7. Barrier options, lookback options and Asian
options

Path dependent options: payouts are related to the underlying asset
price path history during the whole or part of the life of the option.

e [ he barrier option is either nullified, activated or exercised when

the underlying asset price breaches a barrier during the life of
the option.

e [ he payoff of a lookback option depends on the minimum or

maximum price of the underlying asset attained during certain
period of the life of the option



e The payoff of an average option (usually called an Asian option)
depends on the average asset price over some period within the
life of the option.

e An interesting example is the Russian option, which is in fact a
perpetual American lookback option. The owner of a Russian
option on a stock receives the historical maximum value of the
asset price when the option is exercised and the option has no
pre-set expiration date.



Discrete and continuous monitoring of asset price process

e Due to the path dependent nature of these options, the asset
price process is monitored over the life of the option contract
either for breaching of a barrier level, observation of new ex-
tremum value or sampling of asset prices for computing average
value.

e In actual implementation, these monitoring procedures can only
be performed at discrete time instants rather than continuously
at all times.

e VWhen the asset price path is monitored at discrete time instants,
the analytic forms of the price formulas become quite daunting
since they involve multi-dimensional cumulative normal distri-
bution functions and the dimension is equal to the number of
monitoring instants.



Barrier options

1. An out-barrier option (or knock-out option) is one where the
option is nullified prior to expiration if the underlying asset price
touches the barrier. The holder of the option may be compen-
sated by a rebate payment for the cancellation of the option. An
in-barrier option (or knock-in option) is one where the option
only comes in existence if the asset price crosses the in-barrier,
though the holder has paid the option premium up front.

2. When the barrier is upstream with respect to the asset price,
the barrier option is called an up-option; otherwise, it is called
a down-option.

One can identify eight types of European barrier options, such as
down-and-out calls, up-and-out calls, down-and-in puts, down-
and-out puts, etc.



How both buyer and writer benefit from the up-and-out call?

With an appropriate rebate paid upon breaching the upside barrier,
this type of barrier options provide the upside exposure for option
buyer but at a lower cost.

e [ he option writer is not exposed to unlimited liabilities when

the asset price rises acutely.
e Barrier options are attractive since they give investors more flex-

ibility to express their view on the asset price movement in the
option contract design.



Discontinuity at the barrier (circuit breaker effect upon knock-out)

e Pitched battles often erupt around popular knock-out barriers in
currency barrier options and these add much unwanted volatility

to the markets.
e George Soros once said “knock-out options relate to ordinary

options the way crack relates to cocaine.”



European down-and-out call

oc o2 282 oc
= S— — S > B and 7 € (0,711,
or 2 as2+r 8s O r 0.7
subject to
knock-out condition: c(B,7) = R(7)
terminal payoff: c(S,0) = max(S — X,0),

Set y =1InS, the barrier becomes the line y = In B.
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defined in the semi-infinite domain: y > InB and 7 € (0,T].



T he auxiliary conditions become

c(InB,7) = R(7) and ¢(y,0) = max(eY — X, 0).

o2

Write u =r — ER the Green function in the infinite domain: —oco <
y < oo is given by

—rT A2
Go(y, 7€) = Ui/% exp (—(y +2‘;TQT ) ) :

where Go(y, 7; &) satisfies the initial condition:

|im+Go(y,T; §) =6(y —&).

T—0



Method of images

Assuming that the Green function in the semi-infinite domain takes
the form

Gy, 7,¢) = Go(y, 7, &) — H(,)Go(y, T;1m),

we are required to determine H(£) and n (in terms of &) such that
the zero Dirichlet boundary condition G(In B, 7; &) = 0O is satisfied.

Note that both Ggo(y, ;&) and H(§)Go(y, 7; n) satisfy the differential
equation. Also, provided that n ¢ (In B, o0), then

|im+Go(y,7‘;7’]) = 0 for all y > In B.

T—0

By imposing the boundary condition, H(£) has to satisfy

Go(InB. 7€) _ <<§ — m2(n B+ ) — (€ + n>]> |

H(&) = Go(InB,7;m) Do2T




The assumed form of G(y, ;&) is feasible only if the right hand side
becomes a function of £ only. This can be achieved by the judicious
choice of

n=2InB —¢&,
so that
2
H(©) = exp (S5 ~InB)).

e [ his method works only if /1,/0'2 IS @ constant, independent of .

e [ he parameter n can be visualized as the mirror image of & with
respect to the barrier y = In B.
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H(&)Go(y,7in)
Q(Ly n o [+ pur — (2In B — £)]2
exp (?(5 —In B)) ov/orr P (‘ 2027 )
(B)QM/UQ e~ 1T exD (_[(y — &)+ pr—2(y —In B)]2> .

E O\ 27T 202t

The Green function in the specified semi-infinite domain: InB <y <
oo becomes

e ' u— ur)?
Gy, 7.8 = Uﬁ{exp <_< 2057) )

B\ 21/0° (u—26—,u7')2
_(§> =P (‘ 2027 ) ’

B
where y = ¢ —y and ﬁ:InB—y:InE.
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n=2lnB-¢& §
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y=InB

Pictorial representation of the method of image. The mirror is
placed at y = In B.
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We consider the barrier option with zero rebate, where R(7) = O,
and let K = max(B,X). The price of the zero-rebate European
down-and-out call can be expressed as

oo

oy = [ max(e - X,0)G(y, ;) d

- 65— T,
| (e = X)Gy, 7€) de

_ e > u B (u — /“-)2
- o\ 27T nK/S(Se X) [exp < 2021 )

~(E) exo (-=22 “”2)] u

S 202t

13



The direct evaluation of the integral gives
B o+1
ca(S7) = S [N(dl) -(3) N<d3>]

_Xe T [N(dg) — (2)5_1 N(d4)] :

where
|n%+(r+<’;)7
dp = , dop=dj—o\T,
O~/ T
2 B 2 B 2r
d3 = di+ In —, dg = do + In—, 6= —5
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Suppose we define
EE(S, T, X, K) = SN(dl) — Xe_TTN(dQ),
then ¢y4,(S, 7; X, B) can be expressed in the following succinct form

B\O—1 B2
CdO(S,T,X,B) :EE(S,T,X,K)— (E) EE’ <?,T,X,K>

o—1 BQ
One can show by direct calculation that the function (§> CE <?, 7‘)

satisfies the Black-Scholes equation identically. The above form al-
lows us to observe readily the satisfaction of the boundary condition:
cqo(B,7) = 0, and terminal payoff condition.
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Remarks

1. Closed form analytic price formulas for barrier options with ex-
ponential time dependent barrier, B(t) = Be 77, can also be
derived. However, when the barrier level has arbitrary time de-
pendence, the search for analytic price formula for the barrier
option fails. Roberts and Shortland (1997) show how to derive
the analytic approximation formula by estimating diffusion pro-
cess boundary hitting times via the Brownian bridge technique.

2. Closed form price formulas for barrier options can also be ob-
tained for other types of diffusion processes followed by the
underlying asset price; for example square root constant elas-
ticity of variance process the double exponential jump diffusion
process.
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3. Assuming B < X, the price of a down-and-in call option can be
deduced to be

B 0—1 B2
Cdi(S,T;X, B) = (g) Cp ?,T;X .

4. The method of images can be extended to derive the density
functions of restricted multi-state diffusion processes where bar-
rier occurs in only one of the state variables.

5. The monitoring period for breaching of the barrier may be lim-
ited to only part of the life of the option.
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Transition density function and first passage time density

The realized maximum and minimum value of the asset price from
time zero to time ¢ (under continuous monitoring) are defined by

t .
ma = min S
0 O<u<t “
Mt = max S
0 O<u<t w

respectively. The terminal payoffs of various types of barrier options
can be expressed in terms of mg and Mg. For example, consider
the down-and-out call and up-and-out put, their respective terminal

payoff can be expressed as

cao(ST,T; X, B) = max(St — X, O)l{mg>B}
Puo(ST, T X, B) = max(X — ST’O)]'{Mg<B}'
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Suppose B is the down-barrier, we define 7 to be the stopping time
at which the underlying asset price crosses the barrier for the first

time:
g = inf{t|St < B}, Sp=25.

Assume S > B and due to path continuity, we may express 7p
(commonly called the first passage time) as

T = inf{t|Sy = B}.

In a similar manner, if B is the up-barrier and S < B, we have

TR = |nf{t|St > B} — |nf{t|St }
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e It is easily seen that {rg > T} and {mg > B} are equivalent
events if B is a down-barrier. By virtue of the risk neutral
valuation principle, the price of a down-and-out call at time
zero is given by

. _ —rT
cao(S,0; X,B) = e "TEg[max(Sy — X,0)1 (mT> )]

e "TEGI(Sr — X)L (5 ~max(x.B)y Lirpsy]

e The determination of the price function c4,(S,0; X, B) requires
the determination of the joint distribution function of S and

T
my .
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Reflection principle

Let W2 (W}") denote the Brownian motion that starts at zero, with
constant volatility o and zero drift rate (constant drift rate u). We
would like to find P[m{§ < m, W4 > z], where z > m and m < 0.
First, we consider the zero-drift Brownian motion WP.

Given that the minimum value mg falls below m, then there exists
some time instant £,0 < & < T, such that ¢ is the first time that
Wg equals m. As Brownian paths are continuous, there exist some
times during which W2 < m. In other words, W2 decreases at least
below m and then increases at least up to level = (higher than m)
at time T'.
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Suppose we define a random process

0 _ WP for t < &
t 2m — WP for ¢ <t<T,

that is, W2 is the mirror reflection of WP? at the level m within the
time interval between ¢ and T'. It is then obvious that {W® > x} is
equivalent to {WQ < 2m — z}. Also, the reflection of the Brownian
path dictates that

Wy, — W =W, —W2), u>0.
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e The stopping time ¢ only depends on the path history {W2 : 0 <
t <&} and it will not affect the Brownian motion at later times.

e By the strong Markov property of Brownian motions, we argue
that the two Brownian increments have the same distribution,
and the distribution has zero mean and variance c2u. For every
Brownian path that starts at 0, travels at least m units (down-
ward, m < 0) before T and later travels at least z — m units
(upward, = > m), there is an equally likely path that starts at
0, travels m units (downward, m < 0) some time before T and
travels at least m — x units (further downward, m < x).

e Suppose W2 > z, then W < 2m — «,
P[W% > :I:,mg <m] = P[W% <2m —zx] = P[W% < 2m — x]

— N2 < min(z, 0
= <0ﬁ>, m < min(x,0).
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Pictorial representation of the reflection principle of the Brownian
motion Wto. The dotted path after time £ is the mirror reflection of
the Brownian path at the level m. Suppose WTO ends up at a value
higher than z, then the reflected path at time T" has a value lower

than 2m — x.
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Next, we apply the Girsanov Theorem to effect the change of mea-
sure for finding the above joint distribution when the Brownian mo-
tion has non-zero drift. Suppose under the measure Q,Wt“ IS a
Brownian motion with drift rate u. We change the measure from
Q to Q such that W} becomes a Brownian motion with zero drift
under Q. Consider the following joint distribution

P[Wff > az,mg < mj
EQ[l{W5>x}1{mg<m}]

. uWyp T
EQ 1{W1/f>33}1{mg<m} exD( -2 202>]>

W 2T
AT K )isap—

where the Radon-Nikodym derivative term exp( 5~ a5
o 20

pended.
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By applying the reflection principle and observing that W# IS a zero-
drift Brownian motion under Q, we obtain

P[quf > :c,mg < m]

2
I u<rT

o}
2um 2T
_ o _Hpwr L
2#_2m 2m—x 1 . Z; _MS_MQg p
— e o e 20¢Te o 20 2
—00  V2ma?T 5
2um _
— 65—2 amee L exp —(Z + 1) dz
—00 V2ro?T 202T

2m — x + pT’
o/T

= 60—2N< ) , m < min(x,0).

26



Suppose the Brownian motion W/' has a downstream barrier m over
the period [0,7T] so that mg > m, we would like to derive the joint
distribution

P[lef>x,mg>m], and m < min(xz,0).

By applying the law of total probabilities, we obtain

P[Wjﬁb > a:,mg > m]
= P[Wh > z] — P[WE > z,m} < m]

—x + uT 2pm 2m — x + uT _
N —e o2 N < .
( T ) e ( T ), m < min(x,0)

Under the special case m = z, since WZ‘f > m IS implicitly implied
from m{ > m, we have

T . —m + uT _Q:_Qm m 4+ uT
i = () 2 (ma)
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Extension to upstream barrier

When the Brownian motion W/}* has an upstream barrier M over the
period [0,7] so that MZ" < M, the joint distribution function of Wk

and MOT can be deduced using the following relation between MOT

T

and my:

ML = max (6Z t) = — min (—oZ; — ut

0 OgtST(Ut_I_'LL) OStST(Ut pt),
where Z; is the standard Brownian motion. Since —Z; has the same
distribution as Z;, the distribution of the maximum value of Wt“ IS

the same as that of the negative of the minimum value of W, *.
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By swapping —u for u, —M for m and —y for x, we obtain

2uM 2
ek oy —2M —
PWE <y, M > M]=e¢ o2 N

Wr <y, Mo ] o/T

) M > max(y, 0).
In a similar manner, we obtain

PWE <y, M§ < M]
= P[WL <y] - P[WE <y, M§ > M]
—uT 2uM —2M — uT
N Yy— M o2 N Y M
ovT ovVT
and by setting y = M, we obtain

M—,LLT) 2pM (_M—I—uT)

) , M > max(y,0),

P[MOT<M]=N< 77 —e o2 N s
o o
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Density functions of restricted Brownian processes

We define fyoun(x, m,T) to be the density function of Wi with the
downstream barrier m, where m < min(x,0), that is,

faown(x,m,T) dx = P[WY&L S d:c,mg > m].

By differentiating with respect to  and swapping the sign, we obtain

fdown(xa m, T)

. 1 x — pT 2um fx —2m — uT 1
— o T n o/ T —en o/ T {m<min(z,0)}
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Similarly, we define fup(z, M,T) to be the density function of Wi
with the upstream barrier M, where M > max(y,0), then

PIWE € dy, M§ < M]
= fup(y, M,T) dy
1 y— ul 2y —2M — pT
n —e ocn dy
oT oT oT

{M>max(y,0)}
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Suppose the asset price S; follows the lognormal process under the

S
risk neutral measure such that In gt = W}', where S is the asset price

2
at time zero and the drift rate u = r — %. Let v (S7; S, B) denote

the transition density of the asset price S at time T given the asset
price S at time zero and conditional on Sy > B for 0 <t <T'. Here,
B is the downstream barrier. By Eq. (4.1.27b), we deduce that
W(ST; S, B) is given by

1 _ |nS—ST—(7“—%2)T
O'\/TST O'\/T

B 1 |n5—g—2|n§—(r—%)T _
— (= n
(S) oVT
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First passage time density functions

Let Q(u; m) denote the density function of the first passage time
at which the downstream barrier m is first hit by the Brownian
path W/', that is, Q(u;m)du = P[ry, € du]. First, we determine
the distribution function P[r, > u] by observing that {7, > u} and
{mg > m} are equivalent events.

Plrm >u] = Plmg > m]

—m + pu _2:_2“”‘ m + pu
) )
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The density function Q(u;m) is then given by

Q(u;m)du = Plrm € du]
0] —m + pu 2pm m + pu
O

o/ u o\/u
—m (m — uu)2>
exp | — du]. .
V2oro2u3 ( {m<0}
Let Q(u; M) denote the first passage time density associated with
the upstream barrier M.

— L 2uM U
a1 (221,

M (M — pu)?
— \/27.(.0-2“3 exp (— 20‘2u ) 1{M>O}'

202u
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We write B as the barrier, either upstream or downstream. When
B B
the barrier is downstream (upstream), we have In 3 <0 (In — > O).

2
B 2
in mg-(r-%)u

V2mo2u3 202y

Suppose a rebate R(t) is paid to the option holder upon breaching
the barrier at level B by the asset price path at time ¢t. Since the
expected rebate payment over the time interval [u,u 4 du] is given
by R(uw)Q(u; B) du, then the expected present value of the rebate is
given by

T
rebate value :/0 e ""R(u)Q(u; B) du.
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When R(t) = Rg, a constant value, direct integration of the above

integral gives
A+ In2 T
(5) N + 8
S oV T

() v (5

2\ 2 _o?
HZJGUQ) +2r02, air=- 2 */

and 6 = sign (In §> :
B

Here, § is a binary variable indicating whether the barrier is down-
stream (§ = 1) or upstream (6 = —1).

rebate value = Ry

Y

where
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Correction formula for discretely monitored barrier options

Let V(B;m) be the price of a discretely monitored knock-in or
knock-out down call or up put option with constant barrier B. Let
V(B) be the price of the corresponding continuously monitored bar-
rier option. We have

V(B:m) = V(BeTboVot o<i>
( ) ( ) + N

1
where G = —5(5) /\/Qw ~ 0.5826, £ is the Riemann zeta function,

o IS the volatility.

The “4" sign is chosen when B > S, while the “—" sign is chosen
when B < S.

One observes that the correction shifts the barrier away from the
current underlying asset price by a factor of eﬁam.
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Lookback options

Let T" denote the time of expiration of the option and [Ty, T] be the
lookback period. We denote the minimum value and maximum value
of the asset price realized from Ty to the current time t (T <t <T)
by

7o = Tose<t >
and

Mt = max S
To To<E<t §
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e A floating strike lookback call gives the holder the right to buy
at the lowest realized price while a floating strike lookback put
allows the holder to sell at the highest realized price over the
lookback period. Since Sp > ijb and MjTﬂO > S+ so that the
holder of a floating strike lookback option always exercise the
option. Hence, the respective terminal payoff of the lookback
call and put are given by St —m%:o and M%O — Sp.
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e A fixed strike lookback call (put) is a call (put) option on the
maximum (minimum) realized price. The respective terminal
payoff of the fixed strike lookback call and put are max(M%O —

X,0) and max(X — m%O,O), where X is the strike price.

e Under the risk n%utral measure, the process for the stochastic
variable Ug — IngS IS a Brownian process with drift rate u =
2

o)

r—— and variance rate o2

- wWhere r is the riskless interest rate

and S is the asset price at current time ¢ (dropping subscript ¢
for brevity).
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We define the following stochastic variables

T

yr = 'n?t = min{Ug, ¢ € [t, T]}
MT

Yr = “’1?'5 = max{U,¢§ € [t,T]},

and writer =1T—-t. Fory <0 and y < u, we can deduce the following
joint distribution function of Upr and ypr from the transition density
function of the Brownian process with the presence of a downstream
barrier

PlUp > gy > 3] = N(—u—l—,m-) 2py (—u—|—2y—|—,u7‘>.

—ed2 N
o\/T o\/T
Here, US IS visualized as a restricted Brownian process with drift rate
@ and downstream absorbing barrier y.
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Similarly, for y > 0 and y > u, the corresponding joint distribution
function of U and Yp is given by

_ 2uy _ _

u wT <Ky u Qy wT
PlU <u’}/ < = N —602]\7 .
[T_ T_y] < \/—> < \/— )

By taking y = u in the above two joint distribution functions, we
obtain the distribution functions for yr and Yp

_ 2y
Plyr >y) = N( y“T)—ea?N(““T), y <0,
ON/T ON/T
P(Yy < y) N(YTHET N (YT >0
— —eo , > 0.
r=49 o\/T o\/T /

T he density functions of yp and Y can be obtained by differentiating
the above distribution functions.
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European fixed strike lookback options

Consider a European fixed strike lookback call option whose terminal
payoff is max(M%O — X,0). The value of this lookback call option at
the current time t is given by

cri (S, M,t) = e "TE |max(max(M, M]) — X,0)|,
fix t

where S§; = S, M%O = M and » = T — t, and the expectation is
taken under the risk neutral measure. The payoff function can be
simplified into the following forms, depending on M < X or M > X

(i) M <X

max(max(M, M) — X,0) = max(M} — X,0)
(i) M > X

max(max(M, MtT) - X,0)=(WM - X) + max(MtT — M, 0).
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Define the function H by
H(S, 7 K) =e ""E[max(M! — K,0)],
where K is a positive constant. Once H(S, 1; K) is determined, then
H(S,7;X) if M <X

cfia(SM,T) = { e "T(M — X))+ H(S,7: M) if M>X
= e ""max(M — X,0) + H(S,7; max(M, X)).

e crix(S,M,7) is independent of M when M < X because the
terminal payoff is independent of M when M < X.

e When M > X, the terminal payoff is guaranteed to have the
floor value M — X. If we subtract the present value of this
guaranteed floor value, then the remaining value of the fixed
strike call option is equal to a new fixed strike call but with the
strike being increased from X to M.
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Since max(MtT — K,0) is a non-negative random variable, its ex-
pected value is given by the integral of the tail probabilities where

e "TE[max(M} — K,0)]
©.@)
= e_TT/O PIM! — K > z] dx
o0 MT
= e_TT/ P In—tZIr]i dz z=z+ K
K S S

= 7 SeVP[Yy > 4] d —InZ
— e e n—
in K T Z Yylay Yy g

—rr [ —y + uT 2y =y —pT
— T SeY | N a2 N d,
) 'n%€[<aﬁ>+e (aﬁ)]y
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H(S,7;K) = SN(d) —e ""KN(d— o+/T)

702 [ e AN
v T [ - (£) 7 (a-2v7)|

where

The BEuropean fixed strike lookback put option with terminal payoff
max(X —m%O,O) can be priced in a similar manner. Write m = mtTO
and define the function

h(S, 7 K) = e ""E[max(K — m},0)].
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The value of this lookback put can be expressed as

Priz(S,m,7) = e " max(X —m,0) + h(S,7; min(m, X)),

where

©.@)
h(S,7; K) = e_TT/O P[max(K—m?,O) > x| dx

K
= e_”/o P[K — mtT > x]ldx since 0 < max(K — mtT,O) < K

K T
= e_TT/O Plm; < z]dz r =K —«x

Ing y
= e_”/ Se/Plyr <yldy  y=1In7
0 S

2py

e_ﬂ/ln%Sey N (LAY —I—eaLQN y T HT d
0 o\/T o\/T Y
2
— ¢ "TKN(—d 4+ oy/7) — SN(—d) + e—”g—s
T

) w(car ) s
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European floating strike lookback options

By exploring the pricing relations between the fixed and floating
lookback options, we can deduce the price functions of floating
strike lookback options from those of fixed strike options. Consider a
European floating strike lookback call option whose terminal payoff

is Sp — m%o, the present value of this call option is given by

cp(S,m,7) = e "TE[ST — min(m, mi)]
= e "TE[(S7 — m) + max(m — m},0)]
= S—me T+ h(S,T;m)
2
— SN(dm) — e ""mN(dpm — o/7) + e—”‘;—s
S\ 5 2 '
(5)77 N (i + 2007) - wm_dm)] |
m 0
where
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In a similar manner, consider a European floating strike lookback
put option whose terminal payoff is MjTﬂO — ST, the present value of
this put option is given by

pp(S,M,7) = e ""E[max(M, M{) — St

e "TE[max(M} — M,0) — (Sp — M)]

H(S,7; M) — (S —Me™ ")

= ¢ ""TMN(—dy + ov/7) — SN(—=dp;) + e 7"—S

{eTTN(dM) — (%)_3_2 N (dM — Uﬁ)] :

where
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Boundary condition at S = m

e Consider the particular situation when S = m, that is, the cur-
rent asset price happens to be at the minimum value realized so
far. The probability that the current minimum value remains to
be the realized minimum value at expiration is expected to be
Zero.

e \We can argue that the value of the floating strike lookback
call should be insensitive to infinitesimal changes in m since the
change in option value with respect to marginal changes in m
IS proportional to the probability that m will be the realized
Mminimum at expiry

aCfg
om

(S,m,T) = 0.

S=m
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Rollover strategy and strike bonus premium

e The sum of the first two terms in c¢sy can be seen as the price
function of a European vanilla call with strike price m, while the
third term can be interpreted as the strike bonus premium.

e \We consider the hedging of the floating strike lookback call by
the following rollover strategy. At any time, we hold a European
vanilla call with the strike price set at the current realized mini-
mum asset value. In order to replicate the payoff of the floating
strike lookback call at expiry, whenever a new realized minimum
value of the asset price is established at a later time, one should
sell the original call option and buy a new call with the same
expiration date but with the strike price set equal to the newly
established minimum value.
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e Since the call with a lower strike is always more expensive, an
extra premium is required to adopt the rollover strategy. The
sum of these expected costs of rollover is termed the strike
bonus premium.

e \We would like to show how the strike bonus premium can be
obtained by integrating a joint probability distribution function
involving m{ and Sr. First, we observe that

strike bonus premium

h(S,7;m)+ S —me "7 —cg(S,7;m)
h(S7 T, m) — pE(S7 T, m)7

where cg(S,7,m) and pg(S,T; m) are the price functions of Eu-
ropean vanilla call and put, respectively. The last result is due
to put-call parity relation.
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Recall

h(S,mim) = e [ Plml < €] dg

and

@)
pr(S,7;m) e_TT/ P[max(m — Sp,0) > z] dz

0)

= 7 /Om P[Sy < €] dt.

Since the two stochastic state variables satisfies 0 < m%r < St, we
have

Plmi <€) — P[Sy <€) = P[m{ < ¢ < Sy)
so that

m
strike bonus premium = e‘”/o P[m} < &< Sp]de.
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Differential equation formulation

We would like to illustrate how to derive the governing partial dif-
ferential equation and the associated auxiliary conditions for the
European floating strike lookback put option. First, we define the
quantity

" . 1/n
Mn:[/TO(sg) dg] > T,

the derivative of which is given by

so that dM,, is deterministic. Taking the limit n — oo, we obtain

M= |lim M, = max S,
n=00 To<&<t

giving the realized maximum value of the asset price process over
the lookback period [1p,t].
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e We attempt to construct a hedged portfolio which contains one
unit of a put option whose payoff depends on M, and —A units of
the underlying asset. Again, we choose A so that the stochastic
components associated with the option and the underlying asset
cancel.

e Let p(S, M,,t) denote the value of the lookback put option and
let 1 denote the value of the above portfolio. We then have

N = p(S, Mn,t) — AS.

e T he dynamics of the portfolio value is given by

op 1 s” op Op 02 50%p
dlin = —dt + — dt + —dS S
ot + n (Myp)"—1 oMy, + oS t 2 052

o
by virtue of Ito's lemma. Again, we choose A = % so that the

stochastic terms cancel.

dt — AdS
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e Using usual no-arbitrage argument, the non-stochastic portfolio
should earn the riskless interest rate so that

dlin = rlldt,

where r is the riskless interest rate. Putting all equations to-
gether,

op 1 S" Op o2 282]9 Op
— + — S S— —rp =20.
ot T nany—tann, T 2° a52 T 55 P
e Now, we take the limit n — oo and note that S < M. When
1 ST o
S < M, lim = — 0: and when S = M, 22 = 0. Hence,

the second term becomes zero as n — oo.

e T he governing equation for the floating strike lookback put is
given by

Op o2 2821) Op
or S S _p=0, 0<S<Mit>T
ot T2 a2 T P 0
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The domain of the pricing model has an upper bound M on S. The
variable M does not appear in the equation, though M appears as
a parameter in the auxiliary conditions. The final condition is

p(S, M, T) = M — S.

In this European floating strike lookback put option, the boundary
conditions are applied at S =0 and S = M. Once S becomes zero,
it stays at the zero value at all subsequent times and the payoff at
expiry is certain to be M.

Discounting at the riskless interest rate, the lookback put value at
the current time t is

p(0, M,t) = e "I
The boundary condition at the other end S = M is given by

@:O at S = M.
oM
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Asian options

e Asian options are averaging options whose terminal payoff de-
pends on some form of averaging of the price of the underlying
asset over a part or the whole of option’s life.

e T here are frequent situations where traders may be interested
to hedge against the average price of a commodity over a period
rather than, say, end-of-period price.

e Averaging options are particularly useful for business involved in
trading on thinly-traded commodities. The use of such financial
instruments may avoid the price manipulation near the end of
the period.
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The most common averaging procedures are the discrete arithmetic
averaging defined by

1 n
AT:— Z Stz'
ni=1

and the discrete geometric averaging defined by

n 1/n
AT = H Stz’
i=1
Here, S, is the asset price at discrete time ¢;,7 =1,2,--- ,n.

In the limit n — oo, the discrete sampled averages become the
continuous sampled averages. The continuous arithmetic average
IS given by

A 1 TSd
= — t,
r== | S

while the continuous geometric average is defined to be

A 1 TISd
= exp | — n t].
T P T/o t
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Partial differential equation formulation

Suppose we write the average of the asset price as

A:/Otf(S,u)du,

where f(S,t) is chosen according to the type of average adopted in
1
the Asian option. For example, f(S,t) = ;S corresponds to con-

1 n
tinuous arithmetic average, f(S,t) = exp ( d 6(t—t;)In S) corre-
ni=1

sponds to discrete geometric average, etc.
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Suppose f(S,t) is a continuous time function, then by the mean
value theorem
dA= tim [T s du = lim f(S.u)dt = F(S.1)dt.
At—0 Jt At—0
t<ut <t+ At,

so dA is deterministic. Hence, a riskless hedge for the Asian option
requires only eliminating the asset-induced risk.

Consider a portfolio which contains one unit of the Asian option
and —A units of the underlying asset. We then choose A such
that the stochastic components associated with the option and the
underlying asset cancel off each other.
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Assume the asset price dynamics to be given by

dS = [uS — D(S,t)] dt + oS dZ,

where Z is the standard Wiener process, D(S,t) is the dividend yield
on the asset, u and o are the expected rate of return and volatility
of the asset price, respectively. Let V (S, A,t) denote the value of
the Asian option and let Il denote the value of the above portfolio.
The portfolio value is given by

NM=V(S,At) —
and its differential is found to be

2
dr = %—th+f(5t)—dt+g—gds+ s%dt—Ads AD(S. 1) dt.
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The last term in the above equation corresponds to the contribution
of the dividend from the asset to the portfolio’s value. As usual, we
choose A = Z—‘S/ so that the stochastic terms containing dS cancel.
The absence of arbitrage dictates

dn = rN dt,

where r is the riskless interest rate. Putting the results together,
we obtain

oV 92V
_|_ 2

ot 2" 982 +[rS = D(S, t)]— + f(5, t)— —rV =0.

The equation is a degenerate diffusion equation since it contains
diffusion term corresponding to S only but not for A. The auxiliary
conditions in the pricing model depend on the specific details of the
Asian option contract.
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Continuously monitored geometric averaging options

e \We take time zero to be the time of initiation of the averaging
period, t is the current time and T denotes the expiration time.

e We define the continuously monitored geometric averaging of
the asset price S, over the time period [0, ] by

1 ot
G = exp (—/ In Sudu) .
t JO

The terminal payoff of the fixed strike call option and floating
strike call option are, respectively, given by

Cfiic(STa GT? T X) maX(GT — X, O)
CfE(STa GT7 T) — maX(ST — GT7 0)7

where X is the fixed strike price.
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European fixed strike Asian call option

We assume the existence of a risk neutral pricing measure Q under
which discounted asset prices are martingales, implying the absence
of arbitrage. Under the measure ), the asset price follows

dS

= (r — q) dt + o dZ,

St
where Z; is a Q-Brownian motion. For O < t < T, the solution of
the above stochastic differential equation is given by

o2

|ﬂST=|nSt—|-<7“—q—?> (T—t)—|—O'(ZT—Zt).

By integrating In S, we obtain

02> (T — t)2]

t 1
InGr» = —Ind — (T —¢t)In S —q —
T T t‘|‘T[( ) t-|-<7“ 9= >

o T
+?l<%ezwm.
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T
The stochastic term %/ (Zy — Zt)du can be shown to be Gaus-
t

o2 (T —t)3
T2 '
valuation principle, the value of the European fixed strike Asian call
option is given by

sian with zero mean and variance By the risk neutral

Cfi:C(Sta Gta t) — e_T(T_t)E‘[rnax((;T — X) O)])

where E is the expectation under ) conditional on Sy = S,Gy = G.
We assume the current time ¢t to be within the averaging period.

By defining

2 2 3

T —t T —t

= fr—q—a ( ) and E———O\/( ),
2 2T T 3

G can be written as

Gr=G/TsT DT eyp(m+352),

where Z is the standard normal random variable.
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Recall

E[max(Fexp(n+7Z) — X, 0]
_ Rty ('n§+u+02) XN (In§+u> |

o o

we then deduce that
cria(8,G,t) = ¢ T=0 | GUTSTDITIHT/2N (dy) - XN(dp)|

where

t T —1
d = |=InG INnS+nm—InX o
2 (T TSR )/U
di = di—+o0o.
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European floating strike Asian call option

Since the terminal payoff of the floating strike Asian call option
involves S and G, pricing by the risk neutral expectation approach
would require the joint distribution of Sy and Gp. For floating strike
Asian options, the partial differential equation method provides the
more effective approach to derive the price formula for Cfg(S, G,t).
This is because the similarity reduction technique can be applied to
reduce the dimension of the differential equation.

When continuously monitored geometric averaging is adopted, the
governing equation for Cfg(s, G,t) can be expressed as
ey o2

8QCg 8Cg
g2Z °f NS T n 2
5 T 2% g5z T DSt TINE5G
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Next, we define the similarity variables
cro(S, G, t)
5 .
This is equivalent to choose S as the numeraire. In terms of the
similarity variables, the governing equation for Cfg(S, G,t) becomes

G
y=t|n§ and W(y,t) =

éﬂV_Fa%Qﬁﬁy
ot 2 Oy?
with terminal condition: W (y,T) = max(1 — e¥/T,0).

—gW =0, 0<t<T,

02> 2%
{

—(r—q—I—Q Oy
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We write 7 = T—t and let F'(y, ;1) denote the fundamental solution
to the following parabolic equation with time dependent coefficients

OF  o2(T —7)20°%F o2 OF
— = —(r—q+Z)@-n7. >0
or 2 Oy roat 2 ( ™) oy "

with initial condition at = = 0 (corresponding to ¢t = T') given as

F(y,0;n) =6(y —n).
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Though the differential equation has time dependent coefficients,
the fundamental solution is readily found to be

y—n—(r—q+%2)f6(T—u)du
0\/fOT(T—u)2du

The solution to W(y, 1) is then given by

F(y,7,m) =n

oo
W(y, 1) = e—W/ max(1 — T 0YF(y, :n) dn.
— 00
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The direct integration of the above integral gives

cpe(S,G,t) = Se I T-ON(dy) — GHTST-D/Te—a(T —)e=QN(d>).

where
2 2 42
g+ (r-a+9) 2
dy = , dp=d1— —\|—F5—,
T3—+3 T 3
7V 3
2
O = 7“—q—|—07T2—t2 o213 —¢3

2 T 6 T2
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Continuously monitored arithmetic averaging options

We consider a European fixed strike European Asian call based on
continuously monitored arithmetic averaging. The terminal payoff
is defined by

Cfia:(ST7 AT7 17 X) = MaXx (AT — X, O) y

To motivate the choice of variable transformation, we consider the
following expectation representation of the price of the Asian call
at time ¢

criz(St, Apt) = e "TDE [max (Ar — X,0)]
_ (Tt 1/ _ 17
e E[max( /Sudu X—|—T/t Sudu,0>]

S T Sy,
— sz —r(T t)E [max <33t—|—/ — du, O)],

where the state variable z; is defined by

1 (
vy =—Uy — XT), I = / Sudu = tA;.
St 0
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In subsequent exposition, it is more convenient to use I; instead of
A; as the averaging state variable. Since Sy, /St u > t, is independent
of the history of the asset price up to time t, one argues that the
conditional expectation is a function of z; only. We then deduce
that

Criz(St; It; t) = Sef (w0, 1)

for some function of f. In other words, f(x¢,t) is given by

T
max <£I?t—|-/ ﬁdu O)]

If we write the price function of the fixed strike call as c¢;; (S, I,1),
then the governing equation for c;,.(S,I,t) is given by

—r(T—t)
flatt) = ———F

oc ¢; 2 _92cy. Oc
fzx_I_O' 52 fza:_l_( —q)S fzx_I_S 8f

ot | 2" 892 ~refin =0
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Suppose we define the following transformation of variables:

cfm(S, I,t)

S Y
then the governing differential equation for f(xz,t) becomes
Of 02 ,0°f

E_F 23j Ox2

The terminal condition is given by

v = %(1 ~XT) and f(a,t) =

+[1—(T—Q)$]%—qf=(), —oo < x < oo,t > 0.

P T) = %max(az,O).

75



1 ot
When x; > 0, which corresponds to ?/Osu du > X, it is possible to

find closed form analytic solution to f(x,t). Since z; is an increasing
function of ¢ so that xp > 0, the terminal condition f(xz,T) reduces
to x/T. In this case, f(x,t) admits solution of the form

f(x,t) = a(t)x + b(¢).

By substituting the assumed form of solution into the governing
equation, we obtain the following pair of governing equations for
a(t) and b(t):

da(t) . 1
dbdt —ra(t) = 0, a(T) = 7
% —a(t) — gb(t) =0, b(T) =0,
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When r # ¢, a(t) and b(t) are found to be

e~ (T—t) e—a(T—t) _ o—r(T-1)
a(t) = n and  b(t) = T — )

Hence, the option value for I > XT is given by

I e_Q(T_t) — e_T(T_t)
. — (2 _ —r(T—t)
Ctiz(S, 1,1) (T X) e + T — ) S.

Though the volatility o does not appear explicitly in the above price
formula, it appears implicitly in S and A. The gamma is easily seen
to be zero while the delta is a function of ¢t and T'— ¢ but not S or
A.

For I < XT, there is no closed form analytic solution available.
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Put-call parity relation

Let ¢y, (S, I,t) and pyr;,.(S, I,t) denote the price function of the fixed
strike arithmetic averaging Asian call option and put option, respec-
tively. Their terminal payoff functions are given by

crip (S, I,T) = max (%—X, O)
I
(S, 1, T :max(X——,O),
pfza:( ) T

T
where [ :/o Sudu. Let D(S,I,t) denote the difference of cy;, and

Pfig- Since both Cfix and Pfig Are governed by the same equation
so does D(S,1,t).
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The terminal condition of D(S,1,t) is given by

I I I
D(S,I1,T) :max(——X,O> —max(X——,O) = — — X.
T T T

The terminal condition D(S,I,T) is the same as that of the contin-
uously monitored arithmetic averaging option with I > XT'. Hence,
when r # ¢, the put-call parity relation between the prices of fixed
strike Asian options under continuously monitored arithmetic aver-
aging is given by

Cfi:c(Sa Iat) — pfw:(sa Iat)

I e—q(T—t) _ o—r(T-1)
— 4 —r(T—t)
(T X) © + T(r —q) S

Similar techniques can be used to derive the put-call parity relations
between other types of Asian options (floating/fixed strike and ge-
ometric/arithmetic averaging).
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Fixed-floating symmetry relations

By applying a change of measure and identifying a time-reversal
of a Brownian motion, it is possible to establish the symmetry rela-
tions between the prices of floating strike and fixed strike arithmetic
averaging Asian options at the start of the averaging period.

Suppose we write the price functions of various continuously moni-
tored arithmetic averaging option at the start of the averaging pe-
riod (taken to be time zero) as

cr(So, A1, q,T) = e "IE [max (ASp — Ap,0)]
pfl(SOa AT Q, T) = e_TTE [max (AT — AST7, O)]
ctiz(X, S0, q,T) = e "' E[max (A7 — X,0)]
Priz (X, S0,7,¢,T) = e "'E [max (X — Ap,0)].
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Assume that the asset price S; follows the Geometric Brownian
process under the risk neutral measure ), where

dS
LA (r —q)dt + odZ;.
St
Here, Z; is a Q-Brownian process. Suppose the asset price is used

as the numeraire, then
—rT

C}kcl = % = ¢ E [max ()\ST — AT, O)]
S0 S0
_ 5 Ste ™ 'max (ASp — Ap, 0) |
S0 St
To effect the change of numeraire, we define the measure Q* by

—rT

dQ™ _ _1toz, _ STE
dQ) SOG_qT.
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By virtue of the Girsanov Theorem, Z7 = Z; — ot is a *-Brownian
process. If we write A% = A1 /Sy, then

= e" ' E* [max (A — A%, 0],
where E* denotes the expectation under Q*. Now, we consider

1 (TS 1 T
A = —“duz—/ S*(T) du,
T JO ST T JO

where

o2

S (T) = exp (— (r —q— E) (T —u) —o(Zp — Zu)> :

In terms of the Q*-Brownian process 7, where Zp — Z,, = o(T —
w) + Z7 — Zy;, we can write

2
S>(T) =exp<<r—q—|—%> (u—T)—I—a(ZZ—Z%)).
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Furthermore, we define a reflected Q*-Brownian process starting at
zero by Zi, where Z, = —Z}, then Zp_, equals in law to Z; — Z due
to the stationary increment property of a Brownian process. Hence,

we establish
A5 F / oZr-ut(r—a+% ) (w-T) ,
T — T U,

and via time-reversal of ZT_u, we obtain
_ T g7ed(g—r_o2
Ap = l/ e"ZﬁJr(q r 2)5(15,
T Jo

Note that flTSO is the arithmetic average of the price process with

drift rate g — r.
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Summing the results together, we have
Cfp = Socjcl = 9 E* [max ()\SO — A\TSO, O)] ,

and from which we deduce the following fixed-floating symmetry
relation

c1(So, A\, 70, T) = prin(MSo, So,q,7,T).

By combining the put-call parity relations for floating and fixed Asian
options and the above symmetry relation, we can derive the follow-
ing fixed-floating symmetry relation between c;,, and pyy.

X
Cfi:C(Xa SOara Q7T) — Pfl (SO,S—O,C],T, T) .
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