Math 4991, Lecture on April 3, 2020

Yongchang Zhu
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Today’s Plan.

(1). Review of Complex Analysis (continued).

(2). Elliptic Functions.
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§ 1. Review of Complex Analysis (continued).

Let D be an open domain in the complex plane C.

Let f(z) be a meromporphic function on D, for any a € D, f(z) has a
Laurent power series expansion at a

f(z) = cm(z — @)™ + -+ + cmy1(z — a)™*! + higher terms
where ¢, # 0.

If m < 0, then a is a pole of f of order —m.
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The residue of f at a is defined by

res,(f) = c_1 = coefficent of (z — a)~!.
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Residue Theorem . Let f(z) be a meromorhic function on a simply
connected domain D, C be a simple counter-clockwise closed contour in D
that doesn't contains any poles of f, then

27”/ f(z) Z res, f

a:poles of £ enclosed by C
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Example of Application of Residue Theorem .

o0
/ c205x dx
Ceo X2+ 1

We compute

o] x o] 0 .
/ - dx:/ Czosxdx+i/ SINX g
oo X2+ 1 oo X2+ 1 Ceo X241
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Consider contour integral

eiz R eix eiz
/ 2dZ:/ 2dx+/ 4
C(R)Z +1 _RX +1 S(R)z +1

where S(R) is the upper semi-circle centered at the origin with radius R.
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We have

|ml/ S _dz=0
R—o0 S(R) ze+1

R ex 00 ex
nmfzwz/w
R—oo J_px2+1 oo X2+ 1

Thus

00 ex eiz
/ 2&2Mn/ S _dz
Lo X+ 1 R—o0 C(R) zZ+1
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For R > 1, the contour C(R) contains only one pole of the integrand

that is i. So by Residue Theorem,

2+1|
eIZ . eIZ _
/ 27d2227rlres;27 = e !
C(R) z4 + 1 z4 + ].
So we have .
(o) eIX 1
> dx = e
Ceo X2 +1
o0 oo
CoS X sin x
/ > dx = me 1, / > dx =20
o X°+1 oo X*+1
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Theorem . Let f(z) be a meromorhic function on a simply connected
domain D, C be a simple counter-clockwise closed contour in D that
doesn't contains any poles or zeros of f, then

1 f'(z)

— dz = number of zeros and poles enclosed by C
27i Jc f(2)

where the zeros are counted with multiplicity, and the poles are counted
with negative multiplicity.
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Proof. The poles of (( )) are precisely the zeros or poles of f(z)

f'(2)
f(2)

res, = order of a as a zero of f(z)
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Elliptic Functions

Definition. Let w; and wy be complex numbers that are linearly
independent over R. An elliptic function with periods w; and wy is a
meromorphic function f(z) on C such that

f(z)=f(z+w), f(z)=Ff(z+w)

for all z € C.
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Denoting the "lattice of periods” by
N={mwi+nwy | m,neZ}.
It is clear that the condition
f(z)=f(z+wi1), f(z)="Ff(z+w)

is equivalent to
f(z)=f(z+w)

for all w € A.
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We denote M(A) the space of all elliptic functions with lattice of periods
A.

Proposition 2.1. M(A) is a field.
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Consider the domain
D déf {tlwl + thwo | 0<ty,0 < 1}.
Then D satisfies the conditions that

(1). For every z, there exists w € A such that z —w € D.

(2). If z1,z0 € D and z; — zp € A, then z; and z; are in the boundary of D.
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This is an analog of the following: Z C R,
(a) Every x € R, there exists r € [0, 1] such that z — r € Z.

(b) If x1,x2 €[0,1] and x; — x2 € Z, then x; and x» are in the boundary
of [0,1], i.e., x1,x2 € {0,1}.
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Any domain with properties (1) (2) is called a fundamental domain for
A

Any translation of D, a+ D is also a fundamental domain for A.

Yongchang Zhu Short title 17 /37



Figure: The domain D = {t; + to(1 + )| 0 < t1,t < 1},
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If an elliptic function f(z) with period lattice \ is analytic, then it is a
constant function.

Proof. |f(z)| is a real valued continuous function with periods w; and ws.
Since D is a compact domain, so |f(z)|, considered as a function on D,
achieves a maximum at zp € D. For any z € C, z+ w € D for some

w e N, so

f(2)] = |f(z + w)| < [f(20)]

So |f(zp)| is the maximum of |f(z)| on C, by the maximum principle, f(z)
is a constant.
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the Weierstrass elliptic function g (z) for a lattice A is defined as

olz +Z< w)_‘*}Q)

weA{0}
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we notice that on any compact disk defined by |z| < R, all but possibly
finitely many w € A satisfies |w| > 2R. For such w, one has

2

1 _1_’2wz—z ] z(2-2) 10R
(e-w? Pl le2@-2P o3 (1-2)%] 7 o

This implies that the series converges uniformly on |z| < R, so we have a
meromorphic function on C with poles on the lattice A.
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Theorem. If a series of analytic functions on a domain D
h(z)+ h(z)+...

converges uniformly, then the limit S(z) is also an analytic function on D.
And
f(z)+H(z)+...

also converges on D and the convergence is uniform on every compact
subsets in D, the limit is S'(z).

By the above theorem, ¢ (z) is a meromorphic function on C.
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And we have

@=-2Y 5

has periods A, so we have

plz+w)—p(z) =C

is a constant, put z = —%, we see that p(%) — p(—%) = C, it is obvious

2
that p(z) is even function, so C = 0. This proves p(z) is an elliptic
function with period A.
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Theorem.

(¢ (2))° = 4(p(2))® — 20 (2) — &3 (1)
where
1
£=60 >
weA{0}
and

weA{0}
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The field M(N) is generated by p(z) and ¢'(z) over C subject to the
relation (1)
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For f € M(A) and f #0, if a € C is a zero (or pole) of f of order k, then
for any w € A, a+ w is also a zero (pole, resp.) of f with the same order k.
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Let f € M(A) and f #0, let a1, ..., am be the zeros of f (modulo A)
with orders ki, ..., km; and by, ..., b, be the poles of f (modulo A) with
orders h,...,Il,. Then

kit ot km— (At ) =0

and
kiai + -+ + kmam — (hb1 + -+ + Ihby) € A.
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Let a+ D be a fundamental parallelogram of the period lattice A such
that the four boundary edges of D contains no zeros nor poles.

Let C the contour that is the boundary of D oriented counter-clock wisely

(see figure below). C = CG; U G U CG3 U Gy, where Cy, Gz are parallel
(horizontal in the figure) and G, C4 are parallel.
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By Residue Theorem

aer 1 [ f(2)
-~ 27i Je f(2)

dz=ky+ -+ km— (h+ -+ lp)
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On the other hand,

1 f'(2) f'(2) f'(2) f'(2)
| = — / dz+/ dz+/ dz+/ dz
2mi < a f(2) . f(2) c f(2) a f(2)
Since the values of f'/f are equal on C; and Gz, but orientations on C;
and C3 are opposite, so fCl +fc3 = 0. Similarly fcz +fC4 =0.So/=0.

This proves

kit +hkm—(h+--+1h)=0
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For the second identity, we consider the contour integral

s def 1 zf'(z)

- 27i Je f(2)

By Residue Theorem,

II:klal+"'+kmam_(l1b1+"‘+/nbn)
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On the other hand side,
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[ 7514) o |

[ 7504) o
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The Second identity follows from the following:

Claim:

1 /
JRCrE
27i Je, f(2)

1
/ (2) ,
27i Je, f(z)
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Proof of Claim.

Since f(z) has no zeros nor poles on (i, it has no zeros nor poles in an
simply connected open neighborhood U of (1. There exists an analytic
function h(z) on U such that H'(z) = (2) and h(a+w1) — h(a) € 2wiZ

f(2)

in fact h(z) = log f(z) (a branch of log f(z))

% . ’:((ZZ)) dz = %(h(a +wi)—h(a) ez
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The end
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