MATH 6150F — Coxeter systems and Iwahori-Hecke algebras (Spring 2017) Homework 8

Instructions: Complete the following exercises.

Your work on the assigned problems will be graded on clarity of exposition as well as correctness. Feel
free to discuss the problems with other students, but be sure to acknowledge your collaborators in your
solutions, and to write up your final solutions by yourself.

Due in class on Monday, April 10.

1. Fix a positive integer n and let (W, S) be the Coxeter system with W = S,, and S = {s1,$2,...,8n—1}
where s; = (i, + 1) € Sy,. Let Q(z) be the field of rational functions over the rational numbers in
an indeterminate x. Let H = Q(x)-span{T,, : w € W} be the generic Hecke algebra of (W, S) over
Q(z) with structure constants a; = x — 1 and bs = z for all s € S, so that

TuTy = Ty if L(uv) = £(u) 4 £(v) and T? = (x — )Ty + 2T} for s € S.
Define T; = T, for ¢ € [n — 1], and let V be the free Q(z)-module with basis ej, ea, ..., e,.
(a) Show that V has an #-module structure in which
xe; if j ¢ {i,i+1}
Tiej =< €11 ifj=1 forie[n—1], j € [n].
xe;+(x—1)er ifj=i+1

(b) Prove that V = V' @® V" as an H-module where V' affords a 1-dimensional representation of
H and V" is the free Q(x)-module spanned by {ze; — e, xe2 —e3,...,z€H0_1 — €p}.

(c) Determine how each T; acts on V" and show that V" is a simple H-module.

2. Let G be a finite group and let B C G be a subgroup. Let e = ﬁ > e and H(G, B) = eCGe.

Let M be the right G-module eCG and define Endcg (M) as the algebra of linear maps A : M — M
with A(mg) = A(m)g for all m € M and g € G. Recall that the map ¢ : End(M) — H(G, B) given
by ¢(A) = A(e) is an isomorphism of C-algebras.

(a) Define tp : CG — C as the linear map with t5(1) = |B| and ¢tp(g) = 0 for g € G — {1}. Prove
that tg(zy) = tg(yx) for all z,y € CG.

(b) Show that there is a constant r € C such that tr(\) = r - tg(¢(N\)) for all A € End(M), where
tr denotes the usual trace of a linear map M — M. What is the value of r?

(¢) Show that if z € H(G, B) is nilpotent, then tp(z) = 0.
(d) Show that if € H(G, B) is nonzero, then there exists a € H(G, B) such that tp(ax) # 0.
(e) Show that H(G, B) has no nilpotent left or right ideals, and is therefore semisimple.

3. Let (W, S) be a Coxeter system, let A be a commutative ring, and let 1 be a generic Hecke algebra
of (W, S) over A with structure constants as,bs € A for s € S, so that T2 = a, T, + b,T.

(a) Suppose w = s182 -8, = t1ty -ty are two reduced expressions for w € W. Show that

b51b52 e bs" = bt1 bt2 A bt

Thus, we can define b,, = bs, - --bs, € A when w = s1---s, € W is any reduced expression.

(b) Define 7: H — A as the linear map with 7(71) = 1 and 7(T},) = 0 for 1 # w € W. Prove that

b, ifu"l=
(T, T,) = s ) Y for u,v € W.
0 otherwise

4. Let (W, S) be an arbitrary Coxeter system, let H be the generic Hecke algebra of (W, S) over Z|x]
with structure constants a; = x — 1 and by = x for all s € S. Determine all 1-dimensional represen-
tations of H and, when W is finite, find left submodules of H which afford these representations.



