
MAFS 5030 - Quantitative Modeling of Derivative Securities

Solution to Homework Four

1. When the dividends are taxed at the rate R, the differential of the portfolio value
Π = −c+∆S is given by

dΠ = −
[
∂c

∂t
+
σ2

2
S2 ∂

2c

∂S2
+ (1−R)q∆S

]
dt+

(
∆− ∂c

∂S

)
dS.

Note that the capital gains on the change in value of c and S are not taxed. Again,

we set ∆ =
∂c

∂S
to eliminate the random term. Since interest incomes are taxed

at the rate R, the deterministic rate of return from the money market account is
(1−R)r. We set dΠ = (1−R)rΠ dt to give

dΠ =

[
−∂c
∂t

− σ2

2
S2 ∂

2c

∂S2
+ (1−R)qS

∂c

∂S

]
dt = (1−R)r

(
−c+ S

∂c

∂S

)
dt.

This gives the governing equation for the call price function as follows

∂c

∂t
+ (1−R)(r − q)S

∂c

∂S
+
σ2

2
S2 ∂

2c

∂S2
− (1−R)rc = 0.

The European call and put price formulas are given by

c(S, τ) = Se−(1−R)qτN(d1)−Xe−(1−R)rτN(d2)

p(S, τ) = Xe−(1−R)rτN(−d2)− Se−(1−R)qτN(−d1),

where τ = T − t and

d1 =
ln S

X
+
[
(1−R)(r − q) + σ2

2

]
τ

σ
√
τ

, d2 = d1 − σ
√
τ .

2. An investor has two choices at time t: (i) holding cash amount of S until T , (ii)
use the cash amount of S to buy the underlying asset and short one unit of forward
(causes nothing to enter into the short position of the forward). The values of wealth

at T for both strategies are Ser(T−t) and F +
N∑
i=1

Die
r(T−ti). These two strategies

should have the same value, so we obtain

F (S, t) = Ser(T−t) −
N∑
i=1

Die
r(T−ti).

For the call price function c(S, t), the governing differential equation is

∂c

∂t
+ rS

∂c

∂S
+
σ2

2
S2 ∂

2c

∂S2
− rc = 0,

where the risk neutral drift rate remains to be r due to the discrete nature of
dividend payments. Consider the rules of differentials

∂c

∂t
(S, t) =

∂c

∂t
+
∂c

∂F
(F, t)

∂F

∂t
=
∂c

∂t
(F, t)− rSer(T−t) ∂c

∂F
(F, t)

∂c

∂S
(S, t) =

∂c

∂F
(F, t)

∂F

∂S
= er(T−t) ∂c

∂F
(F, t)
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so that

rS
∂c

∂S
(S, t) = rSer(T−t) ∂c

∂F
(F, t) and

σ2

2
S2 ∂

2c

∂S2
(S, t) =

σ2

2

[
Ser(T−t)

]2 ∂2c
∂F 2

(F, t).

Putting all these relations together, we obtain

∂cF
∂t

+
σ2

2

[
F +

N∑
i=1

Die
r(T−ti)

]2
∂2cF
∂F 2

− rcF = 0.

Note that closed form solution to the above differential equation cannot be found.

Remark
Between two consecutive discrete dividend dates, the governing differential equation
for the call price function remains the same. However, the transition density of the
asset price will be affected by the discrete dividend payments since the asset price
drops by the dividend amount on each ex-dividend date.

3. The forward start call option price is given by

e−r(T2−t)EQ[(ST2 − ST1)
+|Ft]

= e−r(T2−t)EQ[EQ[(ST2 − ST1)
+|FT1 ]|Ft]

= e−r(T2−t)EQ

[
ST1e

(r−q)(T2−T1)N

(
r − q + σ2

2

σ

√
T2 − T1

)
−N

(
r − q − σ2

2

σ

√
T2 − T1

)∣∣∣∣∣Ft

]
.

Note that EQ[ST1 |Ft] = e(r−q)(T1−t)S so that the call option price can be expressed
as

e−q(T1−t)

{[
Se−q(T2−T1)N

(
r − q + σ2

2

σ

√
T2 − T1

)
− e−r(T2−T1)N

(
r − q − σ2

2

σ

√
T2 − T1

)]}
= e−q(T1−t)c(S, T2 − T1;S),

where c(S, T2−T1;S) is the value of an at-the-money call with time to expiry T2−T1.

4. The price formula of a European call on a continuous dividend paying asset is given
by

c = Se−qτN(d̂1)−Xe−rτN(d̂2),

where

d̂1 =
ln S

X
+
(
r − q + σ2

2

)
τ

σ
√
τ

, d̂2 = d̂1 − σ
√
τ .

The theta is found to be

Θc =
∂c

∂t
= − ∂c

∂τ

= qSe−qτN(d̂1)−
Se−qτ− d̂1

2

2

√
2π

∂d̂1
∂τ

− rXe−rτN(d̂2) +
Xe−rτ− d̂2

2

2

√
2π

∂d̂2
∂τ

= qSe−qτN(d̂1)−
1√
2π

Se−qτ− d̂1
2

2 σ

2
√
τ

− rXe−rτN(d̂2)

= rc+ Se−qτ

(q − r)N(d̂1)−
1√
2π

e−
d̂1

2

2 σ

2
√
τ

 .
For an in-the-money call, S > X, when q is sufficiently high, the theta may become
positive.
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5. Recall M(T ) = erT with M(0) = 1. From the numeraire invariance theorem, we
have

dQ∗

dQ
=
ST

S0

/
M(T )

M(0)
=
ST

S0

e−rT = e(r−
σ2

2
)T+σZT e−rT = e−

σ2

2
T+σZT .

Note that

exp

(
−σ

2

2
T + σZ

)
= exp

(∫ T

0

−(−σ)dZ − 1

2

∫ T

0

(−σ)2ds
)
,

we deduce that Z∗
T = ZT +

∫ T

0
−σ ds = ZT −σT is a Brownian process under Q∗ by

virtue of Girsanov’s Theorem. We then obtain

ln
ST

S0

=

(
r +

σ2

2

)
T + σZ∗

T .

From the density function of a normal random variable , we deduce that the tran-
sition density function of ST under Q is given by

ψ∗(ST , T ;S0, 0) =
1

STσ
√
2πT

exp

−

[
ln ST

S0
−
(
r + σ2

2

)
T
]2

2σ2T

 .

Suppose we set ln ST

S0
= y, it follows that

EQ∗
[
1{ST≥X}

]
=

∫ ∞

X

ψ∗(ST , T ;S0, 0) dST

=

∫ ln
S0
X

−∞

1

σ
√
2πT

exp

−

[
y +

(
r + σ2

2

)
T
]2

2σ2T

 dy

= N

 ln S0

X
+
(
r + σ2

2

)
T

σ
√
T

 .

Finally, we consider

EQ

[
ST1{ST≥X}

]
= EQ∗

[
dQ

dQ∗ST1{ST≥X}

]
= erTS0EQ∗

[
1{ST≥X}

]
= erTS0N

 ln S0

X
+
(
r + σ2

2

)
T

σ
√
T

 .

6. The time-t value of the contingent claim is given by

e−r(T−t)EQ[min(ST0 , ST )|Ft]

= e−r(T−t)EQ[EQ[min(ST0 , ST )|FT0 ]|Ft]

= e−r(T−t)EQ[EQ[ST −max(ST − ST0 , 0)|FT0 ]|Ft]

= e−r(T−t)EQ[e
(r−q)(T−T0)ST0

{
[1−N(d1)] + e−r(T−T0)N(d2)

}
|Ft]

= e−q(T−t)St

[
1−N(d1) + e−r(T−T0)N(d2)

]
,

where

d1 =
r − q + σ2

2

σ

√
T − T0, d2 = d1 − σ

√
T − T0.
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7. Recall

d

(
Xt

St

)
= µ dt+ σRdZ

Q
R,t,

where µ = −ρσXσS + σ2
S, σ

2
R = σ2

X − 2ρσXσS + σ2
S and

σRZ
Q
R,t = σXdZ

Q
X,t − σSdZ

Q
S,t.

Putting all these relations together, we obtain

d

(
Xt

St

)
= (−ρσXσS + σ2

S)dt+ σXdZ
Q
X,t − σSdZ

Q
S,t

= σX(dZ
Q
X,t − ρσSdt)− σS(dZ

Q
S,t − σSdt).

Since ZQ
X,t−ρσSt and Z

Q
S,t−σSt are Q∗-Brownian, so the difference σX(Z

Q
X,t−ρσSt)−

σS(Z
Q
S,t − σSt) is also Q∗-Brownian. Hence, Xt/St is a martingale under Q∗ since

the dynamics of d

(
Xt

St

)
has zero drift.

8. Recall V (S1, S2, τ) = S2W (S1, S2, τ) so that

∂V

∂τ
= S2

∂W

∂τ
,

∂V

∂S1

= S2
∂W

∂S1

,
∂V

∂S2

=W + S2
∂W

∂S2

,

∂2V

∂S2
1

= S2
∂2W

∂S2
1

,
∂2V

∂S1∂S2

=
∂W

∂S1

+ S2
∂2W

∂S1∂S2

,
∂2V

∂S2
2

= 2
∂W

∂S2

+ S2
∂2W

∂S2
2

.

The governing equation for W =W (S1, S2, τ) is given by

∂W

∂τ
=

σ2
1

2
S2
1

∂2W

∂S2
1

+ ρσ1σ2

(
S1
∂W

∂S1

+ S1S2
∂2W

∂S1∂S2

)
+
σ2

2

(
2S2

∂W

∂S2

+ S2
2

∂2W

∂S2
2

)
+ (r − q1)S1

∂W

∂S1

+ (r − q2)

(
W + S2

∂W

∂S2

)
− rW.

Next, we let y1 = lnS1, y2 = lnS2 and y = ln x = lnS1 − lnS2 = y1 − y2.

Note that

S1
∂W

∂S1

=
∂W

∂y1
, S2

1

∂2W

∂S2
1

+ S1
∂W

∂S1

=
∂2V

∂y21
,

S2
∂W

∂S2

=
∂W

∂y2
, S2

2

∂2W

∂S2
2

+ S2
∂W

∂S2

=
∂2W

∂y22
, S1S2

∂2W

∂S1∂S2

=
∂2W

∂y1∂y2
,

so the governing equation for W =W (y1, y2, τ) can be expressed as

∂W

∂τ
=

σ2
1

2

∂2W

∂y21
+ ρσ1σ2

∂2W

∂y1y2
+
σ2
2

2

∂2W

∂y22

+

(
r − q1 −

σ2
1

2
+ ρσ1σ2

)
∂W

∂y1
+

(
r − q2 +

σ2
1

2

)
∂W

∂y2
− q2W.

We define W = W (y, τ), where y = y1 − y2 and observe

∂W

∂y1
=
∂W

∂y
and

∂W

∂y2
= −∂W

∂y
,
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we obtain the following equation for W = W (y, τ):

∂W

∂τ
=
σ2
1 − 2ρσ1σ2 + σ2

2

2

∂2W

∂y2
+

(
q2 − q1 −

σ2
1 − 2ρσ1σ2 + σ2

2

2

)
∂W

∂y
− q2W.

In terms of W = W (x, τ), where x = ln y, we have

∂W

∂τ
=
σ2

2
x2
∂2W

∂x2
+ (q2 − q1)x

∂W

∂x
− q2W,

where σ2 = σ2
1 − 2ρσ1σ2 + σ2

2. The terminal payoff is max(x− 1, 0). Corresponding
to the usual call price formula, we set X ≡ 1, r ≡ q2 and q ≡ q1 and obtain the
price formula presented in the question.

9. The digital quanto option pays one US dollar and it is in-the-money if one Singa-
porean dollar is more than α Hong Kong dollars, or equivalently, FS\H > α. The
digital quanto option value in Hong Kong is given by

e−rU τFH\UE
t
QU

[
1{FS\H>α}

]
= e−rU τFH\UN(d),

where

d =

ln
FS\H
α

+

(
δUFS\H

−
σ2
FS\H
2

)
τ

σFS\H

√
τ

,

and
δUFS\H

= δSFS\H
− ρσFS\HσFU\S , where δSFS\H

= rSGD − rHKD.

10. We write P (t, T ) as the time-t value of the unit par discount bond maturing at time
T . Consider the function defined by

g(ST , T ) = P (t, T )(ST −K)+,

and assume that St follows the Ito process under a risk neutral measure Q

dSt

St

= (rt − qt)dt+ σt(St, t)dWt.

By Ito’s lemma, the differential of g is given by

dg =

[
∂g

∂T
+ (rT − qT )ST

∂g

∂ST

+
σ2
T

2
S2
T

∂2g

∂S2
T

]
dτ + σTST

∂g

∂ST

dWT .

Recall the following identities:

∂

∂S
(S −K)+ = 1{S>K},

∂

∂S
1{S>K} = δ(S −K),

∂

∂K
(S −K)+ = −1{S>K},

∂

∂K
1{S>K} = −δ(S −K),

∂c

∂K
= −P (t, T )E[1{S>K}],

∂2c

∂K2
= P (t, T )E[δ(S −K)].

We then have

dg = P (t, T )[−rT (ST −K)+ + (rT − qT )ST1{ST>K} +
σ2
T

2
S2
T δ(ST −K)]dT

+ P (t, T )σTST1{ST>K}dWT .
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By substituting all the necessary relations and observe E[dWT ] = 0, we obtain

dc = E[dg]

= P (t, T )E

[
rTK1{ST>K} − qTST1{ST>K} +

σ2
T

2
S2
T δ(ST −K)

]
dT.

Furthermore, we observe

P (t, T )E
[
ST1{ST>K}

]
= c+KP (t, T )E

[
1{ST>K}

]
so that

∂c

∂T
= KP (t, T )rTE[1{ST>K}]− qT

{
c+KP (t, T )E

[
1{ST>K}

]}
+P (t, T )E

[
σ2
T

2
S2
T δ(ST −K)

]
= −K(rT − qT )

∂c

∂K
− qT c+ P (t, T )E

[
σ2
T

2
S2
T δ(ST −K)

]
.

The last term can be rewritten as

P (t, T )E

[
σ2
T

2
S2
T

∣∣∣∣ST = K

]
E[δ(ST −K)]

= P (t, T )E

[
σ2
T

2

∣∣∣∣ST = K

]
K2 ∂

2c

∂K2
.

Lastly, we obtain

∂c

∂T
= −K(rT − qT )

∂c

∂K
−K2E

[
σ2
T

2

∣∣∣∣ST = K

]
∂2c

∂K2
− qT c.

11. The Black-Scholes call price can be written as

cBS(S0, K,Σ(K,T ), T ) = FT [N(d1)− eyN(d2)],

where

y = ln
K

FT

, w = Σ(K,T )2T,

d1 =
ln S0

K
+
∫ T

0
rt − qt dt+

w
2√

w
=

−y√
w

+

√
w

2
, d2 = d1 −

√
w.

Note that

n(d1) =
1√
2π
e−

(d2+
√

w)2

2 = n(d2)e
−d2

√
w−w

2 = n(d2)e
y,

so that
∂cBS

∂w
=
FT

2
eyn(d2)/

√
w.
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The other derivatives of cBS with respect to w and y are found to be

∂2cBS

∂w2
=

FT

2

[
eyn(d2)/

√
w
](

−d2
∂d2
∂w

− 1

2
√
w

)
=

∂cBS

∂w

[(
y√
w

+

√
w

2

)(
y

2w
√
w

− 1

4
√
w

)
− 1

2
√
w

]
=

∂cBS

∂w

(
−1

8
− 1

2w
+

y2

2w2

)
,

∂2cBS

∂w∂y
=

FT

2

1√
w

∂

∂y
[eyn(d2)]

=
FT

2

1√
w

[
eyn(d2)− eyn(d2)d2

∂d2
∂y

]
=

∂cBS

∂w

(
1

2
− y

w

)
,

∂cBS

∂y
= −FT e

yN(d2)

∂2cBS

∂y2
=

∂cBS

∂y
+ 2

∂cBS

∂w
.

If we write c(S0, K, T ) = cBS(S0, FT e
y, w(0), T ), we obtain

∂c

∂y
= a(w, y) + b(w, y)ℓ(y)

where a(w, y) =
∂cBS

∂y
, b(w, y) =

∂cBS

∂w
, ℓ(y) =

∂w

∂y
. The other derivatives of c are

found to be

∂2c

∂y2
=

∂a

∂y
+
∂a

∂w

∂w

∂y
+ b(w, y)

∂ℓ

∂y
+

(
∂b

∂y
+
∂b

∂w

∂w

∂y

)
ℓ(y)

=
∂2cBS

∂y2
+ 2

∂2cBS

∂y∂w

∂w

∂y
+
∂cBS

∂w

∂2w

∂y2
+
∂2cBS

∂w2

(
∂w

∂y

)2

,

∂c

∂T
=

∂cBS

∂T
+
∂cBS

∂w

∂w

∂T
= µT cBS +

∂cBS

∂w

∂w

∂T
.

Recall the Dupire equation

∂c

∂T
=
vL
2

(
∂2c

∂y2
− ∂c

∂y

)
+ µT c.

Substituting all the above relations, we obtain

∂cBS

∂w

∂w

∂T
=
vL
2

[
∂2cBS

∂y2
+ 2

∂2cBS

∂y∂w

∂w

∂y
+
∂cBS

∂w

∂2w

∂y2
+
∂2cBS

∂w2

(
∂w

∂y

)2

− ∂cBS

∂y
+
∂cBS

∂w

∂w

∂y

]

=
vL
2

∂cBS

∂w

[
2 + 2

(
1

2
− y

w

)
∂w

∂y
+

(
−1

8
− 1

2w
+
y2

2w

)(
∂w

∂y

)2

+
∂2w

∂y2
− ∂w

∂y

]
.

Solving for vL, we obtain the first identity in the question. For the second identity,
we use an alternative derivation approach to arrive at

vL =
∂w
∂T

+ µTK
∂w
∂K

K2

2

[
2
K2 +

2
K

(
1
2
− y

w

)
∂w
∂K

+
(
−1

8
− 1

2w
+ y2

2w

) (
∂w
∂K

)2
+ ∂2w

∂K2

]
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and observe the following relations:

∂w

∂T
= 2ΣT

∂Σ

∂T
+ Σ2,

∂w

∂K
= 2ΣT

∂Σ

∂K
and

∂2w

∂K2
= 2T

[(
∂Σ

∂K

)2

+ Σ
∂2Σ

∂K2

]

so that the numerator and denominator can be expressed as

Σ2 + 2ΣT

(
∂Σ

∂T
+ µTK

∂Σ

∂K

)
and

1 + 2KΣT

(
1

2
− y

w

)
∂Σ

∂K
+ 2K2Σ2T 2

(
−1

8
− 1

2w
+
y2

2w

)(
∂Σ

∂K

)2

+ K2T

[(
∂Σ

∂K

)2

+ Σ
∂2Σ

∂K2

]
,

respectively. After some simplification, we obtain the second identity.
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