Integers, Prime Factorization, and More on Primes

October 25, 2013
Week 9-10

1 Integers

Definition 1. Let a,b € Z. We say that a divides b (or a is a factor of b)
if b = ac for some integer c. When a divides b, we write a | b.

Proposition 2 (Division Algorithm). Let a be a positive integer. Then for
any b € 7, there exist unique integers q,r such that

b=qa+r, 0<r<a.
The integer q s called the quotient and r is the remainder.

Proof. Consider the rational number 2. Since R = (J, [k, k + 1) (disjoint),
there exists a unique integer ¢ such that g €lg,qg+ 1), ie, q< g <q-+1
Multiplying through by the positive integer a, we obtain ga < b < (¢ + 1)a.
Let r = b — ga. Then we have b = ga + r and 0 < r < a, as required. ]

Proposition 3. Let a,b,d € Z. Ifd | a and d | b, then d | (ma + nb) for all
m,n € 7.

Proof. Since d | a and d | b, there exist integers ¢; and ¢y such that a = ¢1d
and b = coa. Then for any integers m,n € Z, we have

ma + nb = mecrd + nead = (mey + ney)d.

This means that d divides ma + nb. ]

2 Euclidean Algorithm

Definition 4. Let a,b € Z, not all zero. A common divisor (or factor) of
a and b is an integer which divides both a and b. The greatest common
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divisor of a and b, written ged(a, b), is the largest positive integer that divides
both a and b.

Proposition 5. Let a,b € Z. If b= qa + r, then
ged(a, b) = ged(a, r).

Proof. An integer c is a common divisor of @ and b if and only if ¢ is a common
divisor of a and r. Thus the set of common divisors of a,b are the same as
the set of common divisors of a, r. [

Example 1. Find the greatest common divisor of 4346 and 6587.

Euclidean Algorithm: For integers a and b, and assume that a is posi-
tive. We write

b = qa+ry, 0<r <a,

= qori1+ 1o, 0<ry<ry,
rL = q3re+ s, 0 <r3<ro,
T3 = Qp-1Tp—2+Tr-1, 0<1rp 1 <rpog,
Tk—2 = QkTk-1+ Tk, 0 <7, <71,
Tk—1 = Qer17x + 0.

Then by Proposition 5,

ged(a, b) = ged(a,ry) = ged(ry,m) = -+ - = ged(rg_1, %) = 7%

Theorem 6 (Euclidean Theorem). Let a,b € Z and d = ged(a,b). Then
there exist integers m and n such that

d = ma + nb.
Proof. By the Euclidean Algorithm above, we have d = r; and

Tk = Tk—2 — qgTk-1,
k-1 = Tk-3 — qg—1Tk—2,

r3 = T1 —(qg3Try,
9 = a— Qg
r = b—qa.

It follows that rj is a linear combination of @ and b with integer coefficients.
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Proposition 7. Let a,b € Z. Then a positive integer d is the greatest com-
mon divisor of a and b if and only if

(1) d divides both a and b;
(2) If ¢ divides both a and b, then c divides d.

Proof. If the above two conditions are satisfied by the integer d, it is clear
that d is the largest one among all divisors of a and b.

Let d = ged(a,b). The first condition is obviously satisfied. The second
condition follows from the Euclidean Algorithm. ]

Definition 8. Let a,b € Z. If ged(a,b) = 1, we say that a and b are coprime
each other.

Proposition 9. Let a,b, c € Z.
(1) Let a and b be comprime each other. If a | be, then a | c.

(2) Let p be a prime. If p | ab, then either p | a orp|b.

Proof. (1) By the Euclidean algorithm, there exist integers m,n such that
ma + nb = 1. Multiplying ¢ to both sides we have mac + nbc = c¢. Since
a | be, i.e., be = qa for some integer ¢, then

¢ = mac + nqga = (mc + nq)a,

which means that a is a divisor of c.
(2) If p{ a, then ged(p,a) = 1. Thus by (1), we must have p | b. O

Corollary 10. Let ay,as,...,a, € Z and let p be a prime. If p | ajas-- - ay,
then p | a; for some 1.

Proof. Let P(n) denote the statement. We prove it by induction on n. For
n =1, P(1) says that if “p | a; then p | a;,” which is trivially true. Suppose
it is true for P(n). Consider P(n + 1). Let ay,a9,...,a4,41 € Z. Let a =
ajas-+-a, and b = ayy1. Then p | ab. If p | a, ie., p | a1as---ay,, by
induction, we have some i (1 < i < n) such that p | a;. If p { a, then by
Proposition 9, we have p | b, i.e., p | a,+1. Hence P(n + 1) is true. ]

Definition 11. Let a,b € 7Z, not all zero. A common multiple of a and
b is a nonnegative integer m such that a|m and blm. The very smallest
one among all common multiples of a and b is called the least common
multiple, denoted lem(a, b).



Proposition 12. For a,b € Z, not all zero, if a,b are nonnegative, then

ab
1 b) = ———.
cmfa, b) ged(a, b)
Proof. Let d = ged(a, b), a = dcy and b = dey. It is clear that the integer
ab

— = dcico = acy = bey

d

is a common multiple of @ and b, ged(cy, c2) = 1. Let m be a common multiple
of a and b, i.e., m = ae; and b = bey. Then m = ae; = decie; = deges. It
follows that cie; = coeo. Since ged(cy, o) = 1, we have ¢; | e2 and ¢ | e;.
Write es = ¢1 f1 and e; = ¢ fs, then cico fo = coci fi. Thus f1 = fo. Therefore

ab
m = ae; = dcieg = deicofy = Ef%

which is a multiple of %b = dcicy. By definition, %b is the least common

multiple of a and b. []

3 Prime Factorization

Theorem 13. (a) Every integer n > 2 is a product of prime numbers, i.e.,
there exist primes py,pa, ..., Pk, where py < py < -+ < pg, such that

n=pip2- - - Pk-

(b) The prime factorization in (a) is unique, i.e., if n = pipy--- p
QG2 - q1, where p1,pa, ..., pr and q1, s, ..., q are primes, p; < py < -
Dk, (1 < o < - < q, then k=1 and

IA

bPr=4q, p2=4q2, ... Pk = (k.

Proof. The existence of the prime factorization has been proved before. We
only need to prove the uniqueness.

Suppose there is an integer n which has two different prime factorizations,
say,

n=mpip2 Pk = 4192 * - * q,

where p1 < po < - < pr, 1 < o < -+ < ¢, and the list of primes
P1, P2, - - ., Pi 1s not the same as the list g1, ¢o, ..., q.
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Now in the equation pips---pr = quq2- - - q, cancel any primes that are
common to both sides. Since the two factorizations are different, not all
primes will be canceled, and we end up with an equation

ULU2 * - - Uy = V1V - - - Vg,

where {uy, us, ..., u,} is a sub-multiset of the multiset {p1, po, ..., pr}, {v1, 09, ...

is a sub-multiset of {q1, q2, ..., q}, and {ui, ug, ..., u.} N {vy, v9,... 0} = 0.

Now we have u; | vjvy---vs and vy | wyug - - u,. By part (2) of Propo-
sition 9, we see that u; | v; for some j and v; | u; for some . It follows
that u; = v; for some j and v; = w; for some 7. This contradicts to that
{ui, ug, ... u} N{v,vg, ... 05} = 0. O

Corollary 14. (a) For any integer n > 2, there is a unique factorization
n=pi'py
where p1,pa, ..., pr are distinct primes, p1 < pa < --- < pr, and ey, €s,. .., €x
are positive integers.
(b) Let n = pi'p5* - - pyF, where py < pa < -+ < py are primes and all

e; > 0. If m is positive integer and m | n, then m = p|'ps ---pZ’“ with
0<d; <e; foralli.

Proof. (a) Collect the same primes and write them into powers.

(b) Since m | n, then n = mec for a positive integer ¢. Write m and ¢ into
f1,f2 fi

the unique prime factorization forms m = ¢;'¢3* - - - ¢/ and ¢ = uf'ud* - - - udr.
Then

prps ot = ol gl g
By the unique prime factorization, the primes ¢, qo, ..., q and uq, uo, ..., u,
must be some of the primes pq, po, ..., pr. Thus

_dy o d dp _a1.a ak
m=p;'py’---p and c=pi'py’---pt,

where d; > 0 and a; > 0 for all 7. It follows that ¢; = d; + a; for all i.
Therefore, 0 < d; < ¢; for all . O

Proposition 15. Let a,b > 2 be integers with the prime factorizations

a:p?p?...pzk, b:p{1p£2pzk7
where p; are distinct primes and e;, f; > 0 for all ©. Then
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(a) ged(a, b) = pyerfippintenls) pminen i)

= p]. p2 P pk ,
(b) lcm(a, b) _ pinax(ehfﬁp;nax(ez,h) . ‘p?ax(ek’fk),

(¢) ab = ged(a, b) - lem(a, b).

4 Some Consequences of the Prime Factorization

Proposition 16. Let n be a positive integer. Then /n is rational if and only
if n is a perfect square, i.e., n = m? for some integer m.

Proof. When n = m? for an integer m, it is clear that m is a rational number
and y/n = m.

Suppose \/n = ¢ is rational in reduced form, where a,b € Z. Squaring
both sides, we have nb? = a®. Let a = p{'p5? - - - p;*. Then a* has the unique
prime factorization a? = pi“ps® - - pie"', i.e., each prime in a® has an even
power. Similarly, every prime in the unique factorization b also has even
power. So the prime in the unique factorization of n also has even power.
Write n = q%dl . -q2dl, we have n = m? with m = qfl e qdl. ]
Proposition 17. Let a and b be positive integers that are coprime each other.

(a) If ab is a square, then both a and b are squares.

(b) If ab is an nth power, then both a and b are also nth powers.

Proof. Tt is trivial if one of a and b is the integer 1. Let a,b > 2 and be
factored into the products

dy d d e e e
a=pi'py’ Py, =g’ g
where p1 < py < --- < pr and ¢ < @2 < --- < q are primes, d; > 0 for all ¢
and e; > 0 for all j.
(a) Note that ab = ¢? for positive integer c. Let ¢ be factored into the
product ¢ = 7“{17“52 ...rfm_ Then ab = ¢ gives the equation

d d di _e1 e exr _ .2f1..2f 2fm
p11p22...pkq11q22...qk _7"1 7"2 ...T’I’I"Lfl'

Since a and b are coprime to each other, none of the p; are equal to any of the

¢;. The unique Factorization Theorem implies that {p1,po, ..., Pk ¢1, G2, ..., @} =

{r1,79,..., 7} and the corresponding powers are the same. Thus the inte-
gers d; and e; are even numbers. Write d; = 2d; and e; = 26;-. We then
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have
2

2
d/ d/ d/ / ! el
a= (pllpg"’ . -pk’“) , b= (qflqg2 - --%’“)
So a and b are squares.

(b) The argument for (b) is the same as for (a). The condition ab = ¢" for
some integer c gives an equation

dy d dk e; e €L Tlfl Tlfg nJn
p11p22...pk q11q22...qk _7“1 742 ...rrmf”.

The unique Factorization Theorem implies that the integers d; and e; are
multiples of n. Hence a and b are both nth powers. [

Example 2. Can a nonzero even square exceed a cube by 17 No.

Proof. If there is an even integer 2x whose square is equal to a cubic power
of an integer y plus 1, then (22)? = y? +1. We are to show that the equation

dr* =y° + 1

has no integer solution (x,y) such that x # 0.

Suppose there is an integer solution (x,y) such that 42?2 = y3 4+ 1. Then
422 — 1 = . Thus

(22 4+ 1)(2z — 1) = ¢°.
Let d = ged(2x + 1,22 — 1). Since 2z + 1 and 2x — 1 are odd numbers, it
follows that d is an odd number. Certainly, d divides the difference of 2z + 1
and 2z — 1, which is 2. Hence d = 1; i.e., 2z + 1 and 2x — 1 are coprime. By
Proposition 17(b), both 2z + 1 and 2z — 1 are cubes. Note that the list of
cubes is
oo, —27,—-8,—1,0,1,8,27, ...

By inspection, a pair of cubes whose difference is 2 must be the pair (—1,1).
So we must have z = 0 and y = —1. ]

5 More on Prime Numbers

Theorem 18. There are infinitely many prime numbers.

Proof. Suppose the result is not true, i.e., there are only finite number of
prime numbers, say, p1,po, ..., pn. Now consider the positive integer

N =pips---pn+ 1.
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Since N > p; for all i, the integer N cannot be a prime number. By the
Factorization Theorem we have N = ¢iq2---q; for some prime numbers.
Since p1,po,...,p, are the only prime numbers, then ¢4 = p; for some 1.

Then p; | N by the factorization of N, but p; { N by definition of N. This is
a contradiction. ]

Question: Given a positive integer n, how many of the numbers 1,2,...,n

are primes?

For a positive integer n, let w(n) denote the number of primesin {1,2,...,n}.
For instance, we have

n [1]2][3[4]5]6[7[8[9]10]11[12][13]14[15[16]17] -
m(n)|0|1|2(2(3(3]4(4]4] 4556|6667

Theorem 19 (Prime Number Theorem).

n _ . m(n)
W(H)NE, i.e., nlljglo o = 1.

Goldbach Conjecture: Every even positive integer that is greater than 2
is a sum of two primes.

Twin Primes Conjecture: Two prime numbers of the form p,p + 2 are
called twin primes. There are infinitely many twin primes.



