢; is given by

V(r,t;) = (1+ ceap) — A(t;), j=12.-- K—1. (10)

Here, the knock-out barrier in the pricing model of the target redemption note is associated with the
path dependent state variable A. As r — oo, V(r,t) — 0, like those of usual bond pricing models. The
boundary condition at the other extreme of the short rate can be quite tricky. For the Vasieck model, r is
allowed to assume value from —oo to co. However, we are mostly interested in the domain where r > 0.
We are not supposed to impose any boundary condition at » = 0. Rather, the differential equation for
the note value remains valid at » = 0. Ironically, the note value tends to infinity as r — —oo. As for
theoretical interest, we postulate that under the Vasicek model

V(r,t) ~ (14 ceap) P as 7 — —o0, t<ti. (11)

This is because the target redemption note will be terminated on the first coupon date 1, thus it behaves
like a discount bond with par 1 4 c.ep and maturity date ¢;. For the CIR model, a boundary condition
at r = 0 may be required for certain parameter values. For the detailed discussion on the prescription of
the boundary condition at r = 0" for the CIR model, see the paper by d’Halluin et al. (2001).

Analytic representation
The value of the target redemption note is given by the sum of present values of all future cash flows.
Let Ag,k=1,2,---, K, denote the set of random variables defined by

k
A = ?Z max(f —mL(r,t;7),0), 12)

Jj=1

with Ag = 0. By the usual risk neutral valuation approach, we deduce that

K-1
V(irt) = Y Eq [67 S L1014 coap) = Ak1]1 (4, <erp<ary
k=1

+ 7max(f —mL(r,t;7),0)1 {4, <coup} }]
—+ EQ |:€7 ftT r(u) du [(1 + Ccap) - AK*I] 1 {AK71<CCQP}:| ) (13)

where t < ¢, and Eg denotes the expectation under the risk neutral measure @) conditional on 7(t) = r
and A(t) = A. Referring to Eq. (13), the first term represents the scenario in which the target cap has
been reached exactly at ¢ so that the remaining portion of the guaranteed coupon amount ceqp — Ar—1
and par are paid. The second term shows that coupon of 7max(f — mL(r,t;7),0) is paid when the
target cap has not been reached at tp. At maturity T', the sum of par and remaining coupon amount
(14 ceap) — Ar—1 is paid only if knock-out has not occurred, that is, Ax_1 < ceap-



When there is only one intermediate coupon date, that is, K = 2, it is possible to derive the closed
form expression for the note value V. In this case, Eq. (13) reduces to the following form

V= Eg {e* Jit r(u) du [1 (A >ceap} T min(ceqp, Al)]
+e SFr(u) du [1 {Ar<ceap} T max(Ceap — Al,o)]} ,  t<tq. (14)

Let Q¢ and Q7 denote the forward measure with respect to ¢; and T, respectively. The above expression
can be simplified as follows

V= (1+ Ccap)Pttthl [A1 > ceap) + PttlEQtl [A:1 {A: <Ccap}]
+ PtTQT[Al < Ceap] + PtTEQT[(Ccap - Al {A1<Ccap}]7 t<t. (15)

Suppose we take r(t) to follow the one-factor Gaussian term structure model, by performing the expec-
tation calculations, we obtain

V=rp {(1 + Ceap — [T —m)N <7K1 SX(“)) + (fF+m)N <7K2 7“”)

— meX(t)+s?/2 {N <K2 *751) - 52) N <K1 *Yitl) - Szﬂ }

+ PtT{(HCcapf?m)N(@) +(f7+m)N (M)

N JCOR [N (&Z)_Kl) _N (M#)} } (16a)

where N(-) is the cumulative normal distribution function, and
s? = By (T)var(r(t1)),
Ki=In (max (1+m,0)) and Ky =1In (1—1—&). (16b)
m

m

The derivation of the closed form valuation formula (16a,b) is relegated to the Appendix.

3 FINITE VOLUME SCHEMES UNDER ONE-FACTOR SHORT
RATE MODEL

In this section, we illustrate how to derive the numerical scheme using the finite volume approach for
pricing the target redemption note under the one-factor Vasicek or CIR model. The major drawback of
a one-factor interest rate model is that this would imply perfect correlation of all LIBOR rates on all
coupon dates. When the number of risk factors in the interest rate dynamics is more than one, the Monte
Carlo simulation approach exhibits better computational efficiency over the finite volume scheme. The
discussion of Monte Carlo simulation calculations under the two-factor short rate model is relegated to
the next section.

For the target redemption note, the coupon payments and possible knock-out occur at discrete time
instants. We follow the finite volume approach developed by Zvan et al. (2001) for pricing the class of



discretely monitored path dependent options. The pricing algorithm can be considered as a collection
of sub-problems of bond valuation, where each sub-problem is associated with a given value of the path
dependent state variable. Here, the path dependent variable is the running sum of coupon payments
received. Communication between these independent sub-problems occurs only at the coupon payment
dates.

Our proposed finite volume scheme consists of the following three major components:

1. Use of the finite volume approach (Zvan et al., 2001) to derive the discretized equation. Here, the
discretized equation at a grid point is obtained by numerical approximation of the integral form of
the governing equation over a finite volume domain.

2. Adoption of the upstream weighting technique so that numerical solutions are free of oscillations.
3. Design of the linear interpolation procedure for handling the jump conditions at coupon dates.

Suppose the one-factor CIR interest rate model is used, that is, the risk neutral drift i(r,t) = a« —yr +
Erﬁ)\(r, t) and 3 = 1/2. Here, we use time to expiry 7 = T — t as the temporal variable so that the note

value function is written as V(r,7; A). For T —tj, <7 <T — t_1,k=1,2,--- K, we have
oV Tro*v. oV
E:TWJru(r,t)WfrV, r>0and 0 <A < coap, (17)
with auxiliary conditions:
V(r,07;4) = (1 + ceap) — A; (18a)
and at A = ceap
Vir,r) = 1. (18b)

For a given value of A, each one-dimensional sub-problem within the time period between two succes-
sive coupon payment dates can be solved independently. We follow the finite volume approach developed
by Zvan et al. (2001) for the construction of the numerical scheme. The computational domain is char-
acterized by the grid point (7, 4;,75), for n = 0,1, -+, Nmaz,? = 0,1, -+ ,imaz,j = 0,1, , jmaaz. For
notational convenience, we set 79 = 0,79 = 0,49 = 0 and A;,,,, = Ccap- We adopt non-uniform grid
sizes so that finer grids are used near the maturity time 7 = 0 and near the current values and boundary
values of A and 7. Let V", denote the numerical solution to the note value at the grid point (T, AiyTj).
Note that for each fixed 7, the initial condition is posed as Vz-?j = (1 + ceap) — A, for all j.

Consider the control volume over the interval [r;_; /2,741 /2], where 7;_1 /o is the mid-point between
rj—1 and r;, and similar notation for r;, 1. Integrating Eq. (17) over the finite volume (corresponding
to the interval [r;_;/9,7;41/2]) and approximating the corresponding integrals, we obtain the following

implicit scheme:

1 _ 1 1 1 1
VISV gty (VRS SV v vy
ATn 2€j A?‘j A’I“j_l
fi(r;) +1 +1 +1
+ 2 (‘/le+1/2 - V;leﬂ/z) - erle (19)

where ; = r;1/5 — rj_1/2 denotes the length of the control volume and Ar; = 741 — 7; is the step

width. The values of Vlnﬁll /2 and Vlnjtll /2 in the drift term in Eq. (19) are computed according to the

upstream weighting scheme presented below [see Eq. (20) below].



When the first-order hyperbolic convective term is large compared to the parabolic diffusion term,
the equation is said to be convection dominated. Under dominated convection condition, the numerical
solution may suffer from spurious oscillations. In this case, it becomes highly inaccurate to compute the
comparative statics such as delta and gamma. To avoid spurious oscillations in the numerical calculations,

the upstream weighting scheme is used to compute the value of Vinjfl /20 which is defined by

[V i) <0 .
i,j+1/2 ‘/th-:_ll if ﬁ(rj) >0
The initial and boundary conditions are given by
V2 =1+ ceap — A for all i and j
e = for all n and j
Viimae =0 for n # 0,1 # imaz- (21)

More generally, one may assign a temporal weighting factor 6, 0 < 8 < 1, to the spatial discretization
terms evaluated at the new and old time levels. This leads to the following weighted finite volume scheme:

n+1 _ n+1 n+1 n+1 n+1
Viim —Vi5 |0 (Ve T Vigm Vit —Vigh
ATn 2€j A’I“j A’I“j_l
ﬂ(?") n+1 n+1 n+1
+ fj] (Vz’,j+1/2 - i,j71/2) -1V
L (1-0) [027“3‘ (Vzn]Jrl -V Vi - znjl)
26]' A’I’j A’I’j,1
1i(r;)
+ g.] ( i1/ V{qu/z) - 7’]"/%] . (22)
J

By setting § = 0,1/2 and 1, we obtain the fully explicit scheme, Crank-Nicolson scheme and fully implicit
scheme, respectively.

Two desirable attributes of a numerical scheme are stability and absence of spurious oscillations. With
regard to stability, both the Crank-Nicolson and fully implicit schemes are unconditionally stable. The
fully explicit scheme is stable only if the time step is sufficiently small relative to the spatial grid size. The
advantage of the Crank-Nicolson scheme is that it is second order accurate in time while both implicit
and explicit schemes exhibit only linear rate of convergence. With regard to oscillations, fully implicit
scheme is not susceptible to spurious oscillations while the Crank-Nicolson and explicit schemes require
certain time step constraint in order to avoid numerical oscillations.

Jump conditions on coupon dates

A jump condition is applied on each coupon date tx. In terms of time to expiry, suppose the time
to expiry corresponding to the coupon date t; falls between the two time levels 7, and 7,41, where
Tn < T — t < Tpy1, the finite volume scheme is modified as shown below

V{Lj“ = ‘an + min{ceqp — Ai, Tmax(f — mL(r;, tx; 7),0)}. (23)



Here, ‘71”] is the approximate value of V(r;, 7,; A’) computed by using the following linear interpolation
procedure (Forsyth et al., 2002):

? (24a)

where
A" = A; + min{ceap — Ai, Tmax(f — mL(rj,t5;7),0)}. (24b)

Normally, A’ does not fall onto one of the computational grid points and so linear interpolation is
performed to estimate V(rj, 7n; A’) using V', and V', ;, where A’ lies between A;—1 and A;. The
second term in A’ is the actual coupon payment at time ¢ = t;. Note that A’ is capped by ccqp since the
note holder receives at most the accumulated coupon cqqp. In this way, A’ always falls between 0 and
Ceap- A schematic representation of the linear interpolation procedure is illustrated in Figure 1.

4 MONTE CARLO SIMULATION UNDER TWO-FACTOR
SHORT RATE MODEL

The value of a target redemption note V is given by the expectation under the risk neutral measure @) of
the future cash flows as defined in Eq. (14). Following the Monte Carlo simulation approach, V' can be
approximated by taking the average of the simulated values of Y, where Y is the sum of discounted cash
flows received by the note holder. Note that Y involves LIBOR L(r,t;7), cumulative coupon Ay and
the date of redemption of the par. Given the realization of the short rate process r, one can obtain Y
through the evaluation of L(r,ty;7T), Ax and t*, where ¢* is the date of redemption. Suppose a two-factor
interest rate model is used, the dynamics of a random vector = (21 x2)” is assumed to be governed by
the process:

de = p(z,t)dt + o(z,t)dZ, (25)

where Z = (Z; Z3)T and Z; and Z, are two independent Wiener processes under Q. In our calculations,
we use the two-factor Gaussian model where

(@, t) = (”1””1) L o(at) = <"1 y > (26)

—KaZ2 oo2p  O24/1 — p?

the short rate is given by
r(t) = z1(t) + x2(t) + b(t). (27)

Here, k; and o; are the reversion rate and the volatility parameter of the process x;, ¢ = 1,2, and p is the
correlation coefficient between the risk factors z; and xo. Also, b(t) is a deterministic time dependent
function which fits the current term structure. Based on the dynamic of @, the computational steps of
simulating Y using Monte Carlo simulation are summarized as follows:

1. Initially, set k =1,4A=0,Y =0 and x = xq. Here, x¢ depends on the current interest rate and the
choice of the short-rate model.

2. Simulate the path of x(t) from ¢ = ¢x_1 to t = tr. Observe that r is a function of = and ¢.

3. Compute the actual coupon, ¢ = min{ceqp — A, 7 max(f —mL,0), where the LIBOR L is a function
of t and z(ty).



4. Update Y, A and k by Y + ¢, A+ c and k + 1, respectively.

5. If A = ceqp or k > K, then update Y by Y +[(1+ccap) — A] and terminate the procedure. Otherwise,
go to Step 2.

5 SAMPLE CALCULATIONS

We performed sample calculations to illustrate the numerical performance of the proposed finite volume
scheme and Monte Carlo simulation for pricing various forms of target redemption notes. We examine
the pricing behaviors of target redemption notes subject to varying values of interest rate level, volatility
of interest rate, reversion level and reversion speed in the interest rate dynamics. We also consider the
probability of premature termination of the note at different coupon dates under varying values of the
correlation coefficient between the risk factors. In addition, we investigate how the note value varies with
different inverse floater formulas. Throughout this section, except otherwise specified, the terms in the
contract of the target redemption note used in our sample calculations are specified as follows:

Notional amount 100

Target cap rate 15%

First year coupon rate (fixed) 9%

Inverse floater formula max(8.5% — 2L,0), L = 3-month LIBOR
Coupon payment frequency quarterly

Maturity date 5 years from now

One-factor model

First, we price the target redemption note under a one-factor short rate model and compare the numerical
results obtained from the implicit finite volume scheme and Monte Carlo simulation. The risk neutral
dynamics of the short rate under the CIR model is assumed to be

dr = [y(r — a) + Ar]dt +7r'/? dZ, (28)

1/2

where the market price of risk is specified as so that the adjustment term Ar is added to the drift

term to give the risk neutral dirft v(r — ) +0)\r in the CIR model. In our sample calculations, the
parameter values in the CIR interest rate model are taken to be: a = 0.02, v = 0.5, A = 0.01 and ¢ = 0.2.
For the construction of the discretized computational domain, we use 60 grids along the r-direction and
15 grids along the A-direction, and 7,4, is taken to be 0.9.

In Figure 2, we show the comparison of accuracy of numerical valuation of the target redemption
note using the finite volume method with varying number of time steps. The convergence trend of the
numerical results with increasing number of time steps is observed. Also, the note value V is seen to
be a decreasing function of the interest rate r, which drops quite significantly with increasing value of
r. This is due to the nature of the inverse floater formula in calculating the coupon accumulation. A
higher interest rate implies that coupons are received at a slower rate and consequently a lower chance
of premature knock-out. With delay of termination of the note, the par would be discounted at a higher
discount factor so there is a drop in the note value.

In Table 1, we list the numerical values of the target redemption note at different current interest rate
levels obtained from the finite volume method and Monte Carlo simulation method. We do observe good



agreement of the numerical results obtained from both numerical methods, with percentage difference
typically less that 0.5% when the number of time steps is 120 and number of simulation runs is 10, 000.
The observed standard errors with 10,000 simulation runs are typically less than 1%.

We would like to examine the sensitivity of the note value V' on the interest rate volatility parameter
o under the one-factor CIR interest rate model. In Figure 3, we plot the note value V against the short
rate r with varying values of . It is observed that higher interest rate volatility leads to higher note
value but the sensitivity of V on & is not quite significant. Also, we would like to examine the impact
of the reversion level a and reversion speed v on the note value. In Figures 4 and 5, we show the plot
of note value V' against o and +, respectively, with varying values of the short rate r. It is seen that
V is a decreasing function of o but an increasing function of «. Interestingly, the note value exhibits
quite high sensitivity on . The decreasing property of the note value with respect to « is attributed to
higher future interest rates. This would lead to higher discount factors and smaller chance of pre-mature
knock-out. The impact of the parameter v on the note value has somewhat opposite effect as that of o
since these two parameters have opposite signs in the drift term of the CIR model, thus the note value
V' is an increasing function of ~.

Two-factor model

Under the two-factor Gaussian short rate model as defined in Egs. (25-27), we are interested in finding
the probability (under the risk neutral measure) of premature redemption of the note on different coupon
dates under varying values of the correlation coefficient of risk factors p. In Table 2, we tabulate the
calculated values of risk neutral probability of pre-mature redemption with p = —0.5,0,0.5. Other
parameter values of the two-factor Gaussian interest rate model used in the Monte Carlo calculations
are: k1 = 0.7,01 = 0.08,k2 = 0.1 and oo = 0.05. The initial yield curve is chosen to be Yy(T) =
0.07 — 0.04¢7 22T, When p becomes more negative, the LIBOR rates on the coupon dates have lower
correlation. At the current low interest rate of 1.5%, the probability of early redemption in the 4™ year
is higher since the chance of remaining at low interest rate level is smaller.

Lastly, we show how the contract specification of the inverse floater formula influences the note value.
We consider 10 cases of contract specification of the target redemption note with varying maturities. All
these contracts have fixed coupon rate of 9% in the first year and the target coupon rate is 15%. In
Table 3, we list the values of these sample target redemption notes. The note values are computed using
the two-factor Gaussian interest rate model with parameter values: r = 1.5%, k1 = 0.7,01 = 0.08, k3 =
0.1,02 = 0.05 and p = 0.5. For the two notes labeled as Sample 4 and Sample 7, they have almost identical
contract specification except with differing maturity dates. We observe that the note with longer time to
expiry has a lower value. A major contributing factor may be due to the longer waiting time for receiving
the par payment. Sample 5 and Sample 10 are almost identical except that the second year coupon rate
is fixed at 3%. A fixed coupon paid with certainty in the second year leads to a higher chance of meeting
the target level earlier in subsequent years, so it has a higher value compared to that of Sample 5.

6 CONCLUSION

The intrinsic difficulties in pricing the target redemption note arise from the uncertainty in the date
of redemption of the note since the note will be terminated on the coupon date when the accumulated
coupon received by the holder has reached the pre-set target sum. In this paper, we construct the pricing
models of the target redemption note by modeling the interest rate uncertainty using both one-factor
and two-factor short rate models. Similar to the Asian barrier option, the knock-out feature of the note
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is determined by a path dependent variable which is defined by the running sum of accumulated coupon
received. For the simplified case where there is only one coupon date, we obtain closed form price formula
of the note value.

When the interest rate dynamics is governed by a one-factor model, we devise the finite volume scheme
for numerical valuation of the pricing model. We employ the upstream weighting technique in order to
avoid excessive oscillations in the numerical calculations. Also, the linear interpolation technique is used
to deal with the jump condition across a coupon payment date. We use Monte Carlo simulation method
for pricing the note when the number of risk factors in the interest rate dynamics is taken to be two.
Numerical accuracy of the finite volume and Monte Carlo algorithms for pricing target redemption notes
were tested and good agreements of the numerical results are observed.

Our sample calculations reveal that the note value is highly sensitive on the interest rate level but
show little dependence on the volatility of interest rate. Based on the one-factor Cox-Ingersoll-Ross
mean reversion model, we show that the note value is a decreasing function of the reversion level and
an increasing function of the reversion speed. When the interest rate dynamics is governed by the two-
factor Gaussian short rate model, we observe that the probability of pre-mature redemption increases
with decreasing value of the correlation coefficient among the two risk factors in the two-factor short
rate model. Lastly, we also examine how various forms of contract specification, like note’s maturity
and analytic form of the inverse floater formula influence the probability of pre-mature knock-out, and
consequently the note value. When the current interest rate level is low, the note value is not quite
sensitive to the contract specification.
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APPENDIX — Derivation of price formula (16a,b)
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Suppose the discount bond value P! assumes the form as given by Eq. (5), we define the random variable
X = By(t1,7) + B1(T)r(t1).
From Egs. (4) and (12), we obtain
Ay = max(f7 4+ m —me*,0).

It is easily seen that

{A1 < Coap} & {X > In max <1 + M,O)}.
m

We also define the following means and variance

X(t1) = Bo(t1,7) + Bi(F)Eq,, [r(tr)]
X(T) = Bo(t1,7) + Bi(T)Eq.[r(t1)]
2 = B (T)var(r(t1));

and when r(¢) is assumed to be Gaussian, we observe that

X ~ N(X(tl),s2) under Q4 ,
X ~ NX(T),s*) under Qr,

2

where N (u,0?) denote a Gaussian distribution with mean p and variance 2. It is straightforward to

show that

K, 7(t1)>

Qtl [Al Z Ccap] =N <

Eq, A1l (4, <co,y] = (fT+m) {N <M> _N (@)]

S

_ 5 Y <2 S 2
_ meX(t)+s?/2 [N (K2 X(t) —s ) N (K1 X(t)—s )} 7
S

and similar results for the expectation calculations under Q.
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n+1l
Vl, i

n+l

-1, ij ]

A A, A A,

Figure 1 A schematic representation of the linear interpolation procedure at 7,,. Here, A; jumps to A’
according to Eq. (24b). Normally, A’ does not fall onto one of the computational grid points so that
linear interpolation is performed to estimate V'(r;, 7,; A") using V;?; and V', ; where A’ lies between
Ai—1 and Ay [see Eq. (24a)].
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Figure 2 Comparison of accuracy of numerical valuation of the target redemption note using the finite
volume scheme with varying number of time steps.
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Figure 3 Plot of note value V' against short rate r with varying values of volatility parameter &.
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Figure 4 Plot of note value V against reversion level a (as specified in the one-factor CIR model) with

varying values of short rate r.
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Figure 5 Plot of note value V against reversion speed v (as specified in the one-factor CIR model) with

varying values of short rate r.

Current interest rate level 1.5% 3.0% 4.5%
Finite volume calculations
15 time steps 100.96 98.47 96.06
30 time steps 102.61 100.18 97.80
60 time steps 103.71 101.32 98.99
120 time steps 104.02 101.65 99.33
Monte Carlo simulation
1,000 simulation runs 103.79 100.02 97.98
(standard error) (3.23) (3.19) (3.12)
10,000 simulation runs 103.61 100.79 98.16
(standard error) (1.04) (1.01) (0.99)

Table 1 Numerical values of the target redemption note at different current interest rate levels obtained
from (i) finite volume calculations using varying number of time steps, (ii) Monte Carlo simulation using

varying number of simulation runs. The values inside the brackets are standard errors as observed in the
simulation runs.
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[y
P 1% year ond year 31 year 4 year
—0.5 0 0.0399 | 0.0596 | 0.9005
0 0 0.0986 | 0.0790 | 0.8224
0.5 0 0.1413 | 0.0890 | 0.7688

Table 2 Probability (under the risk neutral measure) of pre-mature redemption of the note on different
coupon dates using varying values of the correlation coefficient p.

Sample | inverse floater formula note value
1 2nd to 4th year : max(6% — 2L, 0) 104.95
2 2nd to 4th year : X(8 5% — 2L O) 105.09
3 2nd to 4th year : max(10% — 2L, 0) 105.47
4 2nd to 5th year : max(6% —2L O) 100.83
5 2nd to 5th year : max(8.5% — 2L, 0) 101.59
6 2nd to 5th year : max(10% — 2L, 0) 101.86
7 2nd to 6th year : max(6% — 2L, 0) 98.01
8 2nd to 6th year : max(8.5% — 2L O) 98.75
9 2nd to 6th year : max(lO% —2L,0) 99.41
10 2nd year : fixed at 3% and 103.44

3rd to 5th year : max(8.5% — 2L, 0)

Table 3 Impact of note maturity and the inverse floater formula in the contract specification on the note value.
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