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1 Introduction

Let0 < A < A < 400. For M € § := the set of n x n real symmetric matrices, we define

MMM =M (M) =2 ei+A) e,

e; >0 e; <0
MPMAA) = MY (M) =AD" ei+A) e,
e; >0 e; <0

where e;(M) are the eigenvalues of M. Note that suppose w is a (say, C1'!) solution of
aij(x)uij(x) = c(z) inQ,

where 2 C R™ is an open set, a;; are merely measurable, bounded and satisfying the uniformly
elliptic condition
M < aij(a:) <Al in©Q,

and c(x) satisfies ||c[| o0 () < Co, then

—(D?y) = i 2.\ < ais g — < i

M~ (D*u) )\IglgiA] tr(AD*u) < a;j(x)uij(xz) = c(xz) < Cp inQ,
and

M (D*u) = sup tr(AD*u) > a;j(z)uij(z) = c(x) > —Co  in Q.

M<A<AI
This note is devoted to regularity estimates for viscosity solutions of fully nonlinear elliptic
equation
F(D*u,z) =0 inQ,



where F' is uniformly elliptic, i.e., for every M € S and every x € €
NIN|| < F(M + N,z) — F(M,z) < A|[N| VN > 0.

The regularity estimates we are going to show include: Harnack inequality, Holder estimates,
CL@ estimates, the Evans-Krylov theorem, Schauder estimates and W2P estimates.

* Harnack inequality and Holder estimates as in the theory of Krylov and Safonov: their
proofs will be presented by following those in [6] without using the ABP estimates, which
is of more freedom, and can be adapted to certain degenerate elliptic equations [6]. More-
over, we will prove Holder estimates without using the Harnack inequality. The method
of proving the key growth lemma was used before in [2} [11].

o C1@ estimates: their proof follows from the usual Jensen approximation and the differ-
ence quotient method as in [3]], which is a quite standard technique as soon as we have the
above Holder estimate.

* the Evans-Krylov theorem: its proof will be presented as those in [4} I5], which can be
adapted to nonlocal fully nonlinear equations in [J5]].

* Schauder estimates: their proof will be modified or re-organized compared to those in [3]].
With extra work, it can be adapted to nonlocal fully nonlinear equation as in [7]].

We say that a constant is universal if it depends only on the ellipticity constants A, A and the
dimension n. All the solutions in this note are understood in the viscosity sense.

2 Holder regularity and Harnack inequality

Unlike the usual case, we will prove the following Holder regularity without using the ABP
estimates or the Harnack inequality.

Theorem 2.1. Let u be a continuous function such that

M_(DZU) < Cy in By,
M*(D?*u) > -Cy in By,
1wl Lo (1) < Co,

then v € C%(B) ), and there holds
ullca(s, ) < CCo,

where o € (0,1) and C > 0 are both universal constants.



Of course, we can also prove the Harnack inequality without using the ABP estimates.
Theorem 2.2. Let u be a nonnegative continuous function such that
M~ (D*u) < Cy in By,
MHT(D?*u) > -Cy in By

Then there holds

sup u < C(inf u + Cp),
By s By /2

where C' > 0 is a universal constant.

2.1 A growth lemma

Lemma 2.3. There exists a small universal constant § > 0 such that for every lower semi-
continuous function u satisfying

u>0 in Bl,

M~ (D*u) <1 in By,

{u > 2} N By| > (1—90)|B],
then w > 1in By .

The proof of Lemma is easier to understand when u is a smooth function. Thus, we
will first describe the proof in this case, and then show how this proof works for lower semi-
continuous viscosity super-solution in general.

Proposition 2.4. Lemma 2.3\ holds if we assume that v € C?.

Proof. To prove Lemma [2.3] we only need to show that if

u >0 in By,
M_(DQU) < 1 in Bl, (2‘1)
inf u <1,
By
then
[{u <2} N Bi| > 8|Byl. (2.2)

Let x9 € By 4 be such that u(zg) < 1. Forevery x € Byy, lety € B be a point where the
minimum of u(z) + 4|z — x|?, which is a function of z, is achieved. This is the same as that we
slide the parabola —4|z — z|? from the below of u until they touch and y is a touch point. Note
that




e When z € 9By, then u(2) + 4|z — z|> > 0+ 4|1 — 1/4|* = 9/4.
o u(wo) +4wo — 22 <1+4]1/4+1/42 =2 < 9/4.

Therefore, for every = € By 4, such minimum point y € By, and u(y) + 4|y — z|? < u(xg) +
4|xg — x|? < 2. In particular, u(y) < 2. Note that for one value of x, there could be more than
one point ¢y where the minimum is achieved. However, the value of y uniquely determines x,
since we must have

Vu(y) +8(y —x) =0, D?u(y)+8I > 0. (2.3)
Thus,
rT=9y+ V?;(y)

We define this as a map z = m(y) = y + V%(y), which is onto By /4. Consequently, we have

that

D?u(y)
8

Since for each y we know u(y) < 2, the domain U of the map m satisfies that U C {y € By :
u(y) < 2}. Thus, we have

Vm(y) =1+

D%y
Bl < [ JaetTmiay < [ aentr + 25

On the other hand, from the inequality D?u(y) +81 > 0 in (23] and the equation M~ (D?u) <
1 it follows that
|D?u| < C

for some positive constant C' depending only on A\, A, n. Thus, we have
[Bijal < CIUI < C{y € Bi:u(y) < 2}|.
We can choose 4 universally small such that (2.2)) holds. 0

Remark 2.5. Here we slide a function, which is the parabola —4|z — x|* in uniformly elliptic
case as in [[11], from the below of u until they touch. The choice of this function is one freedom
point of the proof, which may vary from cases to cases. In [2)], the square of the distance function
was used, while in [6]], the cusp —|z — x|'/* was used.

Proposition 2.6. Lemmal2.3|holds if we assume that v is semi-concave.



Proof. We say that u is semi-concave if D?u < Ay in the sense that u(z) — Ag|z|?/2 is concave
for some constant Ay. This means that for every point xy € Bj there exists a vector p € R” (a
vector in the super-gradient set), which is p = Vu(xg) in case u is differentiable at ¢, so that

u(z) < ulwo) +p- (2~ 20) + Sl — aol?. @4

for all z € B;. Basically, a function is semi-concave means that the function can be touched by
a parabola from above.

We also recall that by Alexandrov theorem, the semi-concave function w is pointwise second
differentiable almost everywhere. That means that there exists a set of measure zero £ C By,
so that at every point € B; \ E, the function  is differentiable and there exists a symmetric
matrix, which is denoted as D?u(z), such that

u(y) =u(z) + (y — x) - Vu(z) + %<D2U(w) (y — ), (y — 2)) + o(|lz — y[*).
Moreover, we also have from [8, |10] that
Vu(y) = Vu(z) + D*u(z) (y — x) + ol|x — y),

where Vu(y) is any vector in the super-gradient set of u at y.

We are going to show that if u is semi-concave and satisfies (2.1)), then (2.2)) holds. The proof
will be similar to that of Proposition [2.4| with extra work dealing with semi-concavity instead of
C2.

Let 79 € By 4 be such that u(zo) < 1. Forevery x € By y, lety € B be a point where
the minimum of u(z) + 4|z — z|?, which is a function of 2, is achieved. As before, for every
z € By 4, such minimum point y € By, and u(y) + 4|y — z[* < u(xo) + 4|zo — z/* < 2. In
particular, u(y) < 2.

Since u is semi-concave, u can be touched by a parabola from above everywhere. At the
point y, u is touched by the parabola —4|z — x|? + constant at y from below. Therefore, u is
differentiable at y. Consequently, we must have

Vu(y) +8(y —x) =0.

Thus,

x:y+M.

8
We define this as amap x = m(y) = y + Vus(y), which is onto By /4. Moreover, since for each
y we know u(y) < 2, the domain U of the map m satisfies that U C {y € B; : u(y) < 2}.
Again, note that at every point in U, the function u can be touched both from below and
from above by two (uniform) parabola. From this it is elementary to check that Vu is Lipschitz
on U, and thus Vu is differentiable a.e. in U.




Consequently, we have m is a Lipschitz map and it satisfies that

D?u(y)

Vm(y) =1+ a.e.in U.

Thus, we have 2
D u(y
Bual < [ ldeevm@piay < [ Jaen(r+ 252

On the other hand, since y is a minimum point of u(z) + 4|z — z|? and Vu is Lipschitz in U, we
have
D?u(y)+8I >0 ae.inU.

Together with the equation M~ (D?u) < 1 it follows that
|D?*u| < C ae.inU
for some positive constant C' depending only on A\, A, n. Thus, we have
[Bi/al < CIU[ < C{y € B1:u(y) < 2}
We can choose 0 universally small such that (2.2)) holds. O

Notice that in the above proof, we only use the property that u is semi-concave, and we
didn’t use the constant Ay in (2.4). Now by Jensen approximation, we are able to prove Lemma

23l

Proof of Lemma This time we only assume that u is a merely lower semi-continuous super-
solution in Bj.

Let v := min(u,4). Note that v is still a super-solution because it is the minimum of two
super-solutions. We have 0 < v < 4.

Consider the inf-convolution of v of parameter € > 0:

ve(z) = inf (v(y) + (2e) 'y — =|?).

It is classical (here we may refer to [3]]) to prove that v, is still a super-solution at x € By _,, for
n > 0 which will be determined as follows. Let 3, € B be such that

V() = v(ya) + (26) ye — z)* < ().
Then
Yz — 2| < 2¢/||v]loce = 4V/E. (2.5)

Thus, for any 17 > 0, v, is a super-solution in B;_,, provided that 4,/ < 7.
Note that

—1 2
v(yo) +(26)" lyo — =" < ve(x).
with equality holds for x = 0. Thus, v, is semi-concave.
Since v is lower semicontinuous, it is classical to show that v. I'-converges to v, i.e.,



* for every sequence xj, — x, liminfy_,o vg(z) > v(x);
« for every x there exists a sequence xj — « such that lim sup,,_, . vi(xg) = v(x);
We claim that with n = 5./,
{reB:v>2}= U{xeBl,5:v€>2}.
e>0

Indeed, on one hand, we know that v > v., from which it follows that

U{:EEBl,V,:UE>2}C{:UEBl:U>2}.
e>0

Now we are going to show that
{reB:v>2}C U{ﬂzEBl,n:v5>2}.

e>0

Let x be such that v(z) > 2. Then v(z) > 2 + h for some h > 0. Also
velw) — (@) = () — v(@).

Since w is lower semi-continuous, v is lower semi-continuous as well. Then it follows from (2.3)
that when ¢ is sufficiently small, we have

v(yg) — v(z) > —h.
It follows that
ve(z) > v(x) —h > 2.

This finishes the claim.
Note that
{reBi:u>2}={xe€B;:v>2}

and as ¢ — 0, the sets {z € B1_,, : v. > 2} is an increasing nested collection. Therefore
H{rx e Bi:u>2} =|{xe B :v>2}|:lir%|{:c€Bl_n:v5>2}|.
e—

For ¢ sufficiently small, we can apply Proposition [2.6|(appropriately scaled to the ball By,
instead of By) and obtain that ve > 1in B(;_,) /4. Since u > v, and 7 is arbitrarily small, the
proof is finished.

O



2.2 A doubling property

Consider the barrier function b(x) = |z|~P. We compute, for z € By \ {0},

M=(D25) = Ap(p + D] 72 = A(d — 1)pla| 72
=plz| P2 (AMp +1) - A(d - 1))
> plz| P72 if pis large enough.

Thus, the function b(x) = |x|~? is a sub-solution of the Pucci equation M~ (D?b) > p27P=2in

By \ {0}.
Using this barrier function, we prove the following doubling property for lower bounds of
super-solutions.

Lemma 2.7 (Doubling property for super-solutions). There exists a large universal constant
My > 1 such that if u is a nonnegative lower semi-continuous function satisfying M~(D?u) <
Lin By and w > M in By 4, thenuw > 1in B;.

Proof. We compare the function u with

(|27 = 277)

o(z) := M YT

We choose M > 1 sufficiently large so that ¢ > 1in Bg /. In B \ {0}, we have

M M
M™(D?p) = 5 ipM_(DQb) > 5. ipr_p_Q > 2 for M large enough.

Moreover, ¢ = 0 on B3 and ¢ < M; in 9By 4. Therefore, ¢ < u in By \ By 4 (this is the
comparison principle between the viscosity super-solution w and the classical sub-solution B,
which follows directly from the definition of viscosity solution).

Therefore, we have u > 1 in By 5. O

Combining Lemma[2.3]and Lemma[2.7] we obtain the following corollary

Corollary 2.8. There exists a small universal constant 6 > 0 and a large universal constant
M > 0 so that for every lower semi-continuous function u : By — R satisfying

u > 0in By,
M~ (D*u) < 1in B,
H{u> M}N By > (1-10)|B],

we have u > 1 in By .



Proof. Let My > 1 be the one in Lemma[2.7]and let M = 2M;. Then the function v = u/M;
satisfies the assumption of Lemma We conclude that v > 1 in By y, i.e. w > My in By 4.
We then can apply Lemma 2.7]to obtain u > 1 in By 5. O

The following corollary is just a scaled version of the above result.

Corollary 2.9. There exists a small universal constant 6 > 0 and a large universal constant
M > 0 so that for every v < 1, every k > 1 and every lower semi-continuous function u :
B, — R such that

u 2 0in BQT»,

M~ (D?u) < K in Bay,

|{u > HM} mBr| > (1 - 5)|B7”|7
then u > K in Bz, /.
Proof. The scaled function u,(z) = u(rx)/k satisfies the scaled equation

M~ (D?*u,) < r? < 1in By.

Moreover, u, > 0in By and [{u, > M} N By| > (1 — §)|B1]. So we can apply Corollary [2.§]
to u, and have u, > 1in Bg/5. Hence, u > K in Bz, 5. O

2.3 The L° estimate

To obtain the so-called L estimate, we first need the following growing ink-spots which was
first introduced by E.M. Landis. We will prove it by using Vitali’s covering lemma instead of
the usual Caldéron-Zygmund decomposition.

Lemma 2.10 (Growing ink-spots lemma). Let E C F' C By be two open sets. Suppose the
following two assumptions hold for some constant § € (0,1):

* |E| < (1 — 0)|B1|. (This means that there is room for E to grow.)

e Ifany ball B C Bj satisfies | BN E| > (1 —9)|B
FE grows to F.)

, then B C F. (This is a way that how

Then |E| < (1 — ¢0)|F| for some constant ¢ depending on n only. Indeed, ¢ = 5" will do.

Proof. Forevery x € F, since I is open, we define

r® =sup{r > 0: B,(z) C F.}



There exists some maximal ball, called B*, which is contained in F and contains By« (x). This
means that for any ball B such that B* C B C F' then there holds B* = B. One way to choose
such a maximal ball is that if we let

R = sup{r : there is a ball D, of radius r such that B« (z) C D, C F},

then that ball of radius R is one maximal ball. We choose one of those maximal balls for each
x e F.

If B* = B; for some x € F|, then the result of the theorem follows immediately since
|E| < (1 —6)|Bi], so let us assume that it is not the case.

We claim that |B* N E| < (1 — §)|B*|. Otherwise, we could find a slightly larger ball B
containing B* such that |[B N E| > (1 — 6)|B| and B ¢ F, contradicting the first hypothesis.

The family of balls B* covers the set F'. By the Vitali covering lemma, we can select a
subcollection of at most countable disjoint balls B; := B*/ such that ' C Uszl 5B;, where
K € NU {oo}.

By construction, B; C F and |B;NE| < (1—0)|B;|. Thus, we have that | B;,NF\E| > §|B|.
Therefore

K K 5 K 5
FANE|2 Y BNF\E 2 Y 0Bl = o0 Y 5By = o1l Fl.
j=1 j=1 j=1

The proof is finished with ¢ = 1/5™. O
Combining Corollary [2.8| with Lemma [2.10, we obtain the L* estimate.

Theorem 2.11 (L estimate). There exists a small universal constant € > 0 and a large universal
constant C > 0 so that for every lower semi-continuous function u : By — R such that

u > 0in Bs,
M~ (D*u) < 1in B,
inf u <1,
Bs3/2
then
Hu>t}NBy| <Ct™*
forallt > 0.

Proof. In order to prove the result, we will prove the equivalent expression
{u> MFy N By < CM—eF, (2.6)

where M is the constant from Corollary 2.9)and € > 0 will be properly chosen.

10



Let Ay := {u > M’“} N B, which are open sets. Since inf33/2 u < 1, from Corollary ,
|A1] < (1 —6)|Bj|. Since A, C A; forall & > 1, then we also have |Ay| < (1 — §)|B;| for all
k.

We note that Corollary with K = MP, says that every time a ball B C B satisfies
|BN Agy1| > (1 —6)|BJ, then B C Ay. Using Lemma2.10| with ¢ = 5", we obtain

[Arta] < (1= c0)|Agl,

and therefore, by induction, |Ax| < (1 — ¢8)F=1(1 — 6)|B1| = CM~%*, where —¢ = log(1 —
c8)/log M and C = (1 — c6) (1 — 8)| By|.
For all ¢ > 1, there exists k such that M* < ¢t < M**1. Then from (2.6) we have

{u>t}NBi| < {u>M}nBy| < CM~—F < CMEM—=*+D < CMt—e.
On the other hand, the conclusion for ¢ < 1 is trivial. This finishes the proof. O
The following is the rescaled L¢ estimate.

Lemma 2.12. There exists a small universal constant €1 > 0 so that for every r < 1, 0 > r?,
and every lower semi-continuous function v : Bo, — R such that

u > 0in Ba,,
Mf(D2u) < &1 in By,

1
{u>6}NB,| > ]|B],

then w > €10 in By, 5.

Proof. Let T be a universal large constant such that C77¢ < |Bj|/2, where C and ¢ are the
constants in Theorem Consider the function 7i(x) = 70~ u(rx). It satisfies the properties

% > 01in Bs,
M~ (D?*a) < 707 42%¢; in By,
(i >} By > %]Bl\ > o7,
Let us choose € = 7~ 1. Since 6 > r2, we have
M™(D?*a) < 1in By.
We now apply Theorem and obtain that @ > 1 in Bs ;. Scaling back, we obtain u > £16 in
Bs,. /2. O

11



2.4 Holder continuity
In this section, we derive the Holder estimates of Theorem [2.1] from the (scaled) L¢ estimate.
Proof of Theorem[2.1] We start by normalizing the solution u. Let

_ u(2)
v(@) = Co(1+e7)

where &1 is the constant from Lemmal[2.12] The function v satisfies the estimates

M~ (D*v) < ey in By,
MT(D?*v) > —¢; in By,
[l poe(By) < 1,

Let a; = minBQ_k v and by, = maxpg,_, . We will prove that for some « € (0, 1),
by, —ap, < 2 x 279, (2.7)

For k = 0, the statement is obvious since by < ||[v[| oo (p,) and ag > —|[v|| oo ;). thus bo—ag <
2. Now we proceed by induction.

Assume that by, — ar < 2 x 27 and let us prove that b1 — agr1 < 2 X g—alk+1) f
b —ap < 2x 2—(k+1) 'then we are done since bi+1 — ar4+1 < by — ax. Hence, we can assume
that 265% > g=alk+l),

Let my, = (ai+bx)/2. We have two alternatives. Either [{v > my}NBy—x-1| > |By-x-1|/2
or {v < my} N By 1| > |By-r-1|/2. In the first case we will prove that a1 is larger than
ay, whereas in the second case we will show that by 1 is smaller than by,.

Let us assume the first case, i.e. [{v > mg} N By-x-1| > |By-x-1|/2. Now consider the
function v — ay, in By-x. We have

v —ag > 0in By—x  since ay is the minimum of v in By,
M~ (DQ(U — ak)) <epin By .
Notice that since bk_T“’“ > 2=+ if 4(x) > my, for some = € By_r_1, then we have

bk = Ak _ o-a(kt1)

v(x) —ag >myp —ap = 5

Thus,
{v>my} C {v—ag>27°¢FD},

It follows that

H{v —ap > 2_a(k+1)} N By k1| > {v>mp} N By 1| > |Byr-1]/2.

12



We apply Lemma 2.12)to v — ay, with = 27%~1 and § = #* > 12 to obtain that v — a;, >
g12- (kb iy By—x-1 for some €1 > 0O universal. Therefore, we have that ax+1 > ar +
12~ (kD 1n particular

bk‘—i—l — g1 < bk: —ap — 512—(k+1)a < (2a+1 _ 51)2—(1424—1)01 <2x 2—(k+1)a

provided that « is chosen universally small enough so that 22T < 2 4 ¢;.
Let us assume the second case, i.e. |[{v < mg} N By-x-1| > |By—r-1|/2. This time we
consider the function by, — v in By—x. We have

by —v > 0in By since b, is the maximum of v in By—&,
M= (D*(b, — v)) < €1 in By_».

Notice that since bk_T“’“ > 2=+ if o(x) < my, for some = € By_r—1, then we have

b, — ay, < g—a(k+l)

bk—v(x)zbk—mk: B

Thus,
{v <my} C {b —v >27k+Dy,

It follows that
{br —v > 27N A By 1| > [{v < my} N By—i—1| > | By—i-1]/2.

We apply Lemma to b, —v with r = 27%~1 and 6 = r* to obtain that b, — v > g,2~ (k1)
in By—«—1. Therefore, we have that by, < b, — 12~ T In particular

b1 — apr1 < bp —ag — g2~ (ke < (20t — 81)2*(]““)0‘ < 2 x 2~ (k+l)a
The estimate implies that v is C'* at the origin, with
o) — v(0)] < 4Ja]*
for all x € B;. Scaling back to the function u, this means that for all x € By,
[u(z) —u(0)] < 4(1+ 7 1) Colz|* < CCola|*,

where C, « are two universal positive constants. By a standard translation and covering argu-
ment, we have that u € C%(B ;) and

[W]co.a(p, ) < CCo,

where C differs from C' by a universal constant. O

13



2.5 Harnack inequality
The following is the so-call weak Harnack inequality.

Theorem 2.13 (Weak Harnack inequality). There exist two positive universal constants pg and
C such that if u is a nonnegative lower semi-continuous function satisfying M~(D?u) < Cy in
By, then

nf u + Cp).

llull ro(By) < C(Ei;
3/2

Proof. By replacing u with u/(inf33/2 u+ Cp), we may assume that Cy = 1 and infp, ,u < 1.
By the L* estimate in Theorem [2.11] we have

{u>t}NBy| < Ot

for all ¢ > 0. For py = /2, we have
o oo
/ ul? = po/ tPo~ {u >t} N By|dt < Cpo + Cpo/ =271 de < O
By 0 1

By scaling back, we have the conclusion. O
The following is the so-called local maximum principle.

Theorem 2.14 (Local maximum principle). Suppose u is an upper semi-continuou function such
that M+ (D?u) > —Cy in Ba. Then for every p > 0, we have

sup u < C(p) (™ || zo(5y) + Co),
By 2

where C(p) is a positive constant depending only on A\, A, n and p.

Proof. By replacing u by u/(||u™ || 1»(5,)+Co), we may assume that Co < 1and [|u"||r(p,) <
1. Hence, we have

Hu>t}n By < tp/ (uT)P <t7P Vt>0. (2.8)
B1

Let 3 > 1, which will be chosen universally in the end. Define 4 (z) = s(1 — |z|)~? in B;. We
choose the minimum value of s so that hg > w in B;. Consequently, we have

u(x) < hg(z) ¥V x € By, and there exists g € By such that u(zg) = hs(z).
We may also s > 1 since otherwise the conclusion follows immediately. Let

r=(1—lzol)/2.

14



Then
u(z) = hy(wo) = s(2r) 7 > s > L.

We are going to estimate |[{u > u(zo)/2} N By (xo)| in two different ways.
On one hand, from (2.8)) we have

H{u > u(xo)/2} N By (xo)| < [{u > u(x)/2} N By| < 2P(u(x)) P = 2Ps7P(2r)P. (2.9)

On the other hand, let iz € (0, 1) be a small constant which will be chosen later universally. For
x € By (x0), we have

u(z) < ho(z) = s(1 —[a) ™7 < s(2r — pr) ™7 = ulzo)(1 — u/2)~7.

Let
o) = M0 (1= /27 —ulay + pra)
w(@o)(1 — 1/2)7F — u(zo)

Then v > 0in By, v(0) = 1, and it satisfies

2 ILL2T2 :uz )
M~ (D*v) < < in By, since u(xg) > 1.
D) S e U= w27 —ulee) = =2y r—1 P sneeuls
Now if we choose y, 5 such that
2
7
<1 2.10
w27 =1 " e

Then we can apply Corollary 2.9]to obtain
H{v < M} N Byl > 6Byl
where §, M are the constants in Corollary For z € By /5 such that v(xz) < M, we have
u(o + prae) = u(wo)(1 — p/2) ™7 = M(u(zo)(1 — 1/2)~7 = u(x0))-
If we choose u, 8 such that

(1—p/2)7P = M((1—p/2)7=1) > 5, (2.11)

N |

then we have
{v < M}N By C{x € Byjg:u(zo + pre) > u(wo)/2},

and thus
{u > u(xo)/2} N By ja(wo)| = 6| B ja(o)| = dwn(pr)"27",
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where w,, = |Bj|. Together with (2.9), we have
Swn (ur)27" < 2PsTP(2r)PP. (2.12)

Now we let 3 = max(np~',1) and we can choose y sufficiently small such that (2.10) and
([2-11)) hold. Consequently, (2.12) holds for 8 = max(np~!, 1), from which we obtain a univer-
sal upper bound of s. This proves the conclusion. 0

Proof of Theorem 2.2} The Harnack inequality in Theorem [2.2] follows from Theorem [2.13]and
Theorem O

3 (Ol estimates

The following proposition follows from Jensen approximation.

Proposition 3.1. Let u be a solution of F(D?*u) = 0in By. Let h > 0 and e € R™ with |e| = 1.
Then for v, (x) = u(x + he) — u(x), it satisfies

A A
M7(57A7 DQUh) <0< M+(5,A, Dzvh) in Blfh.

Using the difference quotient method, we can obtain C'* estimate.

Theorem 3.2. Let u be a solution of F(D*u) = 0in By. Thenu € CY*(By /3), and there holds
[ullcres, 5y < Clllullzees,) + [F(O)]),

where o € (0,1) and C > 0 are universal constants.

Sketch of proof: First of all, we know from Theorem [2.1] that

u € Ca(Bl).
Let
_ Y

By Proposition [3.Tand Theorem 2.1 we have that
Vo € Ca(Bl_h),

and consequently,
u € C**(By_p).

By applying Proposition [3.1] and Theorem [2.1] to va,, we have vo, € C?, and thus u €
C3%(B;_p). We can repeat this process to obtain that u € C%!. Finally, we apply Proposi-
tion[3.1]and Theorem [2.1]to v; to obtain that v; € C®, and thus u € C'H®, O]
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Now one may wonder whether solutions of F(D?u) = 0 in general are of C1+!. The answer
is
* yes, when the dimension n = 2. The solutions will be C> indeed. The reason is that in

2-D, the linear equation in nondivergence form can be written in divergence form. This is
a very classical results, which may be due to Nirenberg in early 60’s.

e still unknown, when the dimension n = 3 or 4.

* no, when the dimension n > 5 even with F' smooth. The counterexamples are found by
Nadirashvili-VIddut in [9] which shows that C1© is optimal. When n = 9, a counterex-
ample for not C? solution can be

r1 T2 I3
u(z) = |z|™t - det | 24 x5 z6 |,
Ty I8 I9

which will be a solution of some uniformly elliptic equation, but is clearly not C2.

Note that all the known counterexamples have only one isolated singularity at the origin.
One may also ask how big the size of the set of singular points can be. It was shown in [1] that if
we assume F'is C'! (instead of Lipschitz) then u is of C?© for every o € (0, 1) outside a closed
set of Hausdroff dimension at most n — € for some (small) universal positive constant €.

However, if we put extra assumption, such as convexity, on F, then it was shown by Evans
and Krylov independently that the solutions will be C*. This is the topic in the next section.

4 The Evans-Krylov theorem

Theorem 4.1. Let F' be uniformly elliptic and concave, and let u be a viscosity solution of
F(D?u) = 0 in By. Then u € C**(B ) and there holds

ullczo(p, ,) < ClllullLe(sy + 1FO)]),
where C > 0 and o € (0, 1) are universal constant.

In this particular proof presented here as in [4} S]], we will assume that the solutions are
classical and prove the a priori estimates. There is no loss of generality of doing this, since we
can later solve a corresponding Dirichlet problem as long as we have a priori estimate, and the
conclusion follows from the uniqueness of the viscosity solution. Also, one can assume that
F(0) =0.

The proof of this theorem has two clearly divided parts. These are

lullcra(s, ) < Cllullreosy) (4.1

17



and
lullc2e(s, ) < Cllullora(sy).- (4.2)

We will see the proofs of these two estimates separately.

4.1 The assumptions revisited
We said that F' is uniformly elliptic. This means by definition that
M (X -Y)<FX)-FY)<M"X-Y).
We know that at every point D?u(x) is a symmetric matrix for which F(D?u(x)) = 0. Thus

(D*u(x)) = F(D*u(y))
(D*u(z)) — F(D*uly)) =

<F 0,
>F 0.
These two relations mean that the sum of the positive and negative eigenvalues of (D?u(z) —
D?u(y)) are comparable. More precisely,

%tT(DQU(.T) — D?u(y))” < tr(D*u(z) — D*u(y))*" < %t'r(DQU(x) — D?%u(y))” (4.3)

We could rephrase the above as that ||(D?u(z) — D?u(y))~|| =~ ||(D?*u(z) — D?u(y))*||, since
for positive definite matrices the trace and norm are comparable.

The concavity and translation invariance of F' makes the second order incremental quotients
be subsolutions of an equation. More precisely, since F' is concave we have that

S F(D%*u(x + h)) + F(D?*u(xz — h))

> 5 =0.

. (D%(x +h) gmu(:ﬁ - h)>

Therefore

D%u(x + h) + D?>u(z — h) — 2D?u(x)
v : )
- <D2u(x + h) + D?u(x — h)
- 2

) — F(D%u(z))
= 0.

Because of the homogeneity of M, MT(D?v) > 0 where v(x) is a second order incremental
quotient

o) = u(z + h) +u(r —h) — 2u(z)
|h|? '

18



Passing to the limit (if u is regular enough) we see that for a second derivative in any direction e
we have
MT(D?0eeur) > 0.

The computation above can be repeated to obtain
M+(D2(aij6iju)) Z 0, (4.4)

for any positive semidefinite matrix a;;. This is because a;;0;;u(x) can be approximated with
second order incremental quotients which are a weighted average of values of v in points near =
minus the value of v at .

The two formulas and are the basis of the proof of Evans-Krylov theorem.

4.2 The C*! a priori estimate

The idea of the C'™! a priori estimate is simple to say. From (#.4), we know that the second
derivatives are subsolutions to an equation. This will imply that they are all bounded above.
Then, from the equation F'(D?*u(x)) = 0 and the uniform ellipticity of F', we immediately
conclude that they are bounded below as well.

Step 1: Au € L',

Recall that F' is concave on the space S of symmetric matrices. Thus there is a support
hyperplane from above at 0 € S. Suppose that this hyperplane is L(M) = tr(AM), since
F(0) = 0. By change of variables, we may assume that A = I. Then, we have

Au(z) = L(D*u(x)) > F(D*u(z)) =0

Let b : B; — R be a nonnegative smooth function compactly supported inside B; such that
b= 1in By, then

8ullii, < [ be)Aulaide = [ Abwyula)ds < Clul~y,
1 1
where C > 0 is a universal constant.
Step 2: u € W22,
From @4), M (D?Au) > 0, Au > 0in By, and Au € L} (By). It follows from Step 1

loc

and the local maximum principle in Theorem [2.14]for p = 1 that
OSAUSC int/4,

where C' > 0 is a universal constant. Using Calderon-Zygmund theory, then D?u(z) €
LP(By ) for any p < oo. For the remainder of the proof we will only use the simplest es-
timate D?u(z) € L*(By s).
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Step 3: u € O,

Since we got that every second derivative d.cu is in L2 (B1) and satisfies (#.4), then by the
local maximum principle in Theorem [2.14] they are all bounded above.
We now use the equation again. From the uniform ellipticity we have that

M~ (D?*u(z)) < F(D*u(z)) — F(0) < MT(D*u(z)).

This means that if the positive part || D?u(z)*|| is bounded, then the negative part || D?u(z)~||
must be bounded as well.
This concludes the proof of the C'+! estimate in (@.1).

4.3 The C** a priori estimate

We want to set up an improvement of oscillation iteration for the Hessian D?u. More precisely,
we want to show that for some universal constants C' > 0 and 6 > 0 such that

sup | D*u(z) — D*u(0)|| < Cllullera (1 - 6)".
By

There is nothing special about the origin, so if we prove the above inequality, we prove the
interior estimate by translating the result. We define P and N to be the sum of positive and
negative eigenvalues of D?u(x) — D?u(0).

P(x) = tr(D*u(z) — D*u(0))",
N(z) = tr(D?u(z) — D*u(0))".
We are using the convention that A = AT — A, so both P and N are non negative quanti-

ties. Because of (#.3), the quantities P(z), N(z) and || D?*u(z) — D?u(0)|| are all comparable
(meaning that the ratio between any two is bounded below and above)

P(z) =~ N(z) ~ | D*u(zx) — D*u(0)||.
Since all these quantities are comparable, we only have to prove that

sup P(z) < Cllufcra(1 — ). (4.5)

o—k

We will proceed with an iterative improvement of oscillation, as in the proofs of Holder continu-
ity. This time, instead of the oscillation, we are decreasing the maximum of P in B,-x in each
step.

By the standard scaling of the equation, we reduce the problem to unit scale. We must show
thatif P < 1in By, then P < (1 —0) in B; /; for some 6 > 0.
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The following simple observation is useful. One way to characterize P is

P(x) = max a;j (0iju(x) — 0;u(0)).

B {a;; } orthogonal proj. matrix
Indeed, suppose vy, is one normalized eigenvector for the eigenvalue Ay of a matrix U. Then
tr(vgl U) = A

Thus the orthogonal projection matrix to realize P is the matrix consisting the normalized eigen-
vectors for the positive eigenvalues of D?u(x) — D?u(0).

Let 2o be the point in By /5 such that P(zo) = maxp, ,, P(zo). Let a;; be the orthogonal
projection matrix to the eigenspace of D?u(zq)— D?u(0) corresponding to positive eigenvalues.
Thus, we have

P(z0) = a;;(0;ju(zo) — 935u(0)).

Let
v(x) = aij(iju(z) — 9;5u(0)).
We have v(xg) = P(zp) and v(x) < P(z) < 1in B;. We are going to show that
v(zg) <1-—6.
We argue by contradiction that
v(xo) > 1—86. (4.6)

By [@.4), we know that M*(D?v) > 0 in By. Then we have that

1-v>0 inB;
M™(D*(1—v)) <0 inB.

By the L estimate in Theorem that (choosing t = 6~1/2)

{(1—v) > 672 inf (1 —0)} N By 4| < CO/2,

B2

By the contradiction hypothesis (4.6), we have infp, , (1 — v) < 6. Then we have
[{(1—v) > 03} 0 By | < CO°/2. @.7)
LetQ={(1-v) < 9%} N By /4. Then for z € €, we have

1-0Y2 <v(z) < P(z) < 1. (4.8)
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Therefore, for z € €,

P(z) —v(z) < 6"/, (4.9)
Let
bi]’ =1 - aij
and
w(z) = bij(diju(x) — 0;5u(0)).
Since

Au=w+v=P— N,
we have for z € Q
w(z) = P(x) —v(z) — N(z)
<0Y2 — N(x)
<l %P(w)
< (14 X/A)OY2 — N/A < =X/ (2A) := —co for 6 small enough,

where we used (@.9), @.3) and @8). Since M (D?(w + ¢g)) > 0 in By, it follows from the
local maximum principle in Theorem [2.14] that

sup(w + ¢o) < C|[(w + co) i, ,,) = Cl(w +co) Tl 1s, 00
/ /

1/8
Since P < 1in By, then N < A/X in By. Hence, w < C'in Bj. Therefore,

co = w(0) + co < sup(w +cp) < C[Byy \ Q| < Co°/?,

By s
This is a contradiction if € is small. Thus we have shown that if
P <1in By,

then
P < (1—0)in By, for some 6 > 0.

By scaling, we may consider
— —k —k
Pi(z) = (1=0)""P(2""x)
to obtain that

Pk(x) S 1—9inBl/2
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from which (@.3) follows. This implies that
P(z) < C|z|* forz € By,

which is equivalent to
ID*u(z) — D*u(0)|| < Cla|*.

This finishes the proof of (4.2) as well as Theorem [.1]

5 2P estimates

Let 2 be a bounded domain in R™ and w is a continuous function in {2. We define, any every
openset H C Q and M € (0, oo] that

QM (u7 H)
=Gy (H)
= {xo € H : there exists a concave paraboloid of opening M touching u from below in H }.

Leté]V[(H) = H\QM@)véM(uvH) = QM(_’WH)’éM(H) = éM(u7H)>ZM(H) =
H\Gu(H),Gu(H) =Gu(H)NGy(H),Au(H) = H\ Gu(H).

Lemma 5.1. Let B; C Q, M~ (D?u) < finQ, u>0inQ, infp, ,u <1,
Then

fllzn(ss) < eo.

QM(ua Q) N Bl > 57
where 6, eg, M are universal constants.

Proof. The proof is the same as the proof of Proposition[2.4] We repeat it here for completeness.

Let z9 € B4 be such that u(xg) < 1. Forevery x € By, lety € Bj5 be a point where the
minimum of u(z) + 4|z — z|?, which is a function of z, is achieved. This is the same as that we
slide the parabola —4|z — x|? from the below of v until they touch and y is a touch point. Note
that

* When z € Q\ By, thenu(z) + 4]z — x> > 0+ 4|1 — 1/4]> = 9/4.
o u(xg) +4lwo — 2 <1+41/44+1/42 =2 < 9/4.

Therefore, for every x € By /4, such minimum point y € By, and u(y) + 4|y — z|* < u(xo) +
4|xg — x|? < 2. In particular, u(y) < 2. Note that for one value of x, there could be more than
one point ¥y where the minimum is achieved. However, the value of y uniquely determines z,
since we must have

Vu(y) +8(y —x) =0, D?u(y)+8I >0. (5.1)
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Thus,
Vu
r=1y-+ 8(y)

We define this as a map z = m(y) = y + Vug(y), which is onto By /4. Consequently, we have

that

D?u(y)
8

Since for each y we know u(y) < 2, the domain U of the map m satisfies that U C {y € By :
u(y) < 2}. Thus, we have

Vm(y) =1+

D?u(y)
8

|&thLMMVm@wwglj@uﬁ+ )

On the other hand, from the inequality D?u(y) +81 > 0 in (2.3) and the equation M~ (D?u) <
f it follows that
|D?ul < C(1+|f])

for some positive constant C' depending only on A, A, n. Thus, we have
[Byyal < ClUI+ Clifllen(sy)-
We can choose £¢ universally small, so that |Gg(u,Q2) N By| > |U| > 6. O

Lemma 5.2. Let Bs C Q, M~ (D?u) < fin§Q, G,(u,Q) N By # 0,

fHLn(Bs) < gg. Then
where €, 9, M are universal constants.

Proof. This corresponds to Lemma Let P be the polynomial of opening 1 touching w at a
point g € Byandu < Pin Q. Letv = u — P. Thenv > 0in 2, v(x¢) = 0 and

M™ (D)< f+1 inQ.

We claim that inf s, v(2) < Mo for My universally large.
We argue by contradiction. If not, then v > M everywhere in By 4. Let

_lar -2

wo(x) = T inR"\ Byjg, and ¢g=1 inDBy;.

For ¢ = Copo, we can choose Cp and p universally large so that ¢ > 2 in Bg/; and

Mi(DQQO) Z 2 in B4 \El/S'
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For every x € B s, slide ¢(z — z) from below until it touches v. If we choose My large, the
touch point(s) y has to be in B3 \ B /g(z). Then we have

Vo(y) = Ve(y — z), D*v(y) > D*¢(y — ).

Note that for one value of z, there could be more than one point y¥ where the minimum is
achieved. However, the value of y uniquely determines x:

Vu(y) = Vo(y — ) = C(Co,p)ly — z| P *(y — x), |Vo(y)| = C(Co,p)ly — x|,

1
and therefore, |y — x| = (?V(ggyl)) |)> S

V) (CCon)
T=y c<co,p><|w<y>|> = my).

This map y — m(y) is onto By g. Let U be the domain of m, i.e., U consists of the touching
points. Then, we have for y € U that

fy) +1> M (D*0)(y) > M~ (D*)(y — x) > 2.

This means that f > 1 at those touching points.
Meanwhile, by the equation and D?v(y) > D?p(y — x) , we have

ID?*u(y)| < C(If(y)] + 14 [D%*pl(y —m(y))) yeU.

Moreover, we have
D*u(y) = D*p(y — x)(I — Vm(y)),
that is,
Vm(y) = I — (D*(y — m(y))) "' D*u(y).
Then we have again

14+ |D%p|\"
|Bl/8|sc/|detw<y>|gc/<1+f‘+ + *0’> SC/fI”SCso-
U U ’D W’ U

This is a contradiction.

Now let w = v/My > 0. We have M~ (D?w) < fW”Lol in Q and infp, , w < 1. We can
assume M large so that 1/My < (. Then all the assumptions in Lemma are satisfied for
w. So we have

|Gg(w, Q) N By| > 0.

This implies that |Gg s 11 (u, 2) N By| > 6. So we can choose M = 8Mo + 1. O

25



Proposition 5.3. Under the assumptions of Lemma we have
|A;(u, Q)N By < Ct™#,

where C, 1 are positive universal constants.

Proof. Let

Ak:AMk(U,Q)ﬂBl,
Dy = (A (u, Q)N By) U{x € By : m(f") > (eM*)"},
ap = |Ak|, dp = |Dk’, b, = |{l‘ € By : m(f") > (CMk)nH

where ¢ = £0/6" and m(g)(2) = sup,~0 57y [, (2 19(¥)1dy.

We know from Lemma [5.1|that a, < (1 — §)|B;| forall k € N.

For any ball B = B, (x¢) C By, if |App+1(u, ) N B| > (1 — §)|B|, then we must have
B C Dy,. Otherwise, there exists zg € By(x() such that zg € Gy« (u, 2) and

1 / i
Sup ——— I < (eM™™.
B Sy = D)

Rescaling

i) = ﬁu(:co bra), Q={(y—m)/r: yeQ}

Then M~ (D?%a) < % =: f(z)in Q, and G,(@,Q) N By # 0. Note that By C (0.
Moreover,

~ 1
[ 1y = g [ 150+ s

1 n
= /ng |f(xo + x)|"dx

e |
< — f(x)|"dx
A BM(ZO)! ()]

< 6"c

=gy
if we choose ¢ = £(/6". Therefore, we can apply Lemmathat
G (@, Q) N By| > 6| Byl.
This is
G a1 (u, Q) N Bi| > 6| By,
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which contradicts with |Ax+1(u, Q) N B| > (1 —0)|B].
Applying the growing ink-spots lemma, Lemma|2.10, we have that

ap+1 < (1 —cd)dy.
This implies that

k—1
ap < l—cdk—i—z 1—0(5k ib;.
1=0

Since the maximal function is weak type (1,1), we have that by, < C|f*| 1 (cM*)™ =
CM~F", Let ¢ = max(1 — ¢§, M~™). Then we have

k—1

ap < o* + Zakﬂ'CUi = (14 Ck)o* < C&*
=0

if we choose o = HT" O

Theorem 5.4. There exists € > 0 such that if M~ (D?*u) < f, M*(D?*u) > f in By with
f € L"(B1) then u € W?#(B 5), and

[l (Bi2) < Cl[ullpe(sy) + [1fllns,))-
Here the constant C, ¢ are universal.

Proof. Consider & = u — inf p, v instead. It follows from Proposition |5.3|that
|4, (u, Q) N By| < Ct™H,  |Ay(u, Q)N By| < Ct M.

Therefore,
|A¢(u, Q) N By < Ct™H.

This finishes the proof. 0
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