MAFS 5030 - Quantitative Modeling of Derivative Securities

Solution to Homework Three

1. (a) Fort > s, consider

EW? =W2|F] = E[(W,— W)+ 2W,(W, - W,)| F]
= E[(W, = W,)?| F] + 2W,E [W, — W,| F]
= t—s,

We then have

EW} —t|F] = E[W7=W2+W2—(t—s)—s|F]
= (t—s)+W2—(t—5)—s=W2?—s.

Also, E [|[W? —t|] < oo is observed. Therefore, WZ —t is a (P, {F;}i0)-
martingale.

(b) From the lecture note p.8, we obtain
2

Blexp(o(W; = W))|F] = St - s).

For t > s, consider

2
E [exp <0Wt — %t)}
2 2

= FE [exp(a(Wt - W) — %(t —s) +exp(oW;) — %5 fS]

2 2

= Elexp(o(W, = W) F] = Z-(t = ) + exp(oW,) = T

2
2
= exp (O'Ws — %s) .

2

Also, £ Hexp(th) — %t
(P, {Fi}+>0)-martingale.

2
} < oo is observed. Therefore, exp(cW;) — %t is a

2. We have



and

var (0 /tT[Z(u) — Z(t)] du)
[ 1z - 20 dur
[ [z~

= o [ [ Btz - 20)z0) - 20} dude
_ o / ' / in(u, v) — f] dud
[l e [

= o (T —1)%/

o’FE l
= O'2E|:

3. By virtue of the properties of normal distribution and the definition of a Brownian

motion, we observe that oy dZ;(t) + 04 dZs(t) is a Brownian motion with mean 0 and

. o121(t) + 0225(t
variance rate 0%, where 02 = 02 + 02 + 2p120105. Define Z(t) = — 1(t) + 022 ),

which is seen to be a Brownian motion with zero mean and unit variance rate. Note
that dZ1dZs = p1o dt in the mean square sense. For f = 51.5,, it follows that

df = S1dSy+ S2dSy + dS1dS,
= 515 (o dt + 09 dZs) + So.51(p dt + o1 dZy) + S1520102dZy dZs
= f(pr + po + p120109) dt + f(o1dZy + 02 dZs)
= fudt+ fodZ.

Alternatively, we may consider
2
Sl(t) = Sl<0) exp <(,u1 71) t+ 0'121( >>
o3
Sa(t) = Sa(0)exp (| p2— 5 |t +0a(t) ),

so that
of o3
[ =518 = 851(0)52(0)exp | | p1 + p2 — T t+01Z1(t) + 02Z5(t)
2 2 2
= Sl(O)SQ(O) exXp ((Ml + U2 + p12010'2)t — %1 + 72 —; P129192 t+ O'Z(t)) .

2

From Sy(t) = S2(0) exp ((uz — %) t+ oaZs(t )), we deduce

Syt = %exp[( o + %Q)t—JQZQ( )].

2



The corresponding dynamic equation is seen to be

dsy*
5_21 = (—pa + 02) dt — 02 dZs.
2

From the first result, for g = S;/55, it follows that

dg = gidt + g5 dZ,

where i = p1 — pig — p120102 + 03, % = 05 + 05 — 2p120102 and

Z(t) _ 01721 (t) - ang(t)‘

g

. First, we have varp(X) = 2/3. By solving the following equations:

E3[X] = 2P[w1] + 3P[ws] + 4PJws] = 3.5,

vars(X) = (2 — 3.5)2Plwr] + (3 — 3.5)2Plwy] + (4 — 3.5)2Plws] = 2/3,
and B B B

P[wl] + P[wg] + P[LUg] = ]_,

We obtain the unique solution: Plws] = 5/24, Plws] = 1/12, Plws] = 17/24. Since
Plw;],i = 1,2,3 are all positive, we do obtain the required probability measure P
and it is unique.

/

. Let v = FZ I and consider the Radon-Nikodym derivative:
dP
——
75 = (1)
where

ott) = ([ —2(6) a26)— 5 [ (o) ).

Under the measure ﬁ, the stochastic process
~ t
Zy = 7 +/ v(s) ds
0

is P-Brownian by the Girsanov Theorem. It is seen that when we set v = r—h ,

o
then

fdt+odZ, =y dt + o(dZ, +~dt) = pdt + o dZ,.
Therefore, S; is governed by

ds; =y dt +odZ,
St

under the measure P.



6. For s < t, we consider
2t
Ep [exp <_,LLZP(t) - %) ‘ fs]
25
2

— Ep {exp <—sz(s) - “—> exp( — u(Zp(t) = Zp(s)) - “723(15 - s)) ’ ]-“s}

.

v~

normal with
variance t — s

Recall that the expectation of a normal random variable with variance p*(t — s) is

oo (L10-9).

We then have

%t
Ep {eXp (—uZp(t) - £ )‘F
p

— e (—uzols) = 5% exp (0 - ) oo (=)

= exp (_HZP(S) - %28) :

7. Let K be the delivery price of the commodity forward, then the value of the forward
contract is given by
f=8S—-Ke ' =S—-B(r;K);

where B(7; K) denotes the price of a T-maturity bond with par value K at time
to expiry 7, hence the hedge ratio A is always one. The forward contract is an
agreement where the holder agrees to buy the commodity at the delivery time T
for the delivery price K. It can be replicated by holding one unit of the commodity
and shorting one unit of a bond with par value K, implying the hedge ratio is one.
Setting f = 0, we get K = Se’". It follows that the forward price F'(S,7) is given
by
F(S,7)=8e"=S5/B(t,T), =T — 1.

8. When the self-financing trading strategy is adopted, the purchase of additional units

of asset is financed by the sale of the riskless asset, hence SdA + dM = 0 and it
follows that

dll = AdS + SdA + rMdt + dM
= AdS +rMdt.

By substituting dS = pSdt + 0S5 dZ into the above equation, we obtain
dll = (pSA +rM)dt + oSAdZ.

On the other hand, Ito’s Lemma gives

v oV o OV
AV = Srdit o dS oS e dt
v AV o PV oV



10.

11.

Since II is a replicating portfolio, in order to match dIl = dV/, it is necessary to
choose

oV
A=—.
oS
This leads to av S
gV 0 ed vV —
8t+258$2 rM = 0.

Note that M =V —AS =V —-S§ g—‘g, the Black-Scholes equation for V' is then given
by

oV o? ,0°V ov

E—F?S W—FTS%—TV—O.

Consider A, = N(d;) and A, = —N(—d;), where

S o?
lny+(r+7>7

di =
1 -

V\/e haNe
o2
6dl \/_; hl S){ L 6d1 1 ‘S( <r )

% N 2 0'2\/? ’ E N 20’7’%
Financial interpretation: When the option is sufficiently out-of-the-money currently,
a higher volatility of the asset price or a longer time to expiry implies a greater value
of delta. The option becomes more likely for the option to expire in-the-money.

When the option is currently in-the-money, In X changes in sign; so higher ¢ and

longer 7 lead to a small value of delta.

The convexity of the European call price with respect to the asset price implies

(S, ;X)) — (5,1, X) S c(S,1; X)
S -9 - S

Let S — S, we obtain g—; > ¢, hence e, > 1.

For a European put option, we have

o (2) () s

In order to have |e,| < 1, this is equivalent to observe

2SN(—d1) < XS_TTN(—Cb).
This occurs when S is sufficiently low or the put is sufficiently in-the-money.

(a) By Ito’s Lemma and observing A = 0, it follows that

jof PSR of
= (E—i_ 5 aSQ)dt—l-%dS

2 Q2
= (@+UZS F)dt.

5

df




By virtue of no arbitrage, we set df = r fdt and obtain

0.2 SQ
2

O+ I'=rf.

(b) When the asset value is sufficiently high, the call will always be exercised with
terminal payoff Sy — X. Therefore, the call price tends asymptotically to
S — Xe™'7. By differentiating S — Xe™"" with respect to 7, it is seen that the
theta tends asymptotically to —rXe™" from below.

12. Using the risk neutral valuation principle, the value of the European call option is
given by

CM(S, T X, M) = 67TTEQ[CM(ST, O; X, M)]
= e ""Egmax(Sr — X,0)] + e " Egmax(Sy — X — M, 0)]
= ¢S, X)—c(S,1; X+ M).
Alternatively, we can derive the price relation without the assumption of existence
of (). The capped European call and the portfolio of long one unit of European call
with strike X and short one unit of European call with strike X + M have the same
payoff at T" under all scenarios of St, so their current prices have the same relation.

This relation is model free, that is, it is independent of the underlying assumption
of the underlying asset price distribution.

13. The terminal payoff function of this call is given by
cr (S, 7; X, @) = min(max(Sr — X, 0), aSr).
Using the risk neutral valuation principle, it follows that

(S, X, ) = e "TEglen(Sr,0; X, aSt)]
= e ""Egmax(Sr — X, 0) + aSr — max(max(Sy — X,0), aSr)]

= e T Eglmax(Sr — X,0)] - (1 - a)e™"Eq [max (ST g 0)]

l—«

- c(s,T;X)—a—a)c(S,T; X )

1l—«

Note that the delta of ¢, is an increasing function of S. This is because

Ac, = N(di(X)) = (1 —a)N <d1< - ))

11—«

and

aaAgL - n(dl(X))So_l\/? ~(1-a)n <d1 (1 f@)) 301\/F -

As S — o0, ¢, becomes a units of forward with zero forward price, so A., — a as
S — oo. Here, A., is always less than a and tends to « from below when the asset
price becomes exceedingly large.



