Homework No.5 for Math 3121

No need to submit your work. The solution will be posted on my webpage
before Dec 8.

Problem 1. Multiple choice (each problem has only one correct answer,
no reasons needed).

(1). Let G be a finite group with |G| = n, which is the following statement
is false ?

(a). For each divisor d of n, there exists a subgroup H of G such that
|H| = d.

(b). For every a € G, a™ = e.

(c). If H is a subgroup of G, then |H| is a divisor of n.

(d). The order of every element a € G is a divisor of n.

(2). Which of the following rings is an integral domain?
(a). ZXZ . (b). Zoy. (c)Z. (d). None of above

(3). The maximal possible order of an element in S7 is
(a) 7, (b). 7, (c). 12 (d). None of above

(4). If R is a commutative ring, a € R, a # 0 is NOT a 0-divisor, which of
the following is NOT correct?

(a) ab = 0 implies that b =0.  (b) a®*'? is not a 0-divisor.

(c) a ! exists.  (d) —a is not a 0-divisor.

(5). Which of the following groups is isomorphic to the factor group R/Z ?
(a). C. (b). R*. (c). GLy(R).

(d). {z € C* | |z| = 1}, the operation is the multiplication

(6). Which of the following sets is a subring of Ms(R)?
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(c). S= {(Z ) | a,b,c € R}  (d). None of the above.
c



(7). Which of the following elements in Zjgg has a multiplicative inverse?
(recall that @ is the multiplicative inverse of a if aa’ = 1).
(a). 55, (b). 9, (c). 40 (d). None of above.

Problem 2. Multiple choice. Find the kernel Ker(®) of the following
group homomorphisms ® (no reasons needed).
(1). @:R* - R*,  ®(a) =a®8, Ker(®) is
(a) Uaois  (b) {1, -1} (c) {1}.
(2). ®: GL(n,R) = R*, ®(A) = Det(A), Ker(P) is
(a) {e} (b) {A € GL(n,R)| Det(A) =1} (c) None of above.
(3). ®:R— C*, ®(a)=e? Ker(®)is
(a) Z (b) {0} (c) None of above.
(4). ®:C* - C*, ®(2) =25 Ker(®)is
(a) Us (b) {1,—1} (c) None of above.
(5). ®: S35 — Sy, @(0):(1 23 4), where 0’=<1 2 3),
i j ok 4 i j ok
Ker(®) is
(a) {e} (b) S3 (c). None of above.

Problem 3. Determine if the following maps are homomorphisms of groups

(No reasons needed).

(1). @:R* - R*, &(a) =19

(2). ®:R* - R*, &(a)=a'

(3). :R—>R, &(a)=19

(4). :R—->R, &(a)=—a

(5). ®:GL(n,R) = R*, ®(A) = Det(A)*19
6). ®:R—R* ®&(a) =2"

(7). :R* 5> R, &(a)=2°

(8). ®:R* - R, ®(a) =logg(a?)

Problem 4. Determine whether each of the following maps is a ring ho-



momorphism (no reasons needed)
(1). ¢ : Z x Z — Z given by ¢((a,b)) = b.
(2). ¢ : Z xZ — Z given by ¢(a,b) = ab.

(3). ¢ : R — M(R) given by ¢(a) = (g 0).

(4). ®: R — My(R) given by ¢(a) = (g —0a>‘

. ®: R — M3(R) given by ¢(a) = (g 0 )

()
—a
(6). ¢ : C — C given by ¢(a + bi) = a — bi.

(7). ¢ : C — C given by ¢(z) = 2z.

(8). Let g be given 2 x 2 invertible matrix, ¢ : My(R) — M3(R) given by
(X) =gXg~.

<

Problem 5. (no reasons needed) (1) Find a subring of M(R) that is iso-
morphisc to R.
(2) Find a subring R of Q such that R contains Z but R # Z and R # Q.

Problem 6. Let R be a ring with unity 1. Suppose a € R has multiplicative

inverse a~! € R, that is aa™! = a~'a = 1. Prove that the map ¢ : R — R

1

given by ¢(x) = axa™" is a ring homomorphism. Which of the following

proofs is correct ?
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x=uwx, 80 ¢(x +y) =
x4y = ox) + o), olxy) = zy = ¢(x)p(y). This proves ¢ is a ring

homomorphism.

Proof 1. For arbitrary x € R, ¢(z) = axa™ = aa™

Proof 2. For arbitrary z,y € R, ¢(x+y) = a(z+y)a~! = ava™ +aya™t =

o(z) + o(y), p(zy) = avya~! = (aza=')(aya™t) = ¢(x)¢(y). This proves ¢

is a ring homomorphism.



Proof 3. For arbitrary z,y € R, ¢(x+vy) = a(z+y)a~! = ara ™ +aya™! =

o(x) + ¢(y), This proves ¢ is a ring homomorphism.

Problem 7. Let R be a finite commutative ring with unity 1. Suppose
a € R,a # 0 and a is not a 0 divisor. Prove that there exists ' € R, that

is aa’ = 1. Which of the following proofs is correct?
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Proof 1. Consider the infinite list a,a?, a?,..., since R is finite, there

exists m > n > 1 such that a™ = a™. So a™ —a™ =0, a"(a™ ™ — 1) = 0.

Because a is not 0-divisor, so ™™ —1 =0, so a™ " =1, s0o aa™ " = 1.

a/ — Cmenfl )

1 1

Proof 2. Because a # 0 and a is not a 0 divisor, so a™ ' exists, so ' = a™".

Proof 3. Because R is finite, let n = |R|, by Lagrange theorem, a™ = 1, so

a =a" 1.



