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International Mathematics Tournament
of the Towns, Spring 1997:

Junior A-Level Paper

Problem1. One side of a triangle is
equal to one third of the sum of the other
two. Prove that the angle opposite the
first side is the smallest angle of the
triangle. (3 points)

Problem 2. You are given 25 pieces of
cheese of different weights. Is it always
possible to cut one of the pieces in two
parts and put the 26 pieces in two packets
so that

(i) each packet contains 13 pieces;

(ii) the total weights of the two packets
are equal;

(iii) the two parts of the piece which has
been cut are in different packets?

(5 points)

Problem 3. In a chess tournament, each
of 2n players plays every other player
once in each of two rounds. A win is
worth 1 point and a draw is worth
Yapoint. Prove that if for every player, the
total score in the first round differs from
that in the second round by at least n
points, then the difference is exactly n
points for every player. (5 points)
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A Proof for The Lambek and Moser Theorem

Two sequences fin) and f*(n) are called
inverse sequences if

f¥(n) = k, where k) < n < flk+1).
Two sequences F(n) and G(n) are called
complementary sequences if F(n) and

G(n) together contain each natural
number exactly once. (c.f. vol. 3 no. 4)

Theorem: fin) and f*(n) are inverse
sequences if and only if F(n) = fin) + n
and G(n) = f*(n) + n are complementary
sequences (with the minor conditions that
(i) fn) and f*(n) are non-decreasing
sequences of non-negative integers; (ii)
F(n)- and G(n) are strictly increasing
sequences of positive integers.)

Proof: We will first prove the converse.
Let F(n) and G(n) be strictly increasing
sequences of positive integers such that F
and G are complementary. For example,
r
F(n)=1,2,3,
G(n)=

6, 8,
4’57 79 99
e ——

5

10, 11, -~
12, -

(Note the inserted spaces in the above
illustration so that the natural numbers
are in increasing order from left to right
in relative position.) Let N be a natural
number. Let r and s be the number of
terms in F(n) and G(n) that are < N
respectively. (In the above illustration, N
=9,r=5and s=4.) Notethat r + s = N.

Now consider {n) = F(n) — n and f*(n) =
G(n) —n.

f(n)=0,0,0,
frim=

2,3, 4,4,
3931 4a Sy 71
g__\t_..__z

¥

We observe that
) =G@)-s=N-s=r.
That is,

Sf¥(s) = the number of terms in f appear
on the left hand side (in
position) of the term f*(s).

Likewise,

fr) = the number of terms in f* appear
on the left hand side (in
position) of the term 7).

Since the term f{r) appear on the left hand
side of f*(s), Ar). < s. We may similarly
show that f{r+1) 2 s and thus

A <s<fr+1).
That is, f*(n) is the frequency distribution
of fn) and thus fn) and f*(n) are inverse
sequences. The fact that {r) < s < f{r+1)
can also be proved formally as follows.
fH=Fr)—-r<N-r=s;
fr+1) = F(r+1)—(r+1) > N—(r+1) = s—1,
Ar+l) 2 s.

We will now show that if fn) is a non-
decreasing sequence of non-negative
integers and f*(n) is the frequency
distribution function of fn), then F(n) =
fin) + n and G(n) = g(n) + n are
complementary. Given the sequence f{(n),
we can first construct the sequence F(n) =
fn) + n. Let H(n) be the complementary
sequence of F(n) and let h(n) = H(n) — n.
From the converse proof, hA(n) must be
the frequency distribution of f{n). Since
the frequency distribution of a given
function is unique, h(n) = f*(n) and thus

G(n) =f*(n) + n=h(n) + n= H(n)
is the complementary sequence of F(n).

Q.E.D.
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Problem Corner

We welcome readers to submit solutions
to the problems posed below for
publication  consideration.  Solutions
should be preceded by the solver’s name,
address, school affiliation and grade
level. Please send submissions to Dr.
Kin-Yin Li, Dept of Mathematics, Hong
Kong  University of Science and
Technology, Clear Water Bay, Kowloon.
The deadline for submitting solutions is
April 15, 1998.

Problem 71. Find all real solutions of the
system

x+log(x+\)x2+l )= Y

y+log(y+\/y2 +1 )= z,
z+log(z+\/z2 +1 ): x.
(Source: 1995 Israel Math Olympiad.)

Problem 72. Is it possible to write the
numbers 1,2, ..., 121 inan 11 x 11 table
so that any two consecutive numbers be
written in cells with a common side and
all perfect squares lie in a single column?
(Source: 1995 Russian Math Olympiad.)

Problem 73. Prove that if a and b are
rational numbers satisfying the equation
a’+b3 =2a%b?, then 1 — ab is the
square of a rational number. (Source:
26th British Math Olympiad.)

Problem 74. Points A;, B;, C, are the
midpoints of the altitudes AA;, BB,, CC,
of acute triangle ABC, respectively. Find
the sum of ABzA1C2, ZCzB]Az, AAzcle.
(Source: 1995 Russian Math Olympiad.)

Problem 75. Let P(x) be any polynomial
with integer coefficients such that
PQ21)= 17, P(32) = =247, P(37) = 33.
Prove that if P(N) = N + 51, for some
integer N, then N = 26. (Source: 23rd
British Math Olympiad.)

sk siesteok s sk sk sk ke sie sk e ek ok ok

Solutions
sfeskesfesfeof sk s skesiesksie st e e ke

Problem 66.

(a) Find the first positive integer whose
square ends in three 4’s.

(b)Find all positive integers
squares end in three 4’s.

whose

(c) Show that no perfect square ends with
four 4’s.

1995 British Mathematical

(Source:
Olympiad.)
Solution: Andy CHAN Kin Hang

(Bishop Hall Jubilee School, Form 4) and
SHUM Ho Keung (PLK No. 1 W. H.
Cheung College, Form 5).

(a) Since 212 < 444 < 22? and 1444 = 382,
the first such positive integer is 38.

(b) Assume n is such an integer. Then
n’ - 1444 = (n - 38)(n + 38)

is divisible by 1000 = 2%5°. This implies
at least one of n — 38, n + 38 is divisible
by 4. Since their difference is 76, hence
both must be divisible by 4. Since 76 is
not divisible by 5, hence one of n — 38,
n + 38 is divisible by 4-5° = 500. Then
n= 500k + 38 for some nonnegative
integer k. Conversely, for such n,

n® = 1000(2504> £ 38k) + 1444
always ends in three 4's.

(c) Since 250k* + 38k is even, no perfect
square ends with four 4's.

Other commended solvers: KWOK Chi
Hang (Valtorta College, Form 6), LAI
Chi Fung, Brian (Queen Elizabeth
School, Form 5), LAW Ka Ho (Queen
Elizabeth School, Form 5), LI Fung (HK
Taoist  Association Ching Chung
Secondary School, Form 7), Gary NG
Ka Wing (STFA Leung Kau Kui
College, Form 5) and WONG Shu Fai
(Valtorta College, Form 6).

Problem 67. Let Z and R denote the
integers and real numbers, respectively.
Find all functions f: Z — R such that

sty f@TFO)
3 2

f(

for all integers x, y such that x + y is
divisible by 3. (Source: a modified
problem from the 1995 Iranian
Mathematical Olympiad.)

Solution: CHAN Wing Sum (City U)
and TSANG Sai Wing (Valtorta
College, Form 7).

For all integer n,
RO) + A3n) =2fn) =fn) + 2n).

This implies
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fBn)+ f(3n)

fn)=f(@2n)= >

= f(3n).

So fin) = RO) for all integer n. It is also clear
that all constant functions are solutions.

Other commended solvers: Andy CHAN
Kin Hang (Bishop Hall Jubilee School,
Form 4), CHING Wai Hung (STFA
Leung Kau Kui College, Form 6), LAW
Ka Ho (Queen Elizabeth School, Form
5), LI Fung (HK Taoist Association
Ching Chung Secondary School, Form
7), Gary NG Ka Wing (STFA Leung
Kau Kui College, Form 5) and WONG
Hau Lun (STFA Leung Kau Kui
College, Form 6).

Problem 68. If the equation
ax2+(c—b)x+(e—d)=0

has real roots greater than 1, show that the
equation

at+bP+ e +dx+e=0

has at least one real root. (Source: 1995
Greek Mathematical Olympiad.)

Solution: CHAN Wing Chiu (La Salle
College, Form 5).

Suppose
p(x)=ax4+bx3+cx2+dx+e

has no real root. Let y > 1 be a root of ay*
+(c-by+(-d=0and z=4y.
Since

p(x) = ax’*+(c-b)x*+(e—d)+(x—1)(bx+d),

we get
p(2) = (z— D7 +d)
and
p(=2) = (=2 = 1)(b2* + d).

Now z > 1 implies one of p(z), p(-z) is
positive, while the other is negative.
Therefore, p(x) has a root between z and
-z, a contradiction.

Problem 69. ABCD is a quadrilateral
such that AB = AD and £B = 4D = 90°.
Points F and E are chosen on BC and
CD, respectively, so that DF L AE. Prove
that AF L BE. (Source: 1995 Russian
Mathematical Olympiad.)

Solution 1: WONG Hau Lun (STFA
Leung Kau Kui College, Form 6).

Let E’ be the mirror image of E with

(continued on page 4)



Mathematical Excalibur, Vol. 4, No. 1, Dec, 97 - Feb, 98 Page 4

Problem Corner
(continued from page 3)

respect to AC. Let X be the intersection
of DF and AE. Let Y be the intersection
of AF and BE. Since ZADE = 90° =
LAXD, we have ZADF = ZDEA =
ZBE'A = 180° — ZAE'F. S0 A, D, F, E'
are concyclic. Then ZAFD = ZAE'D =
ZAEB. So X, E, F, Y are concyclic.
Therefore LEYF = ZEXF = 90°.

Solution 2: CHING Wai Hung (STFA
Leung Kau Kui College, Form 6).

Since DF 1. AE and DA 1 DE, so

0=DF - AE
=(DA+ AF)- AE

—, ——r e —p —

=DA-(AD+DE)+ AF - AE
which simplifies to
AF-AE=IADI>.

Since BF 1 BA, so

AF - BE = AF - (BA+ AE)

—_— — — e —

=(AB+BF)- BA+ AF - AE

—]2 |—]2
{7 <[5
=0

which implies AF 1 BE.

Other commended solver: TSANG Kam
Wing (Valtorta College, Form 5).

Problem 70. Lines /;, Iy, ---, [, are on a
plane such that no two are parallel and no
three are concurrent. Show that we can

label the C; intersection points of these

lines by the numbers 1, 2, .-+, k-1 so that
in each of the lines [, L, ---, [ the
numbers 1, 2, ---, k—1 appear exactly
once if and only if k is even. (Source: a
modified problem from the 1995 Greek
Mathematical Olympiad.)

Solution: Gary NG Ka Wing (STFA
Leung Kau Kui College, Form 5).

If such labeling exists for an integer k,
then the label 1 must occur once on each
line and each point labeled 1 lies on
exactly 2 lines. Hence there are k/2 1's,
i.e. k is even.

Conversely, if k is even, then the
following labeling works: for 1 < i <j <
k — 1, give the intersection of lines /; and

l; the label i + j — 1 when i + j < k, the
label i + j — k when i + j > k. For the
intersection of lines yand [; (i=1, 2, ...,
k — 1), give the label 2i — 1 when 2i < k
the label 2i — k when 2i > k.

Comments: The official solution made
use of the special symmetry of an odd
number sided regular polygon to
construct the labeling as follow: for &
even, consider the k — 1 sided regular
polygon with the vertices labeled 1, 2,
.o k=1.Forl1 <i<j<k-1, the
perpendicular bisector of the segment
joining vertices i and j passes through a
unique vertex, give the intersection of
lines /; and J; the label of that vertex. For
the intersection of lines /; and [; (i = 1, 2,
..., k= 1), give the label i.

Other commended solver: LAW Ka Ho
(Queen Elizabeth School, Form 5).

— OO T~

Olympiad Corner
(continued from page 1)

Problemd4. AC'BA'CB' is a convex
hexagon such that AB' = AC’, BC' = BA'
and CA’' = CB'. Moreover, ZA + 4B +
ZLC = LA'+ ZB' + ZC'. Prove that the
area of triangle ABC is half of the area of
the hexagon. (6 points)

Problem 5. Prove that the number
(@) 97%"; (4 points)
(b) 1997 (4 points)

is not representable as a sum of cubes of
several consecutive integers.

Problem 6. Let P be a point inside the
triangle ABC with AB = BC, ZABC =
80°, LPAC = 40° and ZACP = 30°
Find ZBPC. (7 points)

Problem7. You are given a balance and
one copy of each ten weights of 1, 2, 4, 8,
16, 32, 64, 128, 256 and 512 grams. An
object weighing M grams, where M is a
positive integer, may be balanced in
different ways by placing various
combinations of the given weights on
either pans of the balance.

(a) Prove that no object may be
balanced in more than 89 ways.
(5 points)

(b) Find a value of M such that an object
weighing M grams can be balanced
in 89 ways. (4 points)

Senior A-Level Paper

Problem 1. same as Junior A-Level Paper
Problem 2. (4 points)

Problem 2. D is the point on BC and E
is the point on CA such that AD and BE
are the bisectors of ZA and ZB of
triangle ABC. If DE is the bisector of
ZADC, find ZA. (5 points)

Problem3. You are given 20 positive
weights such that any object of integer
weight m, 1 <m < 1997, can be balanced
by placing in it one pan-of a balance and
a subset of the weights on the other pan.
What is the minimal value of the largest
of the 20 weights if the weights are

(a) all integers; (3 points)
(b) not necessarily integers? (3 points)

Problem4. A convex polygon G is
placed inside a convex polygon F so that
their boundaries have no common points.
A segment s containing two points on the
boundary of F is called a support chord
for G if s contains a side or only a vertex
of G. Prove that

(a) there exists a support chord for G
whose midpoint lies on the boundary
of G; (6 points)

(b) there exist at least two such chords.
(2 points)
Problem 5. Prove that

1 1 1
1+a+b 1+b+c

<1,
l+c+a

where a, b and ¢ are positive numbers
such that abc = 1. (8 points)

Problem 6. Prove that if F(x) and G(x)
are polynomials with coefficients O and 1
such that

FOOGR) =1+x+x+ ... +x*1

holds for some n > 1, then one of them is
representable in the form

Q+x+x+ ...+ HTx)

for some k > 1 and some polynomial 7(x)
with coefficients O and 1. (8 points)

Problem 7. Several strips and a circle of
radius 1 are drawn on the plane. The sum
of the widths of the strips is 100. Prove
that one can translate each strip parallel
to itself so that together they cover the
circle. (8 points)



