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11.6 Lambda lengths

In the last section, we describe the geometric realization of the cluster variables.
They are given by “lambda lengths” introduced by R. Penner in the study of dec-
orated Teichmiiller spaces.

Here is one definition of Teichmiiller space:

Definition 11.32. Teichmiller space T (S, M) is the moduli space of hyperbolic
structures with constant curvature —1 on S\ M and geodesic boundary 0S\ M,
modulo diffeomorphisms of S fizing M that are homotopic to identity.

T(S, M) is a manifold of dimensionn —p = 6g+ 3b+ 2p+ c— 6.

Our choice of bordered surface (S, M) gauranteed a hyperbolic structure. Recall
that we can view them using Poincaré’s uniformization.
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Figure 1: Viewing the 2-torus with 1 puncture by identifying sides of a polygons.
An ideal triangulation is just a triangulation of the polygon.
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Figure 2: The universal cover will be the Poincaré disk I, and the surface can be
recovered by D/T" for some discrete subgroup 71 (S,M) ~I' C PSL(2,R).
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Definition 11.33. Decorated Teichmiiller space T (S, M) is T(S, M) together with
a collection of horocycles hy, around each p € M. Horocycle is a curve perpendicular
to every geodesics from p.

Remark 11.34. In the realization of the hyperbolic space as a Poincaré unit disk,
all p € M lies on the boundary, and h, can be realized as circles tangent to p.

Definition 11.35. Let v € A°(S, M) or a boundary segment be a geodesic. Let
£() be the signed distance between the horocycles at either end of v (positive if 2
horocycles do not intersect, negative if intersect).

The lambda length is defined by

Theorem 11.36. For any triangulation T of (S, M), the map

11 A7) s T(S, M) — RZE*

yeru{boundary segments}

is a homeomorphism.



Remark 11.37. One can obtain a coordinate system on T (S, M) which does not
depend on the choice of horocycles, by taking the “cross-ratios” of lambda length
around each quadrilateral, which is called the “shear coordinate”, and satisfy certain
linear relations around punctures.

Remark 11.38. Another model for lambda length is the Minkowski space. Consider
M = R?! with quadratic form (u,u) = —x® —y* + 2%. Then the hyperboloid model
is given by

Hyo:={ue M: (u,u) =1,z >0}

The steoreographic projection from

IHI>0 —)D:{(.’E,y,O) ERQ,l Z!L‘2+y2:1}
=T

is given by joining x© € Hso with (0,0,—1) and intersecting at D.
If v,y € Hs o, then the hyperbolic distance d = d(T,7) satisfies

cosh? d = (z,y)?
Define the positive light cone is
LT :={ueM: (uu)=0,2>0}
Then it correponds to horocycles:
w€ LT «— h(u) :=={we H: (w,u) =1}
The lambda length between the two horocycles h(u), h(v) is then given by
Now = (u,v)

Proposition 11.39. If o, 8,7, € A°(S, M) or boundary segments, and cut out a
quadrilateral in S as in the picture with n, 6 the diagonals, then we have Ptolemy
relation

AmMAB) = AM@)A(y) + A(B)A(9)



Figure 3: Ptolemy relation

Proof. 1t follows from the classical Ptolemy’s relation! Let us rewrite
A} = (ui, uy)
Then the Ptolemy’s relation can be rewritten as
A13A24 = A12A34 + A1aAo3

Note that it is invariant under rescaling of u;. Hence we can scale u; such that they
are at the same height on L™. But this means that they lie on a circle.
The Euclidean distance d(u;,u;) is

d(ui,ug)? = (2 — ;) + (v — y5)°
= xf + yf + xf + yJ2 —2x;75 — 2Y;y;4
= 2(2* — @25 — yiyj)
= 2<’UJ1‘,’ZLJ'> = 2)\%

since z? + y? = 2% as u; € L. Hence the Ptolemy’s relation follows from the

classical version. O

Example 11.40. The Ptolemy’s relation also works when some edges are identified:



AMAB) = Ma)A(y) + A(B)*

The Ptolemy’s relation gives us all the realization of exchange relations of the
cluster variables when (S, M) has no punctures. The case when S has punctures is
more complicated, where the Ptolemy relation for digon flip cannot give exchange
relation since the two terms on the right hand side has common factors!

AMAO) = Ma)A(y) + ABAM)-

B

Figure 4: 2-gon flip

Hence one need to modify the definition of lambda length in the punctured case.
We need a notion of lambda length for tagged arcs.

Definition 11.41. A conjugated horocycle h of h at p € M is a horocycle such that
L(R)L(h) =1
where L(h) is the hyperbolic length of the horocycle h.

Lemma 11.42. Guen the configuration of a I-gon with 1 puncture, horocycle h
around the puncture p and its conjugated horocycle h



We have

/\qq = qu/\ﬁq

where A, is the geodesic length of .

Definition 11.43. We define the lambda length of tagged arcs as follows: If both
end of y is plain, then \(7) is as usual. If~y is < at one end p, we use the conjugated
horocycle hy, to define A(7y) instead.

Lemma 11.44. Let v, be tagged arc at p,q € M such that o = 7, and same tag
at q, different tag at p.

n

q

Then
A1) = AV

where A\(n) is computed using the horocycles hg or h7q depending on the tag of v,
at q.

We can now state the exchange relations for the lambda length of tagged arcs.

Definition 11.45. Ptolemy’s relation (Q): Same as the undone version. But we
replace 1-punctured 1-gon by the product of the tagged arcs.

Example 11.46. We have by Lemma 11.44

AMA(B) = M) A(y) + A(B)?
= Mo )A@)A(Y)A(") + A(B)



Definition 11.47. Digon relation (D): Again by Lemma 11.44, we can rewrite
A(m) = AAY) and get

AMA) = Ma)A(y) + AB) + Aly)
== AY)AO) = Ma) + A(B)
(0%
0 o) »
M

Theorem 11.48. The lambda lengths for tagged arcs form a cluster exchange pat-
tern. In summary

o Cocfficient semifield P is generated by lambda lengths of boundary segments

o Ambient field cF is generated over P by lambda lengths of a given triangulation
Ty with no self-folded triangles

e The exchange graph E(S, M) is the exchange graph of tagged triangulations
o The seeds are labeled by vertices of E(S, M)

e FEach cluster x(T') consists of lambda lengths of tagged arcs in T

e Fach exchange matriz B(T) is the signed adjacency matriz of T

e The exchange relation out of each seed is given by the Ptolemy relations (Q)
and digon relations (D).

The exhcnage pattern does not depend on the choice of initial triangulation.
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